Differential Calculus of Vector Valued Functions

Functions of Several Variables

We are going to consider scalar valued and vector valued functions of several real
variables. For example,

= f(x,y), w = F(x,Y,2), y = G(X1,X2,...,Xn)

z
V= vVi(X,Y, Z)T+ Va(X,Y, Z)T+ V3(X,Y, Z)R

Here (X,y), (X,y,2) Or (X3,X2,...,%n) denote the independent variables for the functions f, F
and G, and z, w, y and V are referred to as dependent variables. A real valued function like
z = f(x,y), assigns a unique value to each point (x,y) of a set D of the plane called the
domain of the function. The set of values for f(x,y) as (x,y) ranges over all points in the
domain is called the range of the function f. For each (x,y) in D the function f assumes a
scalar value (i.e., the value is a real rlumber) andlc is thereforg called a scalar valued
function or scalar field. The function V = vi(X,y,2)i + v2(X,V, 2)j + Va(X,Y,z)k assigns to each
point (x,Y,2) in its domain a unique value (vi,V2,V3) in 3 — space and since this value may be
interpreted as a vector, this function is referred to as a vector valued function or vector field
defined over its domain D.

Continuity

Let F denote a real or vector valued function of n real variables defined over domain D.We
say that F is continuous at the point P in D if, for each Q that is "close to P", the value of
F(Q) is "close to" the value F(P). The precise definition of this vague statement is the
following; F is continuous at the point P in D if, for every ¢ > 0, there exists a 6 > 0 such that
|F(P) —F(Q)| < ¢ whenever, |[P- Q| < 4. If Fis continuous at each point P in its domain
D, we say F is continuous on D.

Variation of a scalar field

Variations in the values of a real valued function of one variable are described in terms of its
derivative. For a function of more than a singe variable there are ieveial analogues of the
derivative of a function of one variable. For example, let U = pi + gj + rk denote a unit vector
in R® and let f = f(x,y,z) denote a scalar function defined on domain D with P = (a,b,c) a
point of D. Then if the following limit exists, it is defined to be the directional derivative of f at
P in the direction U,

i f(a+ ph,b+ gh,c+rh) —f(a,b,c)
o h

Vaf(ab,c) = lim 1P+ —f(P)
h-0 h

Clearly the directional derivative can be defined for functions of n variables for n other than
3. In the special case that the unit vector is in the direction of one of the coordinate axes,
we refer to the derivative as the "partial derivative of f* with respect to that variable along
whose axis the unit vector is directed. That is,

if U= (1,0,0) Vif = %f( = Oxf = the partial derivative of f with respect to x



of

ifd= (010 V4= EY = 0yf = the partial derivative of f with respect to y
ifd=(00,1) Vif= 2—; = 0,f = the partial derivative of f with respect to z

We will use the notations g—; = Oxf = fx interchangeably to denote the partial derivative of f

with respect to x, with similar notations for the partial derivatives with respect to other
independent variables. A function that is continuous on D, together with all its partial
derivatives will be said to be a smooth function on D.

The Del operator
It is convenient for what follows to define the vector differential operator

and to refer to this as the "del" operator. Then the following operations are defined for
smooth scalar fields f(x,y,z) or smooth vector fields V(x Y, 2):

»>0f - of of

a) Vf = |— + = +k— ="gradient of
) J Y, "9
S ov ov N3 g v

b) V +V = (0x,0y,07) * (V1,V2,V3) = axl + ay2 + 823 ="divergence of V'
T 7k

C)VxV=1| 0 0y 0, | =1(0yV3—0V2) —[(OxV3 — 0zV1) + K(OxV2 — OyV1)
Vi1 V2 V3

—"curl of V"

Clearly this definition of the del operator as an operator on functions of three variables can
be generalized to an operator on functions of n variables for every n.

Example 1

1. For f(x,y,2) = X2 +y2 + 22, we have Vf = 2xi + 2yf + 27k and for a(x,y,2) = /x> +y?+ 7% we
find

0xg = 22 +y?+22) Px = —%_—etc
JX2+y? + 22
Then §g = (XI + yj + zk)
Jm

Note that if we let T denote the radial vector, T = xi +Yj + z, then ||T|| = JX2+y?+ 7% equals
the length of T and both of the functions f and g are functions of the scalar R = |7|;i.e.



f(R) = R? and g(R) = R. Then

Vi = 2F = 2R and Vg-=

T
R
More generally, for F = F(R), a scalar function of R,we have VF = F'(R) Ur where U, = & is
a unit vector in the direction of 7.

pol i

2. For \7(x, y,2) = Xi + y'ﬁ+ & = T, we compute diWw =V .V = Ox(X) + Oy(y) + 02(2) = 3.

—

Xi + yT+ K

AL £ B N
R
JX2+y2+ 72

For W = T, we compute

5 X _ [X2 +y? + 72 —x2(x2+y2+zz)_ﬂ2 1 x2
S +y2+ 72 X2 +y?+72 R RS

Then  divW =

3. ForV(x,y,z) = Xi +yj + Zk = T,

Note also that divV = 1+ 1+ 1 = 3. Here Vis an example of a "radial field"; i.e., the vector
flow emanates out of the origin.

— - N - .
For W= Q x r where Q = (w1,W2,Ws3) iS a constant vector,

i 7 k
W=QxT = Wi W, Wi | = T(Waz — Way) + ] (WsX — W1Z) + K(W1y — W2X)

X y z

The vector field \7Vdescrib§s the velocity field for a rigid body rotation about the axisﬂﬁ with
angular speed equal to || Q || = Jw?+ w3 +w35. In this case, we compute curlW = 2Q and

divw = 0.

Each of the quantities Vi = gradf, V.V =div V, and V x V = curl V has physical meaning.
The meanings for the divergence and curl must wait until necessary vector integration
results have been derived. However, the meaning of the gradient is contained in the



following theorem.

Theorem 1- Let f = f(x,y,z) denote a smooth scalar field defined over D in R®. Then

X = X(t)
a) For a smooth curve C : y =y(t) a<t<Db, the rate of change of f along Cis
z=2Zz1)
given by
-%:%LV:%L?%% where V = (X(1),y'().Z (1))
ds _ ||yl = 2 2 2
T]lt—_||v||_,/x’(t)+y’(t)+z’(t)
and T=-—L1_V —unit tangent vector to C

VI
b) For every unit vector U, the directional derivative of f in the direction U is given by
Vuf = V-4

c) At each point P in D, f increases most rapidly in the direction of Vf and decreases
most rapidly in the opposite direction, Vf.

d) At each interior point of D where f has a relative max or min, we have §f(P) -0

e) Let Sdenote a level surface for f (i.e. S= {(x,y,2)|f(x,y,2) = constant}) Then at
each point P of S the vector _V'f(P) is normal to the surface.

Proof- (a) Suppose w(t) = f(x(t),y(t),z(t)). Then the chain rule implies

dw _ Of dx  of dy Of dz _ ey UL (1) v o
at ~ ax ot T oy dt 57 ot =Vf.-V  where V= (X(t),y 1),z (1))

Since V is known to be tangent to C at each point of C,

Ve L |V -T
VI o

f(P + hu) - f(P) _lim f(a+ uih,b+ uzh,c+ uzh) — f(a,b,c)

(b) By definition Vyf(a,b,c) = lim h h-0 h

The mean value theorem for derivatives asserts that for 11,412,413 such that 0 < 1; < h,



f(P + hu) = f(P) + oxf(a+ A1u1,b,c)ush + 6,f(a,b + 42Uz, c)uzh + Oxf(a, b, c + A3uz)ush

Then lim f(P + hu) — f(P)

im h = Oxf(a+ A1u1,b,c)us + Oyf(a, b+ A2uz,C)uz + Oxf(a,b,C + Asusz)us

ie., Vif(a,b,c) = Vi(a,b,c) - T

(c) Since  Vif(a,b,c) = Vi(a,b,c) - T = ||_V)f(a, b,c) || |t cosO

it is clear that - ||_V)f(a, b,c) || < [Vif(a,b,c)| < ||_V)f(a, b,c) || ;
ie.

Vifabo) = |[Viabc)| wheno=0 e, UVi@bo)
= —||_V'f(a, b,c) || when =7 i.e, U|-Vf(ab,c)

Then _V)f(a, b,c) is in the direction of most rapid increase for f at P = (a,b,c), while —_V’f(a, b,c)
is in the direction that f is most rapidly decreasing.

(d) Suppose f(x,y,z) has an interior extreme point at P = (a,b,c). Then g1(x) = f(x,b,c) has
an interior extreme point at x = a, which means g;(x) = o«f(x,b,c) = O at x = a. Similarly,
8yf(a y,c) =0aty = b and o;f(a,b, z) Oatz= - C. But then

Vf(a b,c) = oxf(a,b, C)I + oyf(a,b, C)j + 0:f(a,b, c)k 0

(e) Let S= {(x,y,2)|f(x,y,2) = A} for A a constant and for P a point of S, let C denote a
curve in Spassing through P. Then V= (X'(t),y'(t),Z(t)) is tangent to C, which is to say, Vv

lies in the plane that is tangent to Sat P. Since fis constant on S fis constant on C and it
follows from (a) that

df

ot =0 i,ee VfLV atP

<l

— Vf.

Since this holds for any C lying in Sand passing through P, Vf must, in fact, be normal to
the plane that is tangent to Sat P, which is the same as being normal to S

Identities

Just as there are rules for the derivative of sums and products of differentiable functions of
one variable, there are similar rules for applying the del operator to sums and various
products of scalar and vector fields.

Theorem 2- Let f and g denote smooth scalar fields on domain D in R® and let Vand W
denote smooth vector fields on D.

a) _V'(f +0) = Vi + _V)g; ie., grad(f+g) = gradf+gradg

- -

D) V. (V+W) =V-V+V.Wie. div(V+W) = divV + div



= —

C) V x (\7+ \7V> —VxV+VxWie. curl<\7+ \7V> = curlV + curlW
d) V(fg) = g Vi + f Vg;

e) VF(f(x,y,2)) = F'(f) Vf for F a smooth function of one variable
DV (tV) = gradf-V+fdivV

9) Vx (fV) = gradfx V+fcurl V

These rules can be seen to hold by using the definitions of the operations together with the
product or chain rules for differentiation.

In addition to the rules for the del operator acting on sums and products, there are rules
for combining the various operations with the del operator.

Theorem 3-Let f denote a sufficiently smooth scalar field on domaln D in R and let V
denote a similarly smooth vector field on D. Then grad f and curl V are vector fields so the
following operations are defined:

div(Vf) =v-(vf) and div(curl V) =V (VxV)
curl (V'f) —V x <_V)f> and  curl (curl \7) —V x (V’ X \7)

Similarly, div Vis a scalar field so grad(div \7) = _V)(V) . \7) is a defined operation. We have
the following identities

a) V- (gradf) = div(gradf) = V?f = duf + Oyf + 0
b) curl (curl V) = grad(divV) - (V’ . _V'>\7

C) div(curl \7) =0

d) curl (grad f) =

Example 2-
1. Consider f(x,y,z) = ——21 — = % where R= |7|| for 7 =X +yj+ 2.
X2 +y?2+ 72
-1 T _ xT+yT+zT<

Then from problem 1.1, we have Vi = 2 R- T R

x ) _ RE-3xR y 3y2R z ) _ RB-37R
and o &) - 2R o) - o &) - B
Therefore,

3 _ 2 2 2
div(grad f) = R34y + )R 0

RS



A smooth function f that satisfies div(grad f) = V?f = 0 at each point of a domain D is said to
be harmonic in D.

2. For smooth vector field V = vi(X,Y, z)T+ Va(X,Y, z)T+ va(X,Y, z)E,

F
xV=curlV=| 3, 8, 0, | =i(OyVa—0V2) + (01— OxV3) + K(OxV2 — OyV1)
Vi V2 V3
7 i K
Then Vx (_V’ x \7) = Oy oy 0, =

8yV3 - 8ZV2 an]_ - 8XV3 8XV2 - ayV]_
= T[ay(axvz — ayV]_) - az(an]_ — 8XV3)] —T[8X(8XV2 - ayVl) - az(ayV3 - aZVZ)]
1 K[Ox(82V1 — BxVa) — By(ByVa — V2)]

= T[0x(OxV1 + B2 + OVa) — V21 ] +[Oy(BxV1 + ByVa + OV3) — V23]
+ E[az(axvl + OyV2 + 0,V3) — V23]

L0 T RONGW — V2 (T v o v = L ON g >
- (L v kL )diwW — v (Vll + V) +V3k> — grad(diw) — (div grad)V

3. For smooth vector field V = vi(X,Y, Z)T+ Va(X,Y, Z)T+ v3(X,Y, Z)R
V x V = 1(0yVs — OV2) + [ (OV1 — OxVa) + K(BxV2 — OyV1)
Then  div(curl \7) — 9x(OyV3 — OV2) + By (OV1 — BxV3) + D2(OxVa2 — ByV1)

= OxyV3 — OyV3 + OnV2 — OxzV2 + OyzV1 — Oz V1

Since vi, vz and vs are all smooth functlons the mixed partial derivatives are equal and it
follows that d|v<curl V) = 0. Thus if W = curl V for some smooth vector field V then the

divergence of Wmust vanish. The converse result can also be shown to be true. That is, if
divW = 0, then W = curl V for some smooth vector field V.

4. Let f = f(x,y,Z) denote a smooth scalar field defined over D in R3. Then

- - —

i 7K
VxVE=curl Vi=| 8, 8, 0, | =1(0yf~dxyF) —1(Oxf — 0ad) + K(Bnf — Oef)
oxf yf of

For f a smooth scalar field, the mixed partial are all equal and curl Vf = 0. Thus if Wis a so



called gradient field (i.e., if W = Vf for some smooth scalar field ) then curl W vanishes. The
converse of the result is also true. If curl W = 0, then W must be the gradient of some
smooth scalar field. A vector field whose curl vanishes is said to be a conservative field or
irrotational field. Then every conservative field is a gradient field.



