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Compactification
Assume throughout that 
[image: image1.wmf] is Hausdorff and locally compact, that is, every point of 
[image: image2.wmf] is contained in a compact neighborhood.

We define the one-point compactification of a set 
[image: image3.wmf] as the set 
[image: image4.wmf]which is precisely 
[image: image5.wmf]and one more point, which we suggestively call infinity:

[image: image6.wmf].
Whether a set 
[image: image7.wmf] is open in
[image: image8.wmf] or not depends on whether or not it contains the point
[image: image9.wmf]:

· 
[image: image10.wmf], then U is open in 
[image: image11.wmf]if and only if it is open in 
[image: image12.wmf]
· 
[image: image13.wmf], then U is open in 
[image: image14.wmf]if and only if its complement in 
[image: image15.wmf]is compact

One intuitive example of 
[image: image16.wmf] and 
[image: image17.wmf]is sketched below, with 
[image: image18.wmf] being homeomorphic to the line and 
[image: image19.wmf]homeomorphic to 
[image: image20.wmf]. 

[image: image21.png]



Problem 1.
Assume 
[image: image22.wmf] is itself not compact.
i) Prove that 
[image: image23.wmf] is homeomorphic to an open dense set in 
[image: image24.wmf].
Proof:
Examine 
[image: image25.wmf] itself. 

[image: image26.wmf], 
[image: image27.wmf]and 
[image: image28.wmf] is open in 
[image: image29.wmf]

 EMBED Equation.DSMT4  [image: image30.wmf] 
[image: image31.wmf]is an open set in 
[image: image32.wmf] by definition.


[image: image33.wmf]is not compact implies
[image: image34.wmf] is not open by definition
[image: image35.wmf]

 EMBED Equation.3  [image: image36.wmf]is not closed.

Therefore the closure of 
[image: image37.wmf]is 
[image: image38.wmf], i.e., 
[image: image39.wmf]is an open dense set in 
[image: image40.wmf].
Then 
[image: image41.wmf]must be homeomorphic to an open dense set in 
[image: image42.wmf], which is 
[image: image43.wmf]itself.

ii) Prove that 
[image: image44.wmf] is compact.

Proof:
For any arbitrary open cover of 
[image: image45.wmf]:


[image: image46.wmf]=
[image: image47.wmf], 
[image: image48.wmf]
we know at least one of the 
[image: image49.wmf]’s contains the infinity point 
[image: image50.wmf]. Assume        
[image: image51.wmf], then we know 


[image: image52.wmf]
and that 
[image: image53.wmf]. 
[image: image54.wmf]is therefore an arbitrary open cover of the set 
[image: image55.wmf]. Since 
[image: image56.wmf] is an open set that contains 
[image: image57.wmf], we know 
[image: image58.wmf]is compact, which means any open cover of this set must have a finite subcover corresponding to it. Therefore, we can find a finite subcover of 
[image: image59.wmf]generated by
[image: image60.wmf], denoted as


[image: image61.wmf].

Now we obtain


[image: image62.wmf]
which shows that an arbitrary open cover of 
[image: image63.wmf], denoted as 
[image: image64.wmf], generates a finite subcover of the set expressed by 
[image: image65.wmf]. Therefore by definition, 
[image: image66.wmf]must be compact.

iii) Prove that 
[image: image67.wmf] is connected

Proof:
For the simplest case, assume X is itself connected

Let 
[image: image68.wmf]=
[image: image69.wmf],
[image: image70.wmf], 
[image: image71.wmf], A and B are disjoint and both open. We know the infinity point must be contained in one of the sets A and B. Without loss of generality, we assume 
[image: image72.wmf]and
[image: image73.wmf].

      By definition of the topology, we know B is open in 
[image: image74.wmf]

 EMBED Equation.DSMT4 [image: image75.wmf]B is open in X

A is open in 
[image: image76.wmf]

 EMBED Equation.DSMT4 [image: image77.wmf]

 EMBED Equation.DSMT4  [image: image78.wmf] is compact. Plus X is Hausdorff, we know 
[image: image79.wmf]must be closed
[image: image80.wmf]

 EMBED Equation.DSMT4  [image: image81.wmf]is open in X

Hence we get X=
[image: image82.wmf], 
[image: image83.wmf],
[image: image84.wmf], 
[image: image85.wmf]and B are disjoint and both open. X is connected requires that the only way to make this statement true is to have 
[image: image86.wmf]=X and B=
[image: image87.wmf]

 EMBED Equation.DSMT4 [image: image88.wmf]A=
[image: image89.wmf] and B=
[image: image90.wmf]
      Therefore, 
[image: image91.wmf]must be connected.
Careful, as it is it might be that A minus infinity is empty and  B is X. This can happen if infinity is by itself an open set, which is the case when X is compact to begin with.
The more generalized case would be when X is not connected. In such cases we consider the intersection of set A and B (as defined above) with each of X’s connected components. Consider, for example, one of the connected component of X, denoted as 
[image: image92.wmf]. From the above approach, we already know that: 

X=
[image: image93.wmf],
[image: image94.wmf],
[image: image95.wmf],
[image: image96.wmf]and B are disjoint and both open. (Note this result has nothing to do with the connectedness of X, hence is always true) 

An equivalent way of expressing such a statement is that:

X=
[image: image97.wmf],
[image: image98.wmf],
[image: image99.wmf],
[image: image100.wmf]and B are disjoint and both closed.


[image: image101.wmf]is a connected component of X, hence is closed. Then we obtain the following result, from the fact that the intersection of closed sets is still closed:


[image: image102.wmf]=
[image: image103.wmf],
[image: image104.wmf],
[image: image105.wmf],
[image: image106.wmf]and 
[image: image107.wmf] are disjoint and both closed.


[image: image108.wmf]is itself connected, so the only way to make the above statement to be true is to have 
[image: image109.wmf]=
[image: image110.wmf] and 
[image: image111.wmf]=
[image: image112.wmf]
      Take the union for all the connected components, we then have:

            
[image: image113.wmf]
            
[image: image114.wmf]
            
[image: image115.wmf]

 EMBED Equation.DSMT4  [image: image116.wmf]=X and B=
[image: image117.wmf], hence A=
[image: image118.wmf] and B=
[image: image119.wmf]
Therefore in this case 
[image: image120.wmf]is also connected.
In all, we have proved that 
[image: image121.wmf]is connected.

iv) Prove that 
[image: image122.wmf]is Hausdorff

Proof:
Take arbitrarily any two points 
[image: image123.wmf]and 
[image: image124.wmf] in
[image: image125.wmf]. We divide the problem into two cases

Case I: if both the two points are not the infinity point, then 
[image: image126.wmf]and
[image: image127.wmf]. X is itself Hausdorff, hence by definition there would always exist two disjoint open sets 
[image: image128.wmf] and 
[image: image129.wmf] such that 
[image: image130.wmf]and 
[image: image131.wmf]
Case II: if one of the two points, say,
[image: image132.wmf], is the infinity point. We know X is locally compact, which means there would always be a compact neighborhood 
[image: image133.wmf]of which 
[image: image134.wmf]is an internal point. Certainly we can find an open set 
[image: image135.wmf]that contains
[image: image136.wmf]. At the same time, from the definition of the topology, we know 
[image: image137.wmf]is an open set since
[image: image138.wmf].  This way we also find two disjoint open sets in
[image: image139.wmf], namely 
[image: image140.wmf] and 
[image: image141.wmf], that separates the two points 
[image: image142.wmf]and 
[image: image143.wmf]apart.

Combine those two cases, we show that any two points in
[image: image144.wmf]can be separated by two disjoint open sets. Therefore 
[image: image145.wmf]must be Hausdorff.
Problem 2.

Show that if 
[image: image146.wmf] and 
[image: image147.wmf] are homeomorphic, so are their one-point compactifications.

Let 
[image: image148.wmf] be a homeomorphism between 
[image: image149.wmf] and 
[image: image150.wmf]. Define a function 
[image: image151.wmf] in the following way:


[image: image152.wmf].  In the second line here you want x= infinity
We claim that this is a homeomorphism. It is clearly bijective. We show that it is continuous. Let 
[image: image153.wmf]be open in 
[image: image154.wmf]. Examine 
[image: image155.wmf], which is well defined as our constructed function is a bijection:

· 
[image: image156.wmf], then 
[image: image157.wmf] is open in 
[image: image158.wmf] as 
[image: image159.wmf] and 
[image: image160.wmf] are homeomorphic

· 
[image: image161.wmf], then 
[image: image162.wmf] is compact because 
[image: image163.wmf] is continuous and 
[image: image164.wmf] and 
[image: image165.wmf] are a partition of 
[image: image166.wmf] as each point in 
[image: image167.wmf] has only one preimage. Therefore 
[image: image168.wmf] is open in 
[image: image169.wmf] as its complement is compact.

Note that the converse is not true. For instance, let 
[image: image170.wmf] and let 
[image: image171.wmf]. Then 
[image: image172.wmf], but 
[image: image173.wmf] and 
[image: image174.wmf] are not homeomorphic because the former is connected whereas the latter is disconnected.
Problem 3.
Show that the one-point compactification of the plane (with Euclidean topology) is homeomorphic to the sphere.

From problem 2 we know that if two spaces, X and Y, are homeomorphic, so are their one-point compactifications.
In Project 1, we have already shown that the plane 
[image: image175.wmf] is homeomorphic to a sphere minus a single point in 
[image: image176.wmf] with Euclidean topology, denoted here using our convention in this problem as 
[image: image177.wmf]. The one-point compactification of 
[image: image178.wmf]should be the whole sphere S, since S is closed and bounded, hence is compact. So from the result of Problem 2 in this project, we know the one-point compactification of the plane 
[image: image179.wmf]must be homeomorphic to the sphere.

Problem 4.
Find the one-point compactification of different sets X
To find the 1-point compactification of X, we have several different approaches. One way comes directly from the definition of the one-point compactification. We have to show that with the point
[image: image180.wmf]added in, the resulting set 
[image: image181.wmf]must be compatible with the topology we defined in the problem, i.e., any open set containing 
[image: image182.wmf]in 
[image: image183.wmf]must have its complement to be compact.

The other way, however, is to use the result of Problem 1 in this project, which states that the 1-point compactification of a set X is the set 
[image: image184.wmf]which has exactly one more point than X and is compact.

There is a third way of solving this problem in some specific cases, which is to use the result of Problem 2 in this project to build a homeomorphism from the one-point compactification of the set under investigation to that of some set we are already familiar with.
a) An open disc in the plane:  
In this specific problem, we want any open set that contains the point
[image: image185.wmf]must at the same time contain a thin open strip around the edge of the open disc, which guarantees its complement is closed, bounded and therefore compact (in the Euclidean topology). Geometrically, the way to achieve that is to bring the edges of the disc up to meet the point at infinity, which results in a sphere.
In fact we know from the last project that an open disc in 
[image: image186.wmf]is homeomorphic to 
[image: image187.wmf]itself. Problem 3 shows that the one-point compactification of 
[image: image188.wmf]is the sphere, then so will be the one-point compactification of the open disc.
[image: image189.emf]
b)  A closed disc in the plane minus a point.

In this specific problem, we set 
[image: image190.wmf] to be the whole closed disc. In this way, any open set that contains the point
[image: image191.wmf], which is the missing point, must at the same time contain a small open disc around 
[image: image192.wmf], which guarantees its complement is closed, bounded and therefore compact (in the Euclidean topology). Geometrically, 
[image: image193.wmf] ”fills in” the hole left by the missing point in the disc, which results in a closed and bounded disc 
[image: image194.wmf]that is compact in Euclidean topology.

[image: image195.emf]
c)  An open interval of the real line.

In this specific problem, we want any open set that contains the point
[image: image196.wmf]must at the same time contain some fluff around both point a and point b, which guarantees its complement is closed, bounded and therefore compact (in the Euclidean topology). Geometrically, the way to achieve that is to attach the “ends” of the open interval together at the point, 
[image: image197.wmf], which results in a circle
[image: image198.wmf]that is compact.

.

[image: image199.emf]
d)  A bunch of open intervals of the real line

Without loss of generality, consider a bunch of open intervals (a, b), (c, d), (e, f), (g, h). In this specific problem, we want any open set that contains the point
[image: image200.wmf]must at the same time contain some fluff around every point (a, b, c, d, e, f, g, h), which guarantees its complement is closed, bounded and therefore compact (in the Euclidean topology). This technique will work for any number of open intervals, and geometrically, the way to achieve that is shown below, i.e., for n open intervals, we get a “clover” of n circles. It is obvious that the “clover” 
[image: image201.wmf]is compact
[image: image202.emf]
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