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SUMMARY

In this paper, we develop and apply an efficient adaptive algorithm for computing the propagation of
uncertainty into a quantity of interest computed from numerical solutions of an elliptic partial differential
equation with a randomly perturbed diffusion coefficient. The algorithm is well-suited for problems for
which limited information about the random perturbations is available and when an approximation of the
probability distribution of the output is desired. We employ a nonparametric density estimation approach
based on a very efficient method for computing random samples of elliptic problems described and
analyzed in (SIAM J. Sci. Comput. 2008. DOI: JCOMP-D-08-00261). We fully develop the adaptive
algorithm suggested by the analysis in that paper, discuss details of its implementation, and illustrate its
behavior using a realistic data set. Finally, we extend the analysis to include a ‘modeling error’ term that
accounts for the effects of the resolution of the statistical description of the random variation. We modify
the adaptive algorithm to adapt the resolution of the statistical description and illustrate the behavior of
the adaptive algorithm in several examples. Copyright q 2009 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The practical application of differential equations to model physical phenomena presents problems
in both computational mathematics and statistics. The mathematical issues arise because of the need
to compute approximate solutions of difficult problems while statistics arises because of the need
to incorporate experimental data and model uncertainty. In this paper, we consider the propagation
of uncertainty into a quantity of interest computed from numerical solutions of an elliptic partial
differential equation with a randomly perturbed diffusion coefficient. The problem is to compute
a quantity of interest Q(U ), expressed as a linear functional, of the solution U ∈H1

0(�) of

−∇ ·A∇U = f, x ∈�

U = 0, x in ��
(1)

where f ∈L2(�) is a given deterministic function, � is a convex polygonal domain with boundary
�� and A(x) is a stochastic function that varies randomly according to some given probability
structure. The problem (1) is interpreted to hold almost surely (a.s.), i.e. with probability 1. Under
suitable assumptions, e.g. A is uniformly bounded and uniformly coercive and has piecewise
smooth dependence on its inputs (a.s.) with continuous and bounded covariance functions, Q(U )

is a random variable. The approach we use extends to problems with more general Dirichlet or
Robin boundary conditions in which both the right-hand side and data for the boundary conditions
are randomly perturbed as well as problems with more general elliptic operators in a straightfor-
ward way.

There are several factors that affect the choice of an approach to this problem.

1. The available information about the stochastic nature of A.
2. The information that is needed about the output uncertainty, e.g. one or two moments or the

(approximate) probability distribution.
3. The fact that only a finite number N of solution realizations can be computed.
4. The solution of (1) has to be computed numerically, which is both expensive and leads to

significant variation in the numerical error as the coefficients and data vary.

We consider problems for which the output distribution is unknown and/or complicated, e.g. multi-
modal, and for which there is a limited availability of information about the diffusion coefficient,
e.g. it is only possible to determine a set of representative values at certain locations in the domain.
Moreover, we desire to compute an approximate probability distribution rather than one or two
moments. This is important in the context of multiphysics problems, for example, where the output
of this model might enter as input into yet other models.

One powerful approach for uncertainty quantification for elliptic problems is based on the use
of Karhunen-Loéve, Polynomial Chaos, or other orthogonal expansions of the random vectors
[1, 2]. This approach requires detailed knowledge of the probability distributions for the input
variables that is often not available. In many situations, e.g. some oil reservoir simulations [3],
we have only a relatively few experimental values available. In this case, it is useful to consider
the propagation of uncertainty as a nonparametric density estimation problem in which we seek to
compute an approximate distribution for the output random variable using a Monte Carlo sampling
method. Samples {An} are drawn from its distribution, solutions {Un} are computed to produce
samples {Q(Un)}, and the output distribution is approximated using a binning strategy coupled
with smoothing.
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The two main ingredients determining the cost of this computational approach are the number
of samples required for the Monte Carlo simulation and the cost of computing each sample.
There is a large, and growing, literature on efficient random sampling. We do not address that
issue here. Rather in [4], we address the cost of computing samples by developing a numerical
procedure for computing randomly generated sample solutions of (1), which has the property that
only a fixed number of linear systems need to be inverted, regardless of the number of samples
that are computed. Since the cost of solving (1) is largely determined by the linear systems that
must be solved, this approach greatly reduces the cost of random sampling. In [4] we also derive
computable a posteriori error estimates that account for the significant effects of numerical error
and uncertainty and which provide the basis for an adaptive error control algorithm that guides
the adjustment of all computational parameters affecting accuracy.

In this paper, we fully develop the adaptive algorithm and discuss details of its implementation.
Then we illustrate the adaptive algorithm using a realistic data set. In addition, we explore the
modeling assumption underlying the basis for this new approach. The method depends on an
assumption that the random variation of the diffusion coefficient is described as a piecewise
constant function. We show that the a posteriori estimate can be extended to include a ‘modeling
error’ term that accounts for the effects of varying the resolution of the statistical description of
the random variation. We then describe a modification to the adaptive algorithm that provides a
mechanism for adapting the resolution of the statistical description in order to compute a desired
quantity of interest to a specified accuracy. We illustrate the behavior of this algorithm with several
examples.

In [5], we give a theoretical convergence analysis of a generalization of the method presented in
this paper. In particular, we relax the assumption that A is a piecewise constant and instead assume
that it is a piecewise polynomial function. In particular, this makes it possible to use continuous
perturbations.

2. A MODELING ASSUMPTION

We assume that the stochastic diffusion coefficient can be written

A=a+A

where the uniformly coercive, bounded deterministic function a, may have multiscale behavior,
and A is a relatively small piecewise constant function with random coefficients. We assume that
a(x)�a0>0 for x ∈� and that |A(x)|��a(x) for some 0<�<1.

To describe A, we let {�d , d=1, . . . ,D}, be a decomposition of � into a finite set of nonover-
lapping polygonal sub-domains with

⋃
�d =�. We denote the boundaries by ��d and outward

normals by nd . We let ��d
denote the characteristic function for the set �d . We assume that

A(x)=
D∑

d=1
Ad ��d

(x), x ∈� (2)

where (Ad) is a random vector and each coefficient Ad is associated with a given probability
distribution. We plot a diffusion coefficient a so randomly perturbed in Figure 1.
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Figure 1. Illustration of the modeling assumption (2). The unit square is partitioned into 27×7 identi-
cally shaped squares. The diffusion coefficient a varies considerably through the domain. The random
perturbations are uniform on the intervals determined by ±20% of the value of a in each sub-domain.

The coefficients Ad are quantities that may be determined experimentally, e.g. by measurements
taken at specific points in the domain �. Improving the model requires choosing a finer partition
and taking more measurements Ad .

2.1. Notation

We let �⊂Rd , d=2,3, denote the piecewise polygonal computational domain with boundary
��. For an arbitrary domain �⊂� we denote L2(�) scalar product by (v,w)� =∫� vwdx in the
domain and 〈v,w〉�� =∫�� vwds on the boundary, with associated norms ‖ ‖� and | |�. We let
Hs(�) denote the standard Sobolev space of smoothness s for s�0. In particular, H1

0(�) denotes
the space of functions in H1(�) for which the trace is 0 on the boundary. In addition,

H1
0,��(�d)={v∈H1(�d) :v|��D∩�� =0}

If �=�, we drop � and also if s=0 we drop s, i.e. ‖·‖ denotes the L2(�)-norm.
Generally, capital letters denote random variables, or samples, and lower case letters represent

deterministic variables or functions. We assume that any random vector X is associated with a
probability space (�,B, P) in the usual way. We let {Xn,n=1, . . . ,N} denote a collection of
samples. We assume that it is understood how to draw these samples. We let E(X) denote the
expected value, Var(X) denote the variance, and F(t)= P(X<t) denote the cumulative distribution
function. We compute approximate cumulative distribution functions in order to determine the
probability distribution of a random variable. Let An =a+An be a particular sample of the
diffusion coefficient with corresponding solution Un . On �d , we denote a finite set of samples by
{An,d ,n=1, . . . ,N}.

For a function An on �, An,d means An restricted to �d . For d=1, . . . ,D, d ′ denotes the
set of indices in {1,2, . . . ,D}\{d} for which the corresponding domains �d ′ share a common
boundary with �d . Following the notation above, we let (·, ·)d denote the L2(�d) scalar product,
and 〈·, ·〉d∩d̃ denote the L2(��d ∩��d̃) scalar product for d̃∈d ′.
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We use the finite element method to compute numerical solutions. Let Th ={�} be a quasiu-
niform partition into elements that

⋃
�=�. We assume that the finite element discretization Th

is obtained by refinement of {�d}. This is natural when the diffusion coefficient a and the data
vary on a scale finer than the partition {�d}. Associated with Th , we define the discrete finite
element space Vh consisting of continuous, piecewise linear functions on T satisfying Dirichlet
boundary conditions, with mesh size function h� =diam(�) for x ∈� and h=max�∈Th h�. In some
situations, we use a more accurate numerical solution computed using a finite element space Vh̃
that is either the space of continuous, piecewise quadratic functions V2

h or involves a refinement
Th̃ of Th where h̃�h.

3. THE COMPUTATIONAL METHOD

The method is based on a nonoverlapping domain decomposition method [6] and is iterative,
hence, for a function U involved in the iteration, Ui denotes the value at the i th iteration. We
let {Un,d

0 ,d=1, . . . ,D} denote a set of initial guesses for solutions in the sub-domains. Given the
initial conditions, for each i�1, we solve the D problems

−∇ ·An∇Un,d
i = f, x ∈�d

Un,d
i = 0, x ∈��d ∩��

1

�
Un,d
i +nd ·An∇Un,d

i = 1

�
Un,d̃
i−1−nd̃ ·An∇Un,d̃

i−1, x ∈��d ∩��d̃ , d̃∈d ′

where the parameter �∈R is chosen to minimize the number of iterations. In practice, we compute
I iterations. Note that the problems can be solved independently.

To discretize, we let Vh,d ⊂H1
0,��(�d) be a finite element approximation space corresponding

to the mesh Td on �d . For each i�1, we compute Un,d
i ∈Vh,d , d=1, . . . ,D, solving

(An∇Un,d
i ,∇v)d + ∑

d̃∈d ′

(
1

�
〈Un,d

i ,v〉d∩d̃ −〈nd̃ ·An∇Un,d
i ,v〉d∩d̃

)

=( f,v)d + ∑
d̃∈d ′

(
1

�
〈Un,d̃

i−1,v〉d∩d̃ −〈nd̃ ·An∇Un,d̃
i−1,v〉d∩d̃

)
all v∈Vh,d (3)

It is convenient to use the matrix form of (3). We let {�d
m,m=1, . . . ,nd} be the finite element

basis functions for the spaceVh,d , d=1, . . . ,D. We let Un,d
i denote the vector of basis coefficients

of Un,d
i with respect to {�d

m}. On each domain �d ,

(ka,d +kn,d)Un,d
i =bd( f )+bn,d(An,Un,d ′

i−1 )

where

(ka,d)lk = (a∇�d
l ,∇�d

k )d + ∑
d̃∈d ′

(
1

�
〈�d

l ,�
d
k 〉d∩d̃ −〈nd̃ ·a∇�d

l ,�
d
k 〉d∩d̃

)

(kn,d)lk = (An,d∇�d
l ,∇�d

k )d − ∑
d̃∈d ′

〈nd̃ ·An,d∇�d
l ,�

d
k 〉d∩d ′
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(bd)k = ( f,�d
k )d

(bn,d)k = ∑
d̃∈d ′

(
1

�
〈Un,d̃

i−1,�
d
k 〉d∩d̃ −〈nd̃ ·An∇Un,d̃

i−1,�
d
k 〉d∩d̃

)

for 1�l,k�M . We abuse notation mildly by denoting the dependence of the data bn,d(An,Un,d ′
i−1 )

on the values of Un,d̃
i−1 for d̃∈d ′.

Next we use the fact that An,d is constant on each �d . Consequently, the matrix kn,d has
coefficients

(kn,d)lk =(An,d∇�d
l ,∇�d

k )d = An,d(∇�d
l ,∇�d

k )d = An,d(kd)lk

where kd is the standard stiffness matrix with coefficients (kd)lk =(∇�d
l ,∇�d

k )d . As An,d is
relatively small, the Neumann series for the inverse of a perturbation of the identity matrix gives

(ka,d +An,dkd)−1=
∞∑
p=0

(−An,d)p((ka,d)−1kd)p(ka,d)−1

where id is the identity matrix. We compute only P terms in the Neumann expansion to generate
the approximation,

Un,d
P,i =

P−1∑
p=0

((−An,d)p((ka,d)−1kd)p) (ka,d)−1(bd( f )+bn,d(An,Un,d ′
P,i−1)) (4)

Note that bn,d is nonzero only at boundary nodes. If Wh,d denotes the set of vectors determined
by the finite element basis functions associated with the boundary nodes on �d , then bn,d is
in the span of Wh,d . We let Un,d

P,I denote the finite element functions determined by Un,d
P,I for

n=1, . . . ,N and d=1, . . . ,D. We let Un
P,I denote the finite element function that is equal to

Un,d
P,I on �d .
We summarize as an Algorithm in Algorithm 1. Note that the number of linear systems that

have to be solved in Algorithm 1 is independent of N. Hence, there is a potential for enormous
savings when the number of samples is large. We discuss this below in Section 4.

It is crucial for the method that the Neumann series converges. The following theorem from
[4] shows convergence under the reasonable assumption that the random perturbations An,d to the
diffusion coefficient are smaller than the coefficient. We let |||v|||2d =‖∇v‖2�d

+�|v|2��d
for some

�>0. We define the matrices cn,d =−An,d(ka,d)−1kd and denote the corresponding operators on
the finite element spaces by cn,d :Vh,d →Vh,d .

Theorem 3.1
If 	=|max{An,d}/a0|<1, then∣∣∣∣∣

∣∣∣∣∣
∣∣∣∣∣
(

(1−cn,d)−1−
P−1∑
p=0

(cn,d)p

)
v

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
d

� 	P

1−	P

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
P−1∑
p=0

(cn,d)pv

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
d

(5)

for any v∈Vh,d .
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Algorithm 1 Monte Carlo domain decomposition finite element method
for d=1, . . . ,D (number of domains) do

for p=1, . . . ,P (number of terms) do
Compute y=((ka,d)−1kd)p(ka,d)−1bd( f )
Compute yp =((ka,d)−1kd)p(ka,d)−1Wh,d

end for
end for
for i=1, . . . ,I (number of iterations) do

for d=1, . . . ,D (number of domains) do
for p=1, . . . ,P (number of terms) do

for n=1, . . . ,N (number of samples) do
Compute Un,d

P,i =
∑P−1

p=0 (−An,d)p(ypbn,d(An,Un,d ′
P,i−1)+y)

end for
end for

end for
end for

4. IMPLEMENTATION

As both the number of samples and the number of nodes in the discretization are likely to be large,
storage and efficiency of computation are crucial issues.

As noted, the n-dependent part of bn,d is nonzero only at boundary nodes and bn,d is in the
span of Wh,d . In the first iterations, we can pre-compute

((ka,d)−1kd)p(ka,d)−1Wh,d

efficiently, e.g. using PLU factorization. Note that this computation is independent of N and of
I and must be performed only once for each sub-domain. However, it is crucial that the matrices
ka,d and kd be kept fairly small.

During the time consuming inner loop over samples, we must compute

ypbn,d(An,Un,d ′
P,i−1)

for each p=0, . . . ,P, domain d , and sample n. The matrix yp is an Ld ×Jd matrix, where Ld is
the number of nodes in the sub-domain and Jd is the number of nodes located on the faces of the
sub-domain �d . We also know that bd,n(An,Un,d

P,i−1) only has Jd nonzero entries. Furthermore,

we only need to updateUn,d
P,i at the boundaries. This means that for each sample, we need to multiply

a matrix of size Jd ×Jd with a vector of length Jd . Note that Jd ∼(Ld)(dim−1)/dim, dim is the
space dimension. As there are D domains and we use I iterations, the total work required is of
the order

N·I ·D·(Ld)2(dim−1)/dim
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As long as the size of the local problems are fairly small, this is a very fast way to compute
solutions to the randomly perturbed Poisson equation.

Remark 4.1
It may seem surprising to claim that only boundary values are needed in the computations since
n·∇Un,d

P,i is present in the n-dependent part of the right-hand side. However, the normal derivative
is never computed in practice. A trick with an initial guess at the boundary on a particular form
that is updated through the computation eliminates the normal derivative from the algorithm. We
guide the interested reader to [7] for a careful description of this idea.

Remark 4.2
The convergence rate of nonoverlapping domain decomposition algorithms suffers as the number
of sub-domains increases. This can be addressing using a global coarse-scale correction. An altered
approximation involves the sum of the solution from the previous iteration, a solution computed
on a coarse grid, and a solution computed on a fine-scale using Algorithm 1.

5. A POSTERIORI ERROR ANALYSIS

We present two a posteriori results. The first yields an error estimate in the sample quantities of
interest arising from numerical discretization. The second gives an error estimate for the error in
the distribution function.

To obtain the estimate for each sample, we use the adjoint-based a posteriori approach [8, 9].
We express the error in the quantity of interest as a convolution of the computable residual of the
finite element approximation and weights involving the generalized Green’s function solving the
adjoint problem corresponding to the quantity of interest. The adjoint weights scale the residuals to
become errors, while the estimate takes into account cancellation, accumulation, and propagation
of error throughout the domain. We start with the error in each sample linear functional value
(Un,
). We introduce a corresponding adjoint problem,

−∇ ·A∇� = 
, x ∈�

� = 0, x ∈��
(6)

We computeN sample solutions {�n,n=1, . . . ,N} of (6) corresponding to the samples {An,n=
1, . . . ,N}. To obtain estimates, we compute numerical solutions {�n,d

P̃,Ĩ
,d=1, . . . ,D} of (6) using

Algorithm 1 with the more accurate space Vh̃ and possibly different values P̃ and Ĩ. We denote
the approximation on � by �n

P̃,Ĩ
.

The following result includes a remainder term that measures the effect of using a numerical
solution of the adjoint problem.

Theorem 5.1
For each n∈1, . . . ,N,

|(Un−Un
P,I,
)|�|( f,�n

P̃,Ĩ
)−(An∇Un

P,I,∇�n
P̃,Ĩ

)|+R(h̃,P̃,Ĩ) (7)
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where

R(h̃,P̃,Ĩ)=
{
O(h3), Vh̃ =V2

h

O(h̃2), Th̃ is a refinement of Th

Next, we present an a posteriori error analysis for the approximate cumulative distribution
function obtained from N approximate sample values of a linear functional of a solution of a
partial differential equation with random perturbations.

We let U =U (X) be a solution of an elliptic problem that is randomly perturbed by a random
variable X on a probability space (�,B, P) and Q(U )=(U,
) be a quantity of interest, for some

∈L2(�). We with to approximate the probability distribution function of Q=Q(X),

F(t)= P({X :Q(U (X))�t})= P(Q�t)

We use the sample distribution function computed from a finite collection of approximate sample
values {Q̃n,n=1, . . . ,N}={(Ũn,
),n=1, . . . ,N},

F̃N(t)= 1

N

N∑
n=1

I (Q̃n�t)

where I is the indicator function. Here, Ũ n is a numerical approximation for a true solution Un

corresponding to a sample Xn . We assume that there is an error estimate

Q̃n−Qn ≈En

with Qn =(Un,
), as provided by Theorem 5.1.
The two sources of error in the distribution function are finite sampling and the numerical

approximation of the differential equation solutions. We define the sample distribution function

FN(t)= 1

N

N∑
n=1

I (Qn�t)

and decompose the error

|F(t)− F̃N(t)|�|F(t)−FN(t)|+|FN(t)− F̃N(t)|= I + I I (8)

There is an extensive statistics literature treating I , e.g. see [10]. We note that FN has very
desirable properties, e.g. it is itself distribution function, it is an unbiased estimator, NFN(t) has
exact binomial distribution for N trials and probability of success F(t), and FN converges in
several ways to F . As far as I I , the effect of the error En is to introduce a random shift at each
sample point. The resulting error can be estimated in terms of the continuity properties of F and
FN using the error estimate En . We use I to denote the usual indicator function.
The following result presents two useful estimates, both of which have the flavor of bounding

the error with high probability in the limit of large N.

Theorem 5.2 (Computable estimate)
For any �>0,

|F(t)−F̃N(t)|�
(
F̃N(t)(1−F̃N(t))

N�

)1/2
+2

∣∣∣∣∣ 1N
N∑
n=1

(I (Q̃n−|En|�t�Q̃n+|En|))
∣∣∣∣∣+ 1

2N�
(9)

with probability greater than 1−�.
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A posteriori bound: With L denoting the Lipschitz constant of F , for any �>0,

|F(t)− F̃N(t)|�
(
F(t)(1−F(t))

N�

)1/2

+L max
1�n�N

En+2

(
log(�−1)

2N

)1/2

(10)

with probability greater than 1−�.

The leading order bounding terms in (9) are computable while the remainder tends to zero more
rapidly in the limit of large N. The bound (10) is useful for the design of adaptive algorithms.
Assuming that the solutions of the elliptic problems are in H2, it indicates that the error in the
computed distribution function is bounded by an expression whose leading order is proportional to

1√
�N

+Lh2

with probability 1−�. This suggests that in order to balance the error arising from finite sampling
against the error in each computed sample, we typically should choose

N∼h−4

This presents a compelling argument for seeking efficient ways to compute samples and control
the accuracy.

6. ADAPTIVE ERROR CONTROL

Theorems 5.1 and 5.2 can be used as a basis for an adaptive error control algorithm. The computa-
tional parameters to be controlled are the mesh size h, number of terms in the truncated Neumann
series P, the number of iterations in the domain decomposition algorithm I, and number of
samples N. To do this, we introduce �I and �P as positive integers and use the approximations

Un
P+�P,I+�I≈Un∞,∞

where we use the obvious notation to denote the quantities obtained by taking I,P→∞. The
accuracy of the estimates improves as �I and �P increase.

To guide the selection of the parameters, we express the error E as a sum of three estimates
corresponding, respectively, to discretization error, error from the incomplete Neumann series, and
error from the incomplete domain decomposition iteration

En =En
I +En

II+En
III (11)

where

En
I ≈ |( f,�n

P̃,Ĩ
)−(An∇Un

P,I,∇�n
P̃,Ĩ

)−(An∇(Un
P+�P,I+�I−Un

P,I),∇�n
P̃,Ĩ

)| (12)

En
II ≈ |(An∇(Un

P+�P,I−Un
P,I),∇�n

P̃,Ĩ
)| (13)

En
III ≈ |(An∇(Un

P+�P,I−Un
h,P,I),∇�n

P̃,Ĩ
)| (14)
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We set

E=max
n

En, EI=max
n

En
I , EII=max

n
En
II, EIII=max

n
En
III

We define in addition

EIV=
(
F̃N(t)(1− F̃N(t))

N�

)1/2

(15)

for a given �>0.
We present an adaptive error control strategy based on these estimates in Algorithm 2.

6.1. A computational example

We present a realistic example using boundary conditions that arise frequently in simulations of oil
reservoirs. We replace the Dirichlet boundary conditions in Equation (1) with Neumann conditions
except on a small part of the boundary near the injection site, which is situated at the lower left
corner of the domain,

−∇ ·An∇Un = f, x ∈�

An�nUn = 0, x ∈��N

Un = 0, x ∈��D

(16)

where �N ∪�D =��. In this case, a is the local permeability and Un represents the pressure field.
The error representation formula (7) and the adaptive algorithm are identical to the Dirichlet setting
after defining the adjoint boundary conditions with the equivalent homogeneous Neumann/Dirichlet
boundary conditions.

We choose a coefficient a that has a ‘band’ of low permeability around x≈0.2, which creates
a large pressure drop parallel to the y-axis at this location. We let f =1 in the lower left corner,
the ‘injector’, and f =−1 in the upper right corner, the ‘producer’. We use the average value of
the solution as the quantity of interest, and set 
≡1.

We define a 27×7 decomposition of the square into equal sized sub-squares. On each sub-
domain, we add a random perturbation to a, the magnitude of which is uniformly distributed in the
interval determined by 20% of the magnitude of the local permeability. We illustrate in Figure 1.

We present a typical sample solution Un in Figure 2.
In this problem, we fix the number of discretization nodes on each of the sub-domains to be

5×5 and let the adaptive algorithm choose the other parameters to match the accuracy given by
this mesh. It is often the case in oil reservoir simulations, that the spatial mesh is fixed. The goal
is again to approximate the distribution function F(t) to within TOL=0.15 with 95% confidence.
We let �=0.05, �I=0.3I, and �P=1 in the adaptive algorithm. We start with 100 iterations
in the domain decomposition algorithm, 1 term in the approximate inverse expansion, and 30
samples. We solve the adjoint problem using the same mesh as for the forward problem since we
are not interested in mesh refinement. The number of iterations, terms, and samples is the same
for the forward and the adjoint problems.
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Algorithm 2 Adaptive algorithm
Choose � in Theorem 5.2, which determines the reliability of the error control
Let TOL be the desired tolerance of the error |F(t)− F̃N(t)|
Let �1+�2+�3+�4=1 be positive numbers that are used to apportion the tolerance TOL
between the four contributions to the error, with values chosen based on the computational cost
associated with changing the four discretization parameters
Choose initial meshes Th , Th̃ and P, I, and N

Compute {Un
P,I,n=1, · · · ,N} in the space Vh and the sample quantity of interest values

Compute {�n
P̃,Ĩ

,n=1, · · · ,N} in the space Vh̃

Compute En
I,En

II,En
III for n=1, · · · ,N

Compute F̃N(t)
Estimate the Lipschitz constant L of F using F̃N
Compute EIV

while EIV+
∣∣∣ 1
N

∑N
n=1(I (Q̃

n−|En|�t�Q̃n+|En|))
∣∣∣�TOL do

if LEI>�1TOL then
Refine Th and Th̃ to meet the prediction that LEI≈�1TOL on the new mesh

end if
if LEII>�2TOL then

Increase P to meet the prediction EII≈�2TOL
end if
if LEIII>�3TOL then

Increase P to meet the prediction EIII≈�3TOL
end if
if EIV>�4TOL then

Increase N to meet the prediction EIV≈�4TOL
end if

Compute {Un
P,I,n=1, · · · ,N} in the space Vh and the sample quantity of interest values

Compute {�n
P̃,Ĩ

,n=1, . . . ,N} in the space Vh̃

Compute En
I,En

II,En
III for n=1, · · · ,N

Compute F̃N(t)
Estimate the Lipschitz constant L of F using F̃N
Compute EIV

end while

In Figure 3, we plot the parameter values during the four iterations. The error tolerance is
achieved when I=800, P=4, and N=240.

In Figure 4, we plot error estimators after each iteration in the adaptive algorithm along with
the total estimate.
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Figure 2. A typical sample solution.
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Figure 3. The parameter values chosen by four iterations of the adaptive algorithm.
Left: I; middle: P; and right: N.
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Figure 4. The error estimates computed after each iteration in the adaptive algorithm.

In Figure 5, we plot the approximation to F(t) after each iteration. We see that the distribution
function converges as the number of iterations increases, and there is a large error in the distribution
function for the first two iterations.
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Figure 5. The approximate distribution functions for each of the four iterations in the adaptive algorithm,
from left to right, top to bottom.

7. ADAPTIVE MODELING

It is common to find meshes with large variations in element sizes through the domain when
using adaptive error control based on goal-oriented error estimates. By extension, it is natural to
conjecture that the degree to which a model must be specified may also have to vary through
the domain. We show how the adaptive algorithm can be modified to estimate and control model
uncertainty.

We assume that An is an approximation to an exact random perturbation Ā
n
that is used in a

computation. The a posteriori estimate (7) becomes

|(Un−Un
P,
)|�|( f,�n

h̃
)−(An∇Un

P,∇�n
h̃
)|+|((Ān−An)∇Un

P,∇�n
h̃
)|+R(h̃,P̃,Ĩ) (17)

This observation gives a new term in the error representation formula, which we approximate in
the following way,

EV=|((An−Ā
n
)∇Un

h,P,I,∇�n)| (18)

We modify the adaptive algorithm by choosing five apportioning constants �1+·· ·+�5=1 and
inserting an extra step where LEV��5TOL is checked. If this condition is violated, then some
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subset of the domain elements �d are marked for refinement, requiring the collection of additional
sample values An,d for the next adaptive iteration.

7.1. Computational examples

We present three examples that illustrate the consequences of including a modeling error term in
the adaptive algorithm.

7.1.1. A varying diffusion coefficient affected by a uniformly sized relative error. We solve (1) with
f ≡1 and the diffusion coefficient a perturbed by the random perturbation uniformly distributed on
an interval determined by 10% of the magnitude of the diffusion coefficient on each sub-domain.
We show a typical realization of the diffusion coefficient in Figure 6.

The goal is to compute an accurate approximation of the solution in the upper right corner of
the domain by setting 
=1 when 0.9�x, y�1 and 
=0 otherwise. We require the error in the
approximation of F to be smaller than 10% with 95% probability; hence, TOL=0.1 and �=0.05.
Initially, we choose h= 1

32 , I=40, P=1, and N=40. We compute the adjoint solution using a
finer mesh and the same number of iterations, terms, samples, and the same random perturbation
as the forward problem.

We follow the adaptive algorithm, Algorithm 2, modified to include the new error indicator EV.
We use �2=�3=�5= 1

6 , �4= 1
2 . We do not adapt the spatial mesh. For refining the description of

the random perturbation, we proceed as follows. We start with a coarse 2×2 subdivision of the unit
square on which An is described. For a given subdivision associated withAn,d , we refine each sub-
domain into 2×2 children and these children further into 2×2 children. The random perturbation
on any sub-domain or its children is chosen by the same rule, i.e. distributed uniformly on the

interval determined by 10% of the value of a on that sub-domain. We now estimate An,d −Ā
n,d

by approximating Ā
n,d

on the finest subdivision corresponding to the current subdivision for
An,d .
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Figure 6. The diffusion coefficient with a piecewise constant perturbation. The random pertur-
bation is uniformly distributed on an interval determined by 10% of the magnitude of the

diffusion coefficient on each sub-domain.
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In Figure 7, we present the first three parameter values for each of the iterates. The tolerance
was reached after three iterations with I=160, P=4, and N=320.

In Figure 8, we plot the sequence of sub-domains chosen by the adaptive modeling component
of the algorithm. Not surprisingly, the algorithm calls for a more detailed description of the random
uncertainty in the spatial region where the quantity of interest is concentrated. In Figure 9, we plot
the error estimators for each iteration in the adaptive algorithm along with the total error estimate.
In Figure 10, we plot the approximate distribution functions. We use the distribution computed
during the last iteration as a reference solution and compute approximate errors, which are plotted
in Figure 11.
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Figure 7. The method parameters chosen by the adaptive algorithm. Right: I; middle: P; and left: N.

Figure 8. The sequence of sub-domains chosen by the adaptive modeling component of the algorithm.
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Figure 9. The error estimators for each iteration in the adaptive algorithm.
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Figure 10. The approximate distribution functions computed by the adaptive algorithm.
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Figure 11. Approximate errors in the distributions from the first three iterations.

7.1.2. A constant diffusion coefficient affected by an error that varies throughout the domain. In
this example, we let a=1 and f =1 and consider a random perturbation that has different sizes
in different regions of the domain, more precisely it is uniformly distributed in an interval of size
10% for 0�x<0.75 and 50% for 0.75�x�1. We plot a typical realization of As in Figure 12.

The goal is to compute an accurate solution in the upper right corner of the domain, hence, we
set 
=1 for 0.9�x, y�1 and zero otherwise. We require the error to be less than 0.1 with 95%
probability so TOL=0.1 and �=0.05. Initially, we choose h= 1

32 , I=40, P=1, and N=40. We
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Figure 12. The diffusion coefficient a=1 is perturbed by a random error uniformly distributed in an
interval of size 10% for 0�x<0.75 and 50% for 0.75�x�1.
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Figure 13. The method parameters chosen by the adaptive algorithm. Right: I; middle: P; and left: N.

Figure 14. The first four sub-domains in the sequence chosen to control the modeling error. The sequence
remains fixed after the third iteration.

compute the adjoint solution using a finer mesh and the same number of iterations, terms, samples,
and the same random perturbation as the forward problem. We follow the adaptive algorithm,
Algorithm 2, modified to include the new error indicator EV. We use �2=�3=�5= 1

6 and �4= 1
2 .

We show the sequence of discretization parameters chosen by the algorithm in Figure 13. The
tolerance is reached when I=320, P=5, and N=640.

In Figure 14, we show the sequence of sub-domains chosen to control the modeling error.
We observe that the algorithm uses a finer-scale representation of the random perturbation in the
vicinity of the region of interest, where 
=1, and the region in the domain where the perturbations
are largest.
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Figure 15. The error estimators for each iteration in the adaptive algorithm.
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Figure 16. The approximate distribution functions computed by the adaptive algorithm.

In Figure 15 we plot the error indicators after each iteration. We see that the iteration error EII
increases when the size of the smallest sub-domain is reduced between iterations 2 and 3. We also
note that the truncation error term EIII is larger now since the worst perturbation is larger, recalling
that the truncation error is proportional to the size of the perturbation divided by the size of a to
the power of P.

In Figure 16, we plot the approximate distribution functions.

7.1.3. A problem with a sharply discontinuous diffusion coefficient and random perturbation. In
this example, we consider a diffusion coefficient a with a sharp discontinuity between the values
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Figure 17. We let a=1 for x+ y>1 and a=0.5 for x+ y�1. The random perturbation has
normal distribution with mean zero. The standard deviation is 0.01 in the region where a=1

and 0.1 in the region where a=0.5.
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Figure 18. The method parameters chosen by the adaptive algorithm. Right: I; middle: P; and left: N.

a=1 for x+ y>1 and a=0.5 for x+ y�1. In the region where a=0.5, we impose a perturbation
that has a truncated normal distribution with mean zero and standard deviation 0.1, while in the
remaining region, we impose a perturbation with a truncated normal distribution with mean zero
and smaller standard deviation 0.01. In both cases, we truncate the distribution so that As�0.1.
We illustrate this by plotting a typical realization of As in Figure 17.

We use f =1, and set the adjoint data 
 equal to one in the lower right corner 0.9�x�1 and
0�y�0.1 and zero otherwise. We require that the error to be less than 0.1 with 95% probability
so TOL=0.1 and �=0.05. We compute the adjoint solution using a finer mesh and the same
number of iterations, terms, samples, and the same random perturbation as the forward problem.
We follow the adaptive algorithm, Algorithm 2, modified to include the new error indicator EV.
We use �2=�3=�5= 1

6 and �4= 1
2 . We show the sequence of discretization parameters chosen

by the algorithm in Figure 18. The tolerance is reached when I=160, P=4, and N=640.
In Figure 19, we show the sequence of sub-domains chosen to control the modeling error.

The algorithm uses a finer representation of the random perturbation where 
=1 and below the
diagonal where the perturbations are large.

In Figure 20 we plot the error indicators after each iteration. The iteration error EII increases
when the size of the smallest sub-domain is reduced between iterations 2 and 3.

In Figure 21, we plot the approximate distribution functions.
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Figure 19. The first four sub-domains in the sequence chosen to control the modeling error. The sequence
remains fixed after the third iteration.
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Figure 20. The error estimators for each iteration in the adaptive algorithm.
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Figure 21. The approximate distribution functions computed by the adaptive algorithm.
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8. CONCLUSION

In this paper, we consider propagation of uncertainty into a quantity of interest computed from
numerical solutions of an elliptic partial differential equation with a randomly perturbed diffusion
coefficient. Our particular interest are problems for which limited knowledge of the random
perturbations are known and for which we desire an approximation of the probability distribution
of the output. We employ a nonparametric density estimation approach based on a very efficient
method for computing random samples of elliptic problems [4]. We fully develop the adaptive
algorithm suggested by the analysis in that paper and discuss details of its implementation. Then,
we illustrate the adaptive algorithm using a realistic data set. Finally, we explore the modeling
assumption underlying the basis for this new approach. In particular, we show that the analysis
can be extended to include a ‘modeling error’ term that accounts for the effects of varying the
resolution of the statistical description of the random variation. We then describe a modification
to the adaptive algorithm that provides a mechanism for adapting the resolution of the statistical
description in order to compute a desired quantity of interest to a specified accuracy. We illustrate
the behavior of the adaptive algorithm in several examples.
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