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Layered media scattering

The interaction of acoustic or electromagnetic waves with layered
(periodic) structures plays an important role in many scientific
problems, e.g.,

» Seismic imaging
» Underwater acoustics

» Plasmonic nano-structures



Figure: Examples of multiple layered structures (graphene films with
different number of layers)*
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Figure: Examples of multiple layered structures (graphene films with
different number of layers)*

Rmk: Numerical simulations are very useful since building device is
complicated and expensive.

¥Nature Nanotechnology (doi:10.1038/nnano.2010.132)



Maxwell’s equations

The Maxwell's equations state that the field variables and sources
occupied by the electromagnetic field: Using the constitutive
equations, consider the time-harmonic Maxwell system:

1
VxE=ikuH,  V-(oE)= -5V -F

1
VxH=—ike,E—=F,  V-(uH)=0,

ik
where
) 1 io
F= /k,u(l)/zJa Er = _(E + _)7 my = ﬂa
€0 w H0
and

w : temporal frequency, &g : electric permittivity,
Lo : magneticpermeability, o : conductivity, k :wavenumber,
Ja : applied current density.



Aim and methodology

Aim: find a high order numerical method for electromagnetic
waves interacting with periodic gratings separating several layers of
materials (a small perturbation on the interface).



Aim and methodology

Aim: find a high order numerical method for electromagnetic
waves interacting with periodic gratings separating several layers of
materials (a small perturbation on the interface).

Method: high order perturbation of surfaces (HOPS) and modified
spectral element (Legendre-Galerkin) method.



Governing equations: Two layers
In 2D setting, the time-harmonic Maxwell equations decouple into
two scalar Helmholtz equations. We seek outgoing a-quasiperiodic
solutions of
Au+k2u=0, y>g(x),
Av+k2v =0, y<g(x),
U—v = —yinc — _eiax—iﬁg(x)7 on y= g(X)
a/\/u — 8NV = —8/\/umC
= —(iB + iadeg(x))e’ 1P on y = g(x),
OWC[u] =0, y — oo,
OWC[v] =0, y— —o0,

where u" = e/®*=iBY is an incident plane wave. Here, we assume
that g(x) stands for a small perturbation; for example,

g(x) = ef(x),
where f(x) = O(1).



For the far-field boundary conditions, consider the hyperplane
y=aandy=—b

Au+ku=0, g(x)<y<a,
oyu=0o,vt, y=a,

u=vt, y=a,

Avt + k51/+ =0, y>a,
OWC[r"] =0, y— oo,
Av+kiv=0, —b<y<g(x),
oyv=0,,v, y=—b,

v=v_, y=—b,

Av™ 4 k2™ =0, y< —b,
OWC[y"]=0, y— —o0,

by = e,y (),

Onu — v = —(iB + iadyeg(x))e’ >~ 1P8) = g(x).



The Rayleigh Expansions

John William Strutt, Third Baron Rayleigh (Lord Rayleigh) wrote
down periodic, outgoing solutions of the Helmholtz equation in
1907. These are the foundation of our High-Order Perturbation of
Surfaces (HOPS) algorithms. Setting

(kuy)? — a2, pe U™,
ap =a+2rp/d, By'= oY P
i a,% - (ku,v)27 P ¢ uv,
={p€Z: (kuy)* — a3 >0},
the Rayleigh's expansions:
o o
Z qsz eia,,x+i5;(y—a)7 v = Z é\p eiosz-i-iﬁ‘p’(}/-i-b)’
p=—00 p=—00
where

1/1(X) X a) Z w elOle X) — V(X,—b) — Z C’-‘peiapx'

p=—00 p=—



In addition, we compute the Neumann data

Oyvt(x,a) = Y (iBp)pe = T*[(x)] = T*[u(x, )],
Oyv(x,—b) = Y (—iBy)pe™™ = TV[((x)] = T"[v(x, —b)],

p=—00



Hence, we finally study the reduced equations (but equivalent to
the governing equations):

Au+ku=0, g(x)<y<a,

Oyu—T[u] =0, y=a,

Av+k2v=0, —b<y<g(x),

oyv—T"[v]=0, y=—b,

u—v=9(x), y=2g(x),

Ovu — Onv = (iB + iadxg(x))p(x), v = g(x),

u(x +d,y) = e*u(x,y),

v(x +d.y) = e“Iv(x,y),

where o
¢(X) — _e/ax—lﬂg(x)



Transformed fields expansions

Domain flattening through a change of variables (o coordinates or

C-method):
x' = x,
n=a2"% g<y<a
a—g
y— &
=b—=, —b<<y<g.
y2 btg y<8g
Rewrite the equations
(0% + 8§I)U( "y1) + (ka)u(x y1) = FU(X ),

u(x
dyu(x';a) — TH[u(X', a)] = Ju(x'),
(02, + 2)v(xy2) + (K PY(X ) = FY(x'32),
Ay, v(x', —b) — T'[v(x', =b)] = Ju (),

u(x',0) — v(x',0) = ¢(x'),
Ay, u(x',0) — dy,v(x',0) = Q(x',0).

0 <y <a,

—b <y, <0,



Here we define
FU(X',y1) = 0w F{ (X', 1) + 0y, Fy (X, 1) + FR (X, 1),

where

2 1 21 a—y
F! = —g@xfu L 20 u + —( 1 &)0y, U — Tg(axfg)aylu

2

_ a— a—
F; = ayl (8X/g)8X/u — a2y1g(8x’g)8x’u - %(8x’g)28y1”

1 1
F;,l = —g(ax’g)ax’u + ?g(axlg)axlu

a—
_|_

.yl(ax/g)Z + 2k2gu_ ik2
and
Jo = — L gTu[u]
u - ag 9
1 . .
Q= E{(ab + ag — bg — g°)(ia(Ox g) + iB)p(X') — agoy, u
+ (0wg)(b+g)(a— g)dwu — (0xg)’a(b + g)dy,u — bgdy,v
— (0wg)(b+g)(a—8)dwv + (0xg)*b(a — g)dy,v}.



Boundary perturbation
Setting g = f, we can write

o0

u(x,y,e) =Y un(x, y)e",
n=0
o

v(x,y,e) = Va(x,y)e".
n=0

We then derive

0% + 05 un(X' 1) + (ka)?un(X',y1) = F(X',31), 0<y1<a,
Oy un(x', @) — T"[un(x', 3)] = (Ju)a(x'),

% + 8§2v,,(x/,y2) + (k)2va(X, y2) = FY(X',y0), —b<y» <0,
Oy, Vn(x', =b) — TV [vn(x', —b)] = (Jv)n(x"),

up(x',0) — vp(x',0) = @n(x),

Ay, un(x’,0) — By, vn(x',0) = Qn(x',0).



Note that
F#(X/vyl) = 8X"‘:)g,n(xlvyl) + aylF;,n(X/vyl) + Fflwl,n(X/>Y1)v
where

Fg ns Fy ns Fh.n = consist of the terms with uj_1, us—2.
Moreover,
Qn = consist of the terms with u,_1, Up_2, Up_3,Va_1, Va—2, Vn_3,
1
J! = —ng“[un_l],
v 1 v
J = EfT [Vn_]_],

60 = (-1 1 20 o



Considering

n(oy) = S npe, Floy) = S0 Fe

p=—00 p=—00
[ee] [ee]
Z Qn,pelapxa (;5,,(X) = Z (bn,pelapxa
p=—00 p=—00

and also apply the similar expansion on v terms, we obtain a
sequence of equations
95, unp(y1) + (ki — ag)unp(y1) = Fip(n), 0<yi<a,
aylunp( ) — i/BuUnp( )= JIL1]p7
(y2) + (k2 p)Vn P(y2) = Fr;/,p(y2)7 —b <y, <0,
(=b) +iByVap(—b) = Iy
Unp(0) = v p(0) = ¢np,
Oy, tn,p(0) = Oy, Vi, p(0) = Qn,p,

which is a 1D problem.

v,,p

8}’2 Vn,p



Governing equations: Three layers

Au+k2=0, iny>g+g),
Av+k2=0, inh+h(x)<y<g+g(x),
Aw+ k2 =0, iny<h+ h(x),

ut+uv =v, ony=g+g(x),

O, (U + ui) = 20, v,  ony =g+ g(x),
v=w, ony=h+ h(x),

On,v =02?0y,w, ony=h+ h(x),

where g and h are constants (base line) and u’ = e/®*~Y is an
incident plane wave. Here, we assume that g(x) and h(x) are
small perturbations



g+g(z)

Description of artificial boundaries




Reformulate the equations

Introduce artificial boundaries and boundary conditions to solve the
governing equations:

Aii+ k2ii=0, iny>a,

Au+k?u=0, ing+g(x)<y<a,
Av+k2v =0, inh+h(x)<y<g+g(x),
Aw+ k2w =0, inb<y<h+h(x),
AW+ k2w =0, iny<b,

and the boundary conditions are



d=u ony=a,

Oyii=0,u ony=a,

OWCJd], asy — oo,

u—v=—e"B ony=g+g(x),

Oy u — 728Ngv = (iadxg(x) + iB)e*~Y  on y =g + g(x),
v=w ony=h+ h(x),

On,v = a?0y,w  ony = h+ h(x),

W=Ww ony=bhb,

oyw=090,w ony=b,
| OWC[W], asy — —oc.



Regarding the similar simplifications as in the two layers case, the
governing equation read

(Au+K2u=0, ing+g(x)<y<a,

Oyu= Ti[u], ony=a,

Av+k2v =0, inh+h(x)<y<g+g),
u—v=—e"B  ony=7g+g(x),

Ongu — 20N, v = (iadyg(x) +iB)e™ " ony =g+ g(x),
Aw+ k2w =0, inb<y<h+h(x),

Oyw = T3[w], ony=h,

w=v, ony=h+h(x),

o20n,w = Opn,v, ony=h+ h(x),

where
[ee]

Tifu] == ) (iBy)dpe’™,

p=—00
o0

Talw] = > (—iBY)Wpe ™.

p=—00



Description of reduced domain

y=a
Au+ k2u =0
”——\\ - S
\ ,’ “~ 4
g—|—g($) \\~ ,/ \\N-—”
Av+ k20 =0
-
_,’ Ay - -
— \\ ,/' N\\ I'
I+ h(z) N




TFE revisted

Consider the domain flattening methods via a change of variables.

/

Y1:3<%)+_<%>, where g + g < y < a,
— y-@+e) N\, (hth)- .
y2:h((F—};h)f?_§g;-g))+g((ﬁ+h—;—(§—};g))’ where h+ h <

y—(h+h)\ - b-y -
(LB B2 ) whereb<y < A4 h
& (b—(h+h)> (b—(h+h)> where b=y

Then, as before the underlying equations becomes

2ui + 0o ui + KPuj = 0w RX + 0,RY + R;, 1<i<3.



Introduce the fields expansion

o0

up = Z ui,n(Xay)Ena

n=—o00
Rearrange in terms of ¢ orders:

2
Ax/,y,-ui,n + k; Uin = Ri,na

8ylun - Tl[un] = _a_g_Tl[un—l]a ony; = a,
fn
8y3Wn - T3[Un] = _b _ ET3[Wn—1]7 on y3 = b,
0 _ia (—IBF,)"
Up— Vp = —e'™ e"ﬁgi( Iflg) , aty1=y2=g,

Wp = Vp, at}’2=)/3=/77
2 _
8ylun_7— ayz\/n:Jl,ny at y1 = y2 =g,

8yQVn - U2ay3Wn = J2,n7 at yo = y3 = F>

where 1 </ <3 and n> 0.



Considering Fourier expansions, we deduce the two point boundary
value problem:

Oub(y) + (ki —ag)ub(y) = RY,, EB<y<a,
BVE(Y) + (kI —o2)VE(y) =RE,. h<y<Eg,
Rwh(y) + (ki — a2)wP(y)=RE,, b<y<Hh,

Oyup — iBpup = —é Tlup | =8By, aty=a,
. fu
Oywh + iy wp = . ET;[W,’:_I] =:B5 aty = b,
o (—iBF.)"
(@) - vi(@) =~ E ) o

n!
wP(h) — vP(h) =0,
g8) — T VE@) = S
h) — a?9,wP(h) = g3 o



Spitting solutions

Decompose {uh, vy, wh} as

{uf, VB WEY = {8, U8, WP} + {8, V8, W),

n» n’ n’ “n»

where {dh, V5, wh} homogeneous equations with the boundary
conditions and {17,,, v, W,,} nonhomogeneous equations with
homogeneous boundary conditions. For simplicity, dropping {n, p}
indices, write homogeneous equations

8)2,U(y)+(k5—a2)0:0, g<y<a
00(y)+ (ki —a®)o(y) =0, h<y<g
Rw(y)+ (ky —a®)Ww =0, b<y<h
Oyii — ip"ii = By, at y = a,
Oyw + iB"w = Bo, at y = b,

i(g) — v(g) = ¢, w(h)—v(h) =0,
o, i(g) — 7°0,7(g) = 4,
9y v(h) — 020, w(h) = J



Homogeneous equations

Utilizing the decomposition, the set of solutions {ih, v, w5} can

be found explicitly, and the spectral elements methods can be

applied to {uh, Vi, Wi}

We first find explicit solutions of {d, v, w} by setting

By direct computations, we find explicit form of M; and N;.



Inhomogeneous equations

To study {ih, Vi, w4}, it requires to use numerical treatments.

Qu(y)+ (ki —a®)i=R, B<y<a
Gyv(y) + (ki —a®)i(y) =R, h<y<g
Rw(y)+ (ky —a®)W=Rs, b<y<h

Oyti — il =0, at y = a,

d,W +if"% =0, aty=b, (1)

i(g) — v(g) =0,



Weak formumation

The weak formulation is: To find U € H! such that

(KU, ) = (0, U, 0y9) + (1 = )0, v(8)p(8) + (072 — 1)9y v(h)p(h)
= (R, ¢) — iBuu(a)p(a) — iBww(b)p(b), Yy € H,

where
un, ye€ I17 Rlv ye l17
U= Vi, y e l27 R = R27 ye l27
Wy, Y€ l37 R37 ye l37
and

/1={E<y<a}, /2:{E<y<g}v /3:{F<y<d}.



Discretization

Define the functional space Xy to consider the Legendre-Galerkin
method,

Xn ={¢ € Pn(h), Pn(R), Pn(13)| Oyp(a) — iB%p(a) =0
yp(b) — " p(b) = 0}.

Then the Legendre-Galerkin formulation is derived
(K2 Un, on) = (9y Un, 0yon) + (1 — 72)0, viv(8)Pn(E)

+ (072 = 1)dyvn(h)pn(h)
= (INR,on) — iBuun(a)pn(a) — iBwun(b)Pn(b), Ven € Xn.

By integration by parts on each subdomain, we obtain

(02 Un, o) + K (Un, on) + Oy un(8)n(8) — 720, viv(8)En(8)
+ 020, vy(h)gn(h) — dywn(h)@n(h) = (INR, on).



Standard Legendre-Galerkin basis

Choose standard combinations of Legendre polynomials
¢sj = (1+0)Lj(2) + arjLj1(2) + brjlja(2), 1<s<3,
where —1 <z <1 and
(Oyorj —iB"915)(a) =0,  ¢1,;(8) =0,

¢2,_I(E) = 07 ¢2,J(F) = 07
9y ¢3(b) +iB"¢34(b) =0,  ¢3,(h) =0.
Note that the Legedre-Galerkin basis function vanishes for the

transition layers at y = g and h. For this reason, we introduce an
additional basis which has a nonzero value on y =g and h.



Connecting (additional) basis

aly—-g)+1 forg<y<a
m(y) =3 aly -8 +1, for h<y<g,
0, for for b<y < h,

0, for forg <y <73,
n(y) = (—h)—|—1 for h <

such that

(8ym —iB“m)(a) =0, m(h) =0,
(Oym2 + iB%mp)(b) =0, ma(g) =0.

Hence, we easily find
iBgY 1 1 iBY

=T 7= = = = —
! 1-ipu“(a—g) g—h h—%g 1+ iBv(b -



Modified LG basis

We define basis functions

oi(y) =

~ {qbl,j(y), where g < y < a,

0, where b<y< g,

0, whereg<y<a

On-14i(¥) =} P2,4(y),

where h<y<g, j=0,..

0, where b<y<h,

Pan-2+j(Y) = {¢3J(Y)7

and

0, whereh<y<a

where b < y < h,

dan-3(y) =m(y), h<y<a,
dsn—2(y) =m(y), b<y<g.



Modified LG method

Define
3N—2
uN(y) = Z 0J¢jv
=0
and
u=(bo,...,an_2)", v=(an_1,..., Don_3)",
w = (lGon_2, l3n_a), F=(fo,..ana)",
where

6- = (Inf, ¢~>j), where j =0,...,3N — 2.
We also define the following block matrices
(A1) = (0205, &) + k(5 D)
(G1)ij = (3§¢N—1+j, ON—1+1)n + KX (ON-11]s ON—-1+1) >
(B11)ij = (02on—2+4js Pan—2+i)1, + K*(don—24j, Pon—2+41)1s5

where 0 </, j < N —2.



We set column and row vectors
924 27 7
a2 = (9ypan—3 + k“D3n—3, D))
2 bsn-3 + K2 d3n—3, dn-14))1,

a2 = (
dio = (0} dan—2 + k> dan—2, On-14)1»
(

bio = y¢3N 2+ K2 P3n_2, ban—2+) )
a1 = (020; + k*¢j, dan—3)i, + 9, 8;(&),
o1 = (3§§5N—1+j + K2 ON-_14)> D3n-3)1 — T2y dn-1+(Z),
dr1 = (33<13N—1+j + K2 ON_14jy P3n—_2)p + 0 2Dy dn_14;(h),
by = (3§<132N—2+j + K2 dan_21j, D3n—2)1, — Oy dan—a+(h),

where 0 < j < N — 2. Moreover, we set

a2 = (O dsn—3 + K>dan—3, b3n—3) + Oy dan—3(&8") — 720y Pan—3(8 "),
( y¢3N 2+ K2Pan_2, ban—2) + 20, dan_2(hT) — 8y dan_2(h7),
a23 = (05dan—2 + K>b3n—2, bsn—3) + [0y dsn—2(8") — 720y dan—2(8 )]s
a2 = (0 dsn—3 + K> dsn—3, dan—2) + [0720y dan—3(h") — Oy dsn—3(h")

aszz =



We then write the following system of 3N — 1 equations:

A11 0 0 a1 0 u

0 C11 0 C12 d12 '

0 0 811 0 b12 w == R f
aj; ¢ 0 ax aas| | -3 fanv-3

T T A
0 dyy by ax a3 Uzn_2 f3n—2



Numerical Convergence |

Energy defect versus perturbation orders for the TE mode

Energy defect

0 2 i 6 s 10 12 14 16 18 20
N: Number perturbation order

(a) Perturbation order

Energy defect

Energy defect versus the number of modes (/N 5 V,) for the TM mode
10
101
101
o
107
s 10 12 1 8 20 2

TH.-Nicholls, J. Comput. Phys. (2017a)



Multiply layered media |

y=gi+aq() S.’;f
Uy

y = g2+ ga() Sm-!/z

W

92.93
Y =Gm-1+ gm1(x)

Jm—1

(a) A depiction of a multiply
layered grating structure.

Energy defect

6 s
N: Number perturbation order

(b) Scattering solution with
different numbers of layers.

TH.-Nicholls, J. Comput. Phys.

(2017b)



Rough interfaces and 3D T

Scattering field of Re(u,) for the TE mode, 1< j <6

Energy defect versus the perturbation order N for the TE mode

102 1
—— (N, N, )=(30,30)
—— (NN, )=(60,30)
10 N )=(12030
—8—(N,.N,)=(120.30) 05
10
B
2 o 0
2 10? 3
> ;
B IS
2
UG 05
12
10 Bl
1014
0 2 4 6 8 10 12 14
Perturbation order N x-axis

(a) Convergence of rough profiles (b) Numerical solution at xo = 0.5
with € = 0.05 of the 3D problem

TH.-Nicholls, J. Comput. Phys. (2017b)



Maxwell equations in a layered medium*
The time-harmonic Maxwell equations revisited
V x E,, = ikpmHm,
V x Hp, = —ike mEnm,
V- (emEm) =0,
V- (umHm) =0,

with boundary conditions at the interface

nX[E]:O> Z:g(X,y),
nx [H] = J, z=g(x,y),
n-[cE] =0, z=2g(xy),
n-[uH] =0, z=g(x,y).

Here, [Z] is the jump at the interface [Z] := Z; — Z>.

*Joint work D. Nicholls (2018)



Assume 1 and € are continuous in the bulk. Using the identity
VX|[VxZl=-AZ+V(V-2),
the magnetic field becomes
AHp, + empimk®Hy, = 0,

which is the vector Helmholtz equations. At the interface, the
transmission BCs are imposed:

V-H,=0, m=12,
n X (Hl —H2) = —NnX Hinc7
nx (E; — Ep) = —n x E¢,

n-(Hy — Hy) = —n.H"

where n = (—d«g,—0,g,1).



Then, the time-harmonic Maxwell equations read

AH,, + knHp =0, in Q)

V-H,=0, atl,

nx (Hy —Hy)=—-nxH"™ atTl,

nx (Vx(Hy—7H)) = —n x (V x H™),  atT,
n-(Hi —Hy) = —n-H",  atT,

where 7 = £1 /g5 and H"® = Aexp(i(ax + By — vz)) incidental
plane wave.



Numerical results

scattering field of Re[H*]

scattering field of Re[H?]
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Appendix A: Pade approximation

Taylor approximation:

N
v(e) = Z cre.
n=0
Pade approximation:

a'e)  _ Yrae

[L/M](e) = )~ 155 e
where
ao = Co,
ay = c1 + coby,
ay =0+ b + by,
a3 =3+ oby + c1by + cobs,
Then, we find

vie) = [L/MI(g) + O(EHM+1y,



Appendix B: Energy defect

As an exact solution are unavailable for the governing problems, we
use wildly-accepted diagnostic of energy defect to display the
spectral accuracy.

Consider the Rayleigh expansions

o
y) = Z LA,peiBEyeiapX’ w(x,y) = Z W, e'Bp yelapx
—0oQ
and the “efficiencies" can be defined
u 5;71 A2 u w ﬁf‘;v ~ 12 w
ep::?|up|, p e UY, € ::?|wp|, pelU

The efficiencies measure the energy at wave mode p propagated
away from the grating interface. More precisely,

(TE mode): Z ey + Z ey =

peUyv peuw

(TM mode): Z e + 7 Z ey =

peuyv peuw



In particular, we can define the "energy defect” for TE and TM
modes

(TEmode):  dre=1- > ei— > e,

peU, peUn
(TM mode):  dry=1-— E & — T E ey s
peU, peUnw

which should be zero for an exact solution.
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