
ON THE K2 OF DEGENERATIONS OF SURFACESAND THE MULTIPLE POINT FORMULAA. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAAbstrat. In this paper we study some properties of reduible surfaes, in partiular ofunions of planes. When the surfae is the entral �bre of an embedded at degenerationof surfaes in a projetive spae, we dedue some properties of the smooth surfae whihis the general �bre of the degeneration from some ombinatorial properties of the entral�bre. In partiular, we show that there are strong onstraints on the invariants of a smoothsurfae whih degenerates to on�gurations of planes with global normal rossings or othermild singularities.Our interest in these problems has been raised by a series of interesting artiles by GuidoZappa in the 1950's. 1. IntrodutionIn this paper we study in detail several properties of at degenerations of surfaes whosegeneral �bre is a smooth projetive algebrai surfae and whose entral �bre is a redued,onneted surfae X � Pr, r > 3, whih will be usually assumed to be a union of planes.As a �rst appliation of this approah, we shall see that there are strong onstraints on theinvariants of a smooth projetive surfae whih degenerates to on�gurations of planes withglobal normal rossings or other mild singularities (f. x 8).Our results inlude formulas on the basi invariants of smoothable surfaes, espeially theK2 (see e.g. Theorem 6.1).These formulas are useful in studying a wide range of open problems, suh as what happensin the urve ase, where one onsiders stik urves, i.e. unions of lines with only nodes assingularities. Indeed, as stik urves are used to study moduli spaes of smooth urvesand are stritly related to fundamental problems as the Zeuthen problem (f. [23℄ and [40℄),degenerations of surfaes to unions of planes naturally arise in several important instanes,like tori geometry (f. e.g. [4℄, [18℄ and [29℄) and the study of the behaviour of omponentsof moduli spaes of smooth surfaes and their ompati�ations. For example, see the reentpaper [30℄, where the abelian surfae ase is onsidered, or several papers related to the K3surfae ase (see, e.g. [9℄, [10℄ and [16℄).Using the tehniques developed here, we are able to prove a Miyaoka-Yau type inequality(see Theorem 8.4 and Proposition 8.16).In general, we expet that degenerations of surfaes to unions of planes will �nd manyappliations. These inlude the systemati lassi�ation of surfaes with low invariants (pgand K2), and espeially a lassi�ation of possible boundary omponents to moduli spaes.It is an open problem to understand when a family of surfaes may degenerate to a unionof planes, and in some sense this is one of the most interesting questions in the subjet. Thetehniques we develop here in some ases allow us to onlude that this is not possible. Whenit is possible, we obtain restritions on the invariants whih may lead to further theorems onlassi�ation, for example, the problem of bounding the irregularity of surfaes in P4.Mathematis Subjet Classi�ation (2000): 14J17, 14D06, 14N20; (Seondary) 14B07, 14N10.The �rst two authors are partially supported by E.C. projet EAGER, ontrat n. HPRN-CT-2000-00099.The �rst three authors are members of G.N.S.A.G.A. at I.N.d.A.M. \Franeso Severi".1



2 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAOther appliations inlude the possibility of performing braid monodromy omputations(see [11℄, [32℄, [33℄, [41℄). We hope that future work will inlude an analysis of higher-dimensional analogues to the onstrutions and omputations, leading for example to inter-esting degenerations of Calabi-Yau manifolds.Our interest in degenerations to union of planes has been stimulated by a series of papersby Guido Zappa that appeared in the 1940{50's regarding in partiular: (1) degenerations ofsrolls to unions of planes and (2) the omputation of bounds for the topologial invariantsof an arbitrary smooth projetive surfae whih degenerates to a union of planes (see [44, 45,46, 47, 48, 49, 50℄).In this paper we shall onsider a redued, onneted, projetive surfae X whih is a unionof planes | or more generally a union of smooth surfaes | whose singularities are:� in odimension one, double urves whih are smooth and irreduible along whih twosurfaes meet transversally;� multiple points, whih are loally analytially isomorphi to the vertex of a one overa stik urve with arithmeti genus either zero or one and whih is projetively normalin the projetive spae it spans.These multiple points will be alled Zappati singularities and X will be alled a Zappatisurfae. If moreover X � Pr, for some positive r, and if all its irreduible omponents areplanes, then X is alled a planar Zappati surfae.We will mainly onentrate on the so alled good Zappati surfaes, i.e. Zappati surfaeshaving only Zappati singularities whose assoiated stik urve has one of the following dualgraphs (f. Examples 2.6 and 2.7, De�nition 3.5, Figures 3 and 5):Rn: a hain of length n, with n > 3;Sn: a fork with n� 1 teeth, with n > 4;En: a yle of order n, with n > 3.Let us all Rn-, Sn-, En-point the orresponding multiple point of the Zappati surfae X.We �rst study some ombinatorial properties of a Zappati surfae X (f. x 3). We thenfous on the ase in whih X is the entral �bre of an embedded at degeneration X ! �,where � is the omplex unit disk and where X � � � Pr, r > 3, is a losed subsheme ofrelative dimension two. In this ase, we dedue some properties of the general �bre Xt, t 6= 0,of the degeneration from the aforementioned properties of the entral �bre X0 = X (see x's4, 6, 7 and 8).A �rst instane of this approah an be found in [6℄, where we gave some partial results onthe omputation of h0(X;!X), when X is a Zappati surfae with global normal rossings,i.e. with only E3-points, and where !X is its dualizing sheaf (see Theorem 4.15 in [6℄). Inthe partiular ase in whih X is smoothable, namely if X is the entral �bre of a atdegeneration, one an prove that h0(X;!X) equals the geometri genus of the general �breand the formula for this an be also dedued from the well-known Clemens-Shmid exatsequene (f. e.g. [8℄ and [34℄).In this paper we address two main problems.We will �rst ompute the K2 of a smooth surfae whih degenerates to a good Zappatisurfae, i.e. we will ompute K2Xt, where Xt is the general �bre of a degeneration X! � suhthat the entral �bre X0 is a good Zappati surfae (see x 6).We will then prove a basi inequality, alled the Multiple Point Formula (f. Theorem 7.2),whih an be viewed as a generalization, for good Zappati singularities, of the well-knownTriple Point Formula (see Lemma 7.7 and f. [15℄).Both results follow from a detailed analysis of loal properties of the total spae X of thedegeneration at a good Zappati singularity of the entral �bre X.



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 3We apply the omputation of K2 and the Multiple Point Formula to prove several resultsonerning degenerations of surfaes. Preisely, if � and g denote, respetively, the Euler-Poinar�e harateristi and the setional genus of the general �bre Xt, for t 2 � n f0g, then:Theorem 1 (f. Theorem 8.4). Let X ! � be a good, planar Zappati degeneration, wherethe entral �bre X0 = X has at most R3-, E3-, E4- and E5-points. Then(1.1) K2 6 8�+ 1� g:Moreover, the equality holds in (1.1) if and only if Xt is either the Veronese surfae in P5degenerating to 4 planes with assoiated graph S4 (i.e. with three R3-points, see Figure 1.a),or an ellipti sroll of degree n > 5 in Pn�1 degenerating to n planes with assoiated graph ayle En (see Figure 1.b).Furthermore, if Xt is a surfae of general type, thenK2 < 8�� g:��� � ������ � � �(a) (b)Figure 1In partiular, we have:Corollary (f. Corollaries 8.10 and 8.12). Let X be a good, planar Zappati degeneration.(a) Assume that Xt, t 2 � n f0g, is a sroll of setional genus g > 2. Then X0 = X hasworse singularities than R3-, E3-, E4- and E5-points.(b) If Xt is a minimal surfae of general type and X0 = X has at most R3-, E3-, E4- andE5-points, then g 6 6�+ 5:These improve the main results of Zappa in [49℄.Let us desribe in more detail the ontents of the paper. Setion 2 ontains some basiresults on reduible urves and their dual graphs.In Setion 3, we give the de�nition of Zappati singularities and of (planar, good) Zap-pati surfaes. We assoiate to a good Zappati surfae X a graph GX whih enodes theon�guration of the irreduible omponents of X as well as of its Zappati singularities (seeDe�nition 3.6).In Setion 4, we introdue the de�nition of Zappati degeneration of surfaes and we reallsome properties of smooth surfaes whih degenerate to Zappati ones.In Setion 5 we reall the notions of minimal singularity and quasi-minimal singularity,whih are needed to study the singularities of the total spae X of a degeneration of surfaesat a good Zappati singularity of its entral �bre X0 = X (f. also [26℄ and [27℄).Indeed, in Setion 6, the loal analysis of minimal and quasi-minimal singularities allows usto ompute K2Xt, for t 2 � n f0g, when Xt is the general �bre of a degeneration suh that theentral �bre is a good Zappati surfae. More preisely, we prove the following main result(see Theorem 6.1):



4 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDATheorem 2. Let X! � be a degeneration of surfaes whose entral �bre is a good Zappatisurfae X = X0 = Svi=1Xi. Let Cij := Xi \ Xj be a smooth (possibly reduible) urveof the double lous of X, onsidered as a urve on Xi, and let gij be its geometri genus,1 6 i 6= j 6 v. Let v and e be the number of verties and edges of the graph GX assoiated toX. Let fn, rn, sn be the number of En-, Rn-, Sn-points of X, respetively. If K2 := K2Xt, fort 6= 0, then:(1.2) K2 = vXi=1  K2Xi +Xj 6=i (4gij � C2ij)!� 8e+Xn>3 2nfn + r3 + kwhere k depends only on the presene of Rn- and Sn-points, for n > 4, and preisely:(1.3) Xn>4(n� 2)(rn + sn) 6 k 6Xn>4 �(2n� 5)rn + �n� 12 �sn� :In the ase that the entral �bre is also planar, we have the following:Corollary (f. Corollary 6.4). Let X ! � be an embedded degeneration of surfaes whoseentral �bre is a good, planar Zappati surfae X = X0 = Svi=1�i. Then:(1.4) K2 = 9v � 10e+Xn>3 2nfn + r3 + kwhere k is as in (1.3) and depends only on the presene of Rn- and Sn-points, for n > 4.The inequalities in the theorem and the orollary above reet deep geometri propertiesof the degeneration. For example, if X! � is a degeneration with entral �bre X a Zappatisurfae whih is the union of four planes having only a R4-point, Theorem 2 states that8 6 K2 6 9. The two values of K2 orrespond to the fat that X, whih is the one over astik urve CR4 (f. Example 2.6), an be smoothed either to the Veronese surfae, whih hasK2 = 9, or to a rational normal quarti sroll in P5, whih has K2 = 8 (f. Remark 6.22).This in turn orresponds to di�erent loal strutures of the total spae of the degenerationat the R4-point. Moreover, the loal deformation spae of a R4-point is reduible.Setion 7 is devoted to the Multiple Point Formula (1.5) below (see Theorem 7.2):Theorem 3. Let X be a good Zappati surfae whih is the entral �bre of a good Zappatidegeneration X! �. Let  = X1 \X2 be the intersetion of two irreduible omponents X1,X2 of X. Denote by fn() [rn() and sn(), respetively℄ the number of En-points [Rn-pointsand Sn-points, respetively℄ of X along . Denote by d the number of double points of thetotal spae X along , o� the Zappati singularities of X. Then:(1.5) deg(NjX1) + deg(NjX2) + f3()� r3()�Xn>4(rn() + sn() + fn()) > d > 0:In partiular, if X is also planar, then:(1.6) 2 + f3()� r3()�Xn>4(rn() + sn() + fn()) > d > 0:Furthermore, if dX denotes the total number of double points of X, o� the Zappati singular-ities of X, then:(1.7) 2e+ 3f3 � 2r3 �Xn>4 nfn �Xn>4(n� 1)(sn + rn) > dX > 0:



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 5In x 8 we apply the above results to prove several generalizations of statements given byZappa. For example we show that worse singularities than normal rossings are needed inorder to degenerate as many surfaes as possible to unions of planes.Aknowledgments. The authors would like to thank Janos Koll�ar for some useful disussionsand referenes. 2. Reduible urves and assoiated graphsLet C be a projetive urve and let Ci, i = 1; : : : ; n; be its irreduible omponents. We willassume that:� C is onneted and redued;� C has at most nodes as singularities;� the urves Ci; i = 1; : : : ; n; are smooth.If two omponents Ci; Cj; i < j; interset at mij points, we will denote by P hij; h =1; : : : ; mij, the orresponding nodes of C.We an assoiate to this situation a simple (i.e. with no loops), weighted onneted graphGC , with vertex vi weighted by the genus gi of Ci:� whose verties v1; : : : ; vn; orrespond to the omponents C1; : : : ; Cn;� whose edges �hij, i < j; h = 1; : : : ; mij, joining the verties vi and vj, orrespond tothe nodes P hij of C.We will assume the graph to be lexiographially oriented, i.e. eah edge is assumed to beoriented from the vertex with lower index to the one with higher.We will use the following notation:� v is the number of verties of GC , i.e. v = n;� e is the number of edges of GC ;� �(GC) = v � e is the Euler-Poinar�e harateristi of GC ;� h1(GC) = 1� �(GC) is the �rst Betti number of GC .Notie that onversely, given any simple, onneted, weighted (oriented) graph G, there issome urve C suh that G = GC .One has the following basi result (f. e.g. [2℄ or diretly [6℄) :Theorem 2.1. In the above situation(2.2) �(OC) = �(GC)� vXi=1 gi = v � e� vXi=1 gi:We remark that formula (2.2) is equivalent to:(2.3) pa(C) = h1(GC) + vXi=1 gi(f. Proposition 3.11.)Notie that C is Gorenstein, i.e. the dualizing sheaf !C is invertible. One de�nes the!-genus of C to be(2.4) p!(C) := h0(C; !C):Observe that, when C is smooth, the !-genus oinides with the geometri genus of C.In general, by the Riemann-Roh theorem, one has(2.5) p!(C) = pa(C) = h1(GC) + vXi=1 gi = e� v + 1 + vXi=1 gi:



6 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAIf we have a at family C! � over a dis � with general �bre Ct smooth and irreduibleof genus g and speial �bre C0 = C, then we an ombinatorially ompute g via the formula:g = pa(C) = h1(GC) + vXi=1 gi:Often we will onsider C as above embedded in a projetive spae Pr. In this situation eahurve Ci will have a ertain degree di, and we will onsider the graph GC as double weighted,by attributing to eah vertex the pair of weights (gi; di). Moreover we will attribute to thegraph a further marking number, i.e. r the embedding dimension of C.The total degree of C is d = vXi=1 diwhih is also invariant by at degeneration.More often we will onsider the ase in whih eah urve Ci is a line. The orrespondingurve C is alled a stik urve. In this ase the double weighting is (0; 1) for eah vertex, andit will be omitted if no onfusion arises.It should be stressed that it is not true that for any simple, onneted, double weightedgraph G there is a urve C in a projetive spae suh that GC = G. For example there is nostik urve orresponding to the graph of Figure 2.�� ��Figure 2. Dual graph of an \impossible" stik urve.We now give two examples of stik urves whih will be frequently used in this paper.Example 2.6. Let Tn be any onneted tree with n > 3 verties. This orresponds to anon-degenerate stik urve of degree n in Pn, whih we denote by CTn . Indeed one an hekthat, taking a general point pi on eah omponent of CTn , the line bundle OCTn (p1+ � � �+ pn)is very ample. Of ourse CTn has arithmeti genus 0 and is a at limit of rational normalurves in Pn.We will often onsider two partiular kinds of trees Tn: a hain Rn of length n and thefork Sn with n� 1 teeth, i.e. a tree onsisting of n � 1 verties joining a further vertex (seeFigures 3.(a) and (b)). The urve CRn is the union of n lines l1; l2; : : : ; ln spanning Pn, suhthat li \ lj = ; if and only if 1 < ji � jj. The urve CSn is the union of n lines l1; l2; : : : ; lnspanning Pn, suh that l1; : : : ; ln�1 all interset ln at distint points (see Figure 4).
� � � � � � � �� � � ��� ���� � � �(a) A hain Rn (b) A fork Sn with n� 1 teeth () A yle EnFigure 3. Examples of dual graphs.



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 7Example 2.7. Let Zn be any simple, onneted graph with n > 3 verties and h1(Zn; C ) = 1.This orresponds to an arithmetially normal stik urve of degree n in Pn�1, whih we denoteby CZn (as in Example 2.6). The urve CZn has arithmeti genus 1 and it is a at limit ofellipti normal urves in Pn�1.We will often onsider the partiular ase of a yle En of order n (see Figure 3.). Theurve CEn is the union of n lines l1; l2; : : : ; ln spanning Pn�1, suh that li \ lj = ; if and onlyif 1 < ji� jj < n� 1 (see Figure 4).We remark that CEn is projetively Gorenstein (i.e. it is projetively Cohen-Maaulay andsub-anonial); indeed !CEn is trivial, sine there is an everywhere non-zero global setion of!CEn , given by the meromorphi 1-form on eah omponent with residues 1 and �1 at thenodes (in a suitable order).All the other CZn's, instead, are not Gorenstein beause !CZn , although of degree zero, isnot trivial. Indeed a graph Zn, di�erent from En, ertainly has a vertex with valene 1. Thisorresponds to a line l suh that !CZn 
 Ol is not trivial.� � � � � � � � � � � � � � �����CRn : a hain of n lines, CSn: a omb with n� 1 teeth, CEn: a yle of n lines.Figure 4. Examples of stik urves.3. Zappati surfaes and assoiated graphsWe will now give a parallel development, for surfaes, to the ase of urves that we realledin the previous setion. Before doing this, we need to reall the singularities we will allow.De�nition 3.1 (Zappati singularity). Let X be a surfae and let x 2 X be a point. Wewill say that x is a Zappati singularity for X if (X; x) is loally analytially isomorphi toa pair (Y; y) where Y is the one over either a urve CTn or a urve CZn; n > 3, and y is thevertex of the one. Aordingly we will say that x is either a Tn- or a Zn-point for X.Observe that either Tn- or Zn-points are not lassi�ed by n, unless n = 3.We will onsider the following situation.De�nition 3.2 (Zappati surfae). Let X be a projetive surfae with its irreduible om-ponents X1; : : : ; Xv. We will assume that X has the following properties:� X is redued and onneted in odimension one;� X1; : : : ; Xv are smooth;� the singularities in odimension one of X are at most double urves whih are smoothand irreduible along whih two surfaes meet transversally;� the further singularities of X are Zappati singularities.A surfae likeX will be alled a Zappati surfae. If moreoverX is embedded in a projetivespae Pr and all of its irreduible omponents are planes, we will say that X is a planarZappati surfae. In this ase, the irreduible omponents of X will sometimes be denotedby �i instead of Xi, 1 6 i 6 v.Notation 3.3. Let X be a Zappati surfae. Let us denote by:� Xi: an irreduible omponent of X, 1 6 i 6 v;



8 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA� Cij := Xi\Xj, 1 6 i 6= j 6 v, if Xi and Xj meet along a urve, otherwise set Cij = ;.We assume that eah Cij is smooth but not neessarily irreduible;� gij : the geometri genus of Cij, 1 6 i 6= j 6 v; i.e. gij is the sum of the geometrigenera of the irreduible (equiv., onneted) omponents of Cij;� C := Sing(X) = [i<jCij: the union of all the double urves of X;� �ijk := Xi \Xj \Xk, 1 6 i 6= j 6= k 6 v, if Xi \Xj \Xk 6= ;, otherwise �ijk = ;;� mijk : the ardinality of the set �ijk;� P hijk : the Zappati singular point belonging to �ijk, for h = 1; : : : ; mijk.Furthermore, if X � Pr, for some r, we denote by� d = deg(X) : the degree of X;� di = deg(Xi) : the degree of Xi, i 6 i 6 v;� ij = deg(Cij): the degree of Cij, 1 6 i 6= j 6 v;� D : a general hyperplane setion of X;� g : the arithmeti genus of D;� Di : the (smooth) irreduible omponent of D lying in Xi, whih is a general hyper-plane setion of Xi, 1 6 i 6 v;� gi : the genus of Di, 1 6 i 6 v.Notie that if X is a planar Zappati surfae, then eah Cij, when not empty, is a line andeah non-empty set �ijk is a singleton.Remark 3.4. Observe that a Zappati surfae X is Cohen-Maaulay. More preisely, X hasglobal normal rossings exept at points Tn, n > 3, and Zm, m > 4. Thus the dualizing sheaf!X is well-de�ned. If X has only En-points as Zappati singularities, then X is Gorenstein,hene !X is an invertible sheaf.De�nition 3.5 (Good Zappati surfae). The good Zappati singularities are the� Rn-points, for n > 3,� Sn-points, for n > 4,� En-points, for n > 3,whih are the Zappati singularities whose assoiated stik urves are respetively CRn , CSn ,CEn (see Examples 2.6 and 2.7, Figures 3, 4 and 5).A good Zappati surfae is a Zappati surfae with only good Zappati singularities.To a good Zappati surfae X we an assoiate an oriented omplex GX , whih we willalso all the assoiated graph to X.De�nition 3.6 (The assoiated graph toX). LetX be a good Zappati surfae with Notation3.3. The graph GX assoiated to X is de�ned as follows (f. Figure 6):� eah surfae Xi orresponds to a vertex vi;� eah irreduible omponent of the double urve Cij = C1ij [ : : : [ Chijij orresponds toan edge etij, 1 6 t 6 hij, joining vi and vj. The edge etij; i < j, is oriented from thevertex vi to the one vj. The union of all the edges etij joining vi and vj is denoted by~eij, whih orresponds to the (possibly reduible) double urve Cij;� eah En-point P of X is a fae of the graph whose n edges orrespond to the doubleurves onurring at P . This is alled a n-fae of the graph;� for eah Rn-point P , with n > 3, if P 2 Xi1 \ Xi2 \ � � � \Xin , where Xij meets Xikalong a urve Cij ik only if 1 = jj � kj, we add in the graph a dashed edge joining theverties orresponding to Xi1 and Xin. The dashed edge ei1;in, together with the othern� 1 edges eij ;ij+1 , j = 1; : : : ; n� 1, bound an open n-fae of the graph;� for eah Sn-point P , with n > 4, if P 2 Xi1 \ Xi2 \ � � � \ Xin, where Xi1; : : : ; Xin�1all meet Xin along urves Cijin , j = 1; : : : ; n � 1, onurring at P , we mark this



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 9�
D1 D2D3X1 X2X3C13 C12 C23

�D1 D2 D3X1 X2 X3C12 C23E3-point R3-point�D1 D2 D3 D4X1 X2 X3 X4C12 C23 C34
�D1 D4 D3X1 X4 X3C14 C34X2C24D2R4-point S4-pointFigure 5. Examples of good Zappati singularities.in the graph by a n-angle spanned by the edges orresponding to the urves Cijin ,j = 1; : : : ; n� 1.In the sequel, when we speak of faes of GX we always mean losed faes. Of ourse eahvertex vi is weighted with the relevant invariants of the orresponding surfae Xi. We willusually omit these weights if X is planar, i.e. if all the Xi's are planes.Sine eah Rn-, Sn-, En-point is an element of some set of points �ijk (f. Notation 3.3),we remark that there an be di�erent faes (as well as open faes and angles) of GX whihare inident on the same set of verties and edges. However this annot our if X is planar.� � �v1 v2 v3 � � �v1 v2 v3 �� ��v1 v3v4v2 � � ��v1 v4 v3v2

R3-point E3-point R4-point S4-pointFigure 6. Assoiated graphs of R3-, E3-, R4- and S4-points (f. Figure 5).Consider three verties vi; vj; vk of GX in suh a way that vi is joint with vj and vk. Assumefor simpliity that the double urves Cij, 1 6 i < j 6 v, are irreduible. Then, any pointin Cij \ Cik is either a Rn-, or a Sn-, or an En-point, and the urves Cij and Cik intersettransversally, by de�nition of Zappati singularities. Hene we an ompute the intersetionnumber Cij � Cik by adding the number of losed and open faes and of angles involving theedges eij; eik. In partiular, if X is planar, for every pair of adjaent edges only one of the



10 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAfollowing possibilities our: either they belong to an open fae, or to a losed one, or toan angle. Therefore for good, planar Zappati surfaes we an avoid marking open 3-faeswithout losing any information (see Figures 6 and 7).� � �v1 v2 v3
Figure 7. Assoiated graph of a R3-point in a good, planar Zappati surfae.As for stik urves, if G is a given graph as above, there does not neessarily exist a goodplanar Zappati surfae X suh that its assoiated graph is G = GX .Example 3.7. Consider the graph G of Figure 8. If G were the assoiated graph of a goodplanar Zappati surfae X, then X should be a global normal rossing union of 4 planes with5 double lines and two E3 points, P123 and P134, both lying on the double line C13. Sinethe lines C23 and C34 (resp. C14 and C12) both lie on the plane X3 (resp. X1), they shouldinterset. This means that the planes X2; X4 also should interset along a line, therefore theedge e24 should appear in the graph. �� ��v1 v3v4v2Figure 8. Graph assoiated to an impossible planar Zappati surfae.Analogously to Example 3.7, one an easily see that, if the 1-skeleton of G is E3 or E4,then in order to have a planar Zappati surfae X suh that GX = G, the 2-skeleton of Ghas to onsist of the fae bounded by the 1-skeleton.We an also onsider an example of a good Zappati surfae with reduible double urves.Example 3.8. Consider D1 and D2 two general plane urves of degree m and n, respetively.Therefore, they are smooth, irreduible and they transversally interset eah other in mnpoints. Consider the surfaes:X1 = D1 � P1 and X2 = D2 � P1:The union of these two surfaes, together with the plane P2 = X3 ontaining the two urves,determines a good Zappati surfae X with only E3-points as Zappati singularities.More preisely, by using Notation 3.3, we have:� C13 = X1 \X3 = D1, C23 = X2 \X3 = D2, C12 = X1 \X2 =Pmnk=1 Fk, where eah Fkis a �bre isomorphi to P1;� �123 = X1\X2\X3 onsists of the mn points of the intersetion of D1 and D2 in X3.Observe that C12 is smooth but not irreduible. Therefore, the graphGX onsists of 3 verties,mn + 2 edges and mn triangles inident on them.In order to ombinatorially ompute some of the invariants of a good Zappati surfae, weneed some notation.



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 11Notation 3.9. Let X be a good Zappati surfae (with invariants as in Notation 3.3) andlet G = GX be its assoiated graph. We denote by� V : the (indexed) set of verties of G;� v : the ardinality of V , the number of irreduible omponents of X;� E : the set of edges of G; this is indexed by the ordered triples (i; j; t) 2 V � V � N ,where i < j and 1 6 t 6 hij, suh that the orresponding surfaes Xi, Xj meet alongthe urve Cij = Cji = C1ij [ : : : [ Chijij ;� e : the ardinality of E, i.e. the number of irreduible omponents of double urves inX;� ~E : the set of double urves Cij of X; this is indexed by the ordered pairs (i; j) 2V �V , where i < j, suh that the orresponding surfaes Xi, Xj meet along the urveCij = Cji;� ~e : the ardinality of ~E, i.e. the pairs of verties of GX whih are joint by at least oneedge;� fn : the number of n-faes of G, i.e. the number of En-points of X, for n > 3;� f :=Pn>3 fn, the number of faes of G, i.e. the total number of En-points of X, forall n > 3;� rn : the number of open n-faes of G, i.e. the number of Rn-points of X, for n > 3;� r:=Pn>3 rn, the total number of Rn-points of X, for all n > 3;� sn : the number of n-angles of G, i.e. the number of Sn-points of X, for n > 4;� s: =Pn>4 sn: the total number of Sn-points of X, for all n > 4;� wi: the valene of the ith vertex vi of G, i.e. the number of irreduible double urveslying on Xi;� �(G) := v � e + f , i.e. the Euler-Poinar�e harateristi of G;� G(1) : the 1-skeleton of G, i.e. the graph obtained from G by forgetting all the faes,dashed edges and angles;� �(G(1)) = v � e, i.e. the Euler-Poinar�e harateristi of G(1).Remark 3.10. Observe that, when X is a good, planar Zappati surfae, E = ~E and the1-skeleton G(1)X of GX oinides with the dual graph GD of the general hyperplane setion Dof X.As a straightforward generalization of what proved in [6℄, one an ompute the followinginvariants:Proposition 3.11. Let X = Svi=1Xi � Pr be a good Zappati surfae. Let G = GX be itsassoiated graph, whose number of faes is f . Let C be the double lous of X, i.e. the unionof the double urves of X, Cij = Cji = Xi \ Xj and let ij = deg(Cij). Let Di be a generalhyperplane setion of Xi, and denote by gi its genus. Then:(i) the arithmeti genus of a general hyperplane setion D of X is:(3.12) g = vXi=1 gi + X16i<j6v ij � v + 1:In partiular, when X is a good, planar Zappati surfae, then(3.13) g = e� v + 1 = 1� �(G(1));(ii) the Euler-Poinar�e harateristi of X is:(3.14) �(OX) = vXi=1 �(OXi)� X16i<j6v�(OCij ) + f:



12 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAIn partiular, when X is a good, planar Zappati surfae, then(3.15) �(OX) = �(GX) = v � e+ f:Proof. For omplete details when Cij are irreduible, the reader is referred to [6℄, Propositions3.12 and 3.15. �Not all of the invariants of X an be diretly omputed by the graph GX . For example,if !X denotes the dualizing sheaf of X, the omputation of the h0(X;!X), whih plays afundamental role in degeneration theory, is atually muh more involved, even if X has mildZappati singularities (f. [6℄ or [7℄).To onlude this setion, we observe that in the partiular ase of good, planar Zappatisurfae one an determine a simple relation among the numbers of Zappati singularities, asthe next lemma shows.Lemma 3.16. Let G be the assoiated graph to a good, planar Zappati surfae X = Svi=1Xi.Then, with Notation (3.9), we have(3.17) vXi=1 wi(wi � 1)2 =Xn>3 (nfn + (n� 2)rn) +Xn>4 �n� 12 �sn:Proof. The dual graph of three planes whih form a R3-point onsists of two adjaent edges(f. Figure 7). The total number of two adjaent edges in G is the left hand side member of(3.17) by de�nition of valene wi. On the other hand, a n-fae (resp. an open n-fae, resp. an-angle) learly ontains exatly n (resp. n� 2, resp. �n�12 �) pairs of adjaent edges. �4. Degenerations to Zappati surfaesIn this setion we will fous on at degenerations of smooth surfaes to Zappati ones.De�nition 4.1. Let � be the spetrum of a DVR (equiv. the omplex unit disk). A degen-eration of relative dimension n is a proper and at morphismX��suh that Xt = ��1(t) is a smooth, irreduible, n-dimensional, projetive variety, for t 6= 0.If Y is a smooth, projetive variety, the degenerationX� � �� Ypr1�is said to be an embedded degeneration in Y of relative dimension n. When it is lear fromthe ontext, we will omit the term embedded.A degeneration is said to be semistable (see, e.g., [34℄) if the total spae X is smooth andif the entral �bre X0 is a divisor in X with global normal rossings, i.e. X0 =PXi is a sumof smooth, irreduible omponents Xi's whih meet transversally so that loally analytiallythe morphism � is de�ned by(x1; : : : ; xn+1)! x1x2 � � �xk = t 2 �; k 6 n+ 1:



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 13Given an arbitrary degeneration � : X! �, the well-known Semistable Redution Theorem(see [25℄) states that there exists a base hange � : � ! � (de�ned by �(t) = tm, for somem), a semistable degeneration  : Z! � and a diagramZ f X� X� � �suh that f is a birational map obtained by blowing-up and blowing-down subvarieties of theentral �bre.From now on, we will be onerned with degenerations of relative dimension two, namelydegenerations of smooth, projetive surfaes.De�nition 4.2. Let X! � be a degeneration (equiv. an embedded degeneration) of surfaes.Denote by Xt the general �bre, whih is by de�nition a smooth, irreduible and projetivesurfae; let X = X0 denote the entral �bre. We will say that the degeneration is Zappati ifX is a Zappati surfae, the total spae X is smooth exept for:� ordinary double points at points of the double lous of X, whih are not the Zappatisingularities of X;� further singular points at the Zappati singularities of X of type Tn, for n > 3, andZn, for n > 4,and there exists a birational morphism X0 ! X, whih is the omposition of blow-ups atpoints of the entral �bre, suh that X0 is smooth.A Zappati degeneration will be alled good if the entral �bre is moreover a good Zappatisurfae. Similarly, an embedded degeneration will be alled a planar Zappati degenerationif its entral �bre is a planar Zappati surfae.Notie that we require the total spae X to be smooth at E3-points of X.The singularities of the total spae X of an arbitrary degeneration with Zappati entral�bre will be desribed in Setion 5.Notation 4.3. Let X ! � be a degeneration of surfaes and let Xt be the general �bre,whih is by de�nition a smooth, irreduible and projetive surfae. Then, we onsider thefollowing intrinsi invariants of Xt:� � := �(OXt);� K2 := K2Xt;If the degeneration is assumed to be embedded in Pr, for some r, then we also have:� d := deg(Xt);� g := (K +H)H=2 + 1; the setional genus of Xt.We will be mainly interested in omputing these invariants in terms of the entral �breX. For some of them, this is quite simple. For instane, when X ! � is an embeddeddegeneration in Pr, for some r, and if the entral �bre X0 = X = Svi=1Xi, where the Xi'sare smooth, irreduible surfaes of degree di, 1 6 i 6 v, then by the atness of the family wehave d = vXi=1 di:When X = X0 is a good Zappati surfae (in partiular a good, planar Zappati surfae),we an easily ompute some of the above invariants by using our results of x 3. Indeed, byProposition 3.11 and by the atness of the family, we get:



14 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAProposition 4.4. Let X ! � be a degeneration of surfaes and suppose that the entral�bre X0 = X = Svi=1Xi is a good Zappati surfae. Let G = GX be its assoiated graph(f. Notation 3.9). Let C be the double lous of X, i.e. the union of the double urves of X,Cij = Cji = Xi \Xj and let ij = deg(Cij).(i) If f denotes the number of (losed) faes of G, then� = vXi=1 �(OXi)� X16i<j6v �(OCij ) + f:(4.5)Moreover, if X = X0 is a good, planar Zappati surfae, then� = �(G) = v � e+ f;(4.6)where e denotes the number of edges of G.(ii) Assume further that X ! � is embedded in Pr. Let D be a general hyperplane setionof X; let Di be the ith-smooth, irreduible omponent of D, whih is a general hyperplanesetion of Xi, and let gi be its genus. Theng = vXi=1 gi + X16i<j6v ij � v + 1:(4.7)When X is a good, planar Zappati surfae, if G(1) denotes the 1-skeleton of G, then:g = 1� �(G(1)) = e� v + 1:(4.8)In the partiular ase that X! � is a semistable Zappati degeneration, i.e. if X has onlyE3-points as Zappati singularities and the total spae X is smooth, then � an be omputedalso in a di�erent way by topologial methods (f. e.g. [34℄).Proposition 4.4 is indeed more general: X is allowed to have any good Zappati singularity,namely Rn-, Sn- and En-points, for any n > 3, the total spae X is possibly singular, evenin dimension one, and, moreover, our omputations do not depend on the fat that X issmoothable, i.e. that X is the entral �bre of a degeneration.5. Minimal and quasi-minimal singularitiesIn this setion we shall desribe the singularities that the total spae of a degeneration ofsurfaes has at the Zappati singularities of its entral �bre. We need to reall a few generalfats about redued Cohen-Maaulay singularities and two fundamental onepts introduedand studied by Koll�ar in [26℄ and [27℄.Reall that V = V1[� � �[Vr � Pn, a redued, equidimensional and non-degenerate sheme issaid to be onneted in odimension one if it is possible to arrange its irreduible omponentsV1, . . . , Vr in suh a way thatodimVj Vj \ (V1 [ � � � [ Vj�1) = 1; for 2 6 j 6 r:Remark 5.1. Let X be a surfae in Pr and C be a hyperplane setion of X. If C is a pro-jetively Cohen-Maaulay urve, then X is onneted in odimension one. This immediatelyfollows from the fat that X is projetively Cohen-Maaulay.Given Y an arbitrary algebrai variety, if y 2 Y is a redued, Cohen-Maaulay singularitythen(5.2) emdimy(Y ) 6 multy(Y ) + dimy(Y )� 1;where emdimy(Y ) = dim(mY;y=m2Y;y) is the embedding dimension of Y at the point y, wheremY;y � OY;y denotes the maximal ideal of y in Y (see, e.g., [26℄).



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 15For any singularity y 2 Y of an algebrai variety Y , let us set(5.3) Æy(Y ) = multy(Y ) + dimy(Y )� emdimy(Y )� 1:If y 2 Y is redued and Cohen-Maaulay, then formula (5.2) states that Æy(Y ) > 0.Let H be any e�etive Cartier divisor of Y ontaining y. Of ourse one hasmulty(H) > multy(Y ):Lemma 5.4. In the above setting, if emdimy(Y ) = emdimy(H), then multy(H) > multy(Y ).Proof. Let f 2 OY;y be a loal equation de�ning H around y. If f 2 mY;y n m2Y;y (non-zero), then f determines a non-trivial linear funtional on the Zariski tangent spae Ty(Y ) �=(mY;y=m2Y;y)_. By the de�nition of emdimy(H) and the fat that f 2 mY;y n m2Y;y, it followsthat emdimy(H) = emdimy(Y ) � 1. Thus, if emdimy(Y ) = emdimy(H), then f 2 mhY;y, forsome h > 2. Therefore, multy(H) > hmulty(Y ) > multy(Y ). �We let(5.5) � := �y(H) = minfn 2 N j f 2 mnY;yg:Notie that:(5.6) multy(H) > �multy(Y ); emdimy(H) = (emdimy(Y ) if � > 1;emdimy(Y )� 1 if � = 1:Lemma 5.7. One has Æy(H) > Æy(Y ):Furthermore:(i) if the equality holds, then either(1) multy(H) = multy(Y ), emdimy(H) = emdimy(Y )� 1 and �y(H) = 1, or(2) multy(H) = multy(Y ) + 1, emdimy(H) = emdimy(Y ), in whih ase �y(H) = 2and multy(Y ) = 1;(ii) if Æy(H) = Æy(Y ) + 1, then either(1) multy(H) = multy(Y )+1, emdimy(H) = emdimy(Y )� 1, in whih ase �y(H) =1, or(2) multy(H) = multy(Y ) + 2 and emdimy(H) = emdimy(Y ), in whih ase either(a) 2 6 �y(H) 6 3 and multy(Y ) = 1, or(b) �y(H) = multy(Y ) = 2.Proof. It is a straightforward onsequene of (5.3), of Lemma 5.4 and of (5.6). �We will say that H has general behaviour at y if(5.8) multy(H) = multy(Y ):We will say that H has good behaviour at y if(5.9) Æy(H) = Æy(Y ):Notie that if H is a general hyperplane setion through y, than H has both general andgood behaviour.We want to disuss in more details the relations between the two notions. We note thefollowing fats:Lemma 5.10. In the above setting:(i) if H has general behaviour at y, then it has also good behaviour at y;(ii) if H has good behaviour at y, then either(1) H has also general behaviour and emdimy(Y ) = emdimy(H) + 1, or



16 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA(2) emdimy(Y ) = emdimy(H), in whih ase multy(Y ) = 1 and �y(H) = multy(H) =2.Proof. The �rst assertion is a trivial onsequene of Lemma 5.4.If H has good behaviour and multy(Y ) = multy(H), then it is lear that emdimy(Y ) =emdimy(H) + 1. Otherwise, if multy(Y ) 6= multy(H), then multy(H) = multy(Y ) + 1 andemdimy(Y ) = emdimy(H). By Lemma 5.7, (i), we have the seond assertion. �As mentioned above, we an now give two fundamental de�nitions (f. [26℄ and [27℄):De�nition 5.11. Let Y be an algebrai variety. A redued, Cohen-Maaulay singularityy 2 Y is alled minimal if the tangent one of Y at y is geometrially redued and Æy(Y ) = 0.Remark 5.12. Notie that if y is a smooth point for Y , then Æy(Y ) = 0 and we are in theminimal ase.De�nition 5.13. Let Y be an algebrai variety. A redued, Cohen-Maaulay singularityy 2 Y is alled quasi-minimal if the tangent one of Y at y is geometrially redued andÆy(Y ) = 1.It is important to notie the following fat:Proposition 5.14. Let Y be a projetive threefold and y 2 Y be a point. Let H be an e�etiveCartier divisor of Y passing through y.(i) If H has a minimal singularity at y, then Y has also a minimal singularity at y.Furthermore H has general behaviour at y, unless Y is smooth at y and �y(H) =multy(H) = 2.(ii) If H has a quasi-minimal, Gorenstein singularity at y then Y has also a quasi-minimalsingularity at y, unless either(1) multy(H) = 3 and 1 6 multy(Y ) 6 2, or(2) emdimy(Y ) = 4, multy(Y ) = 2 and emdimy(H) = multy(H) = 4.Proof. Sine y 2 H is a minimal (resp. quasi-minimal) singularity, hene redued and Cohen-Maaulay, the singularity y 2 Y is redued and Cohen-Maaulay too.Assume that y 2 H is a minimal singularity, i.e. Æy(H) = 0. By Lemma 5.7, (i), and bythe fat that Æy(Y ) > 0, one has Æy(Y ) = 0. In partiular, H has good behaviour at y. ByLemma 5.10, (ii), either Y is smooth at y and �y(H) = 2, or H has general behaviour at y.In the latter ase, the tangent one of Y at y is geometrially redued, as is the tangent oneof H at y. Therefore, in both ases Y has a minimal singularity at y, whih proves (i).Assume that y 2 H is a quasi-minimal singularity, namely Æy(H) = 1. By Lemma 5.7, theneither Æy(Y ) = 1 or Æy(Y ) = 0.If Æy(Y ) = 1, then the ase (i.2) in Lemma 5.7 annot our, otherwise we would haveÆy(H) = 0, against the assumption. Thus H has general behaviour and, as above, thetangent one of Y at y is geometrially redued, as the tangent one of H at y is. ThereforeY has a quasi-minimal singularity at y.If Æy(Y ) = 0, we have the possibilities listed in Lemma 5.7, (ii). If (1) holds, we havemulty(H) = 3, i.e. we are in ase (ii.1) of the statement. Indeed, Y is Gorenstein at y asH is, and therefore Æy(Y ) = 0 implies that multy(Y ) 6 2 by Corollary 3.2 in [39℄, thusmulty(H) 6 3, and in fat multy(H) = 3 beause Æy(H) = 1. Also the possibilities listed inLemma 5.7, (ii.2) lead to ases listed in the statement. �Remark 5.15. From an analyti viewpoint, ase (1) in Proposition 5.14 (ii), when Y issmooth at y, an be thought of as Y = P3 and H a ubi surfae with a triple point at y.On the other hand, ase (2) an be thought of as Y being a quadri one in P4 withvertex at y and as H being ut out by another quadri one with vertex at y. The resulting



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 17singularity is therefore the one over a quarti urve � in P3 with arithmeti genus 1, whihis the omplete intersetion of two quadris.Now we desribe the relation between minimal and quasi-minimal singularities and Zappatisingularities. First we need the following straightforward remark:Lemma 5.16. Any Tn-point (resp. Zn-point) is a minimal (resp. quasi-minimal) surfaesingularity.The following diret onsequene of Proposition 5.14 will be important for us:Proposition 5.17. Let X be a surfae with a Zappati singularity at a point x 2 X and letX be a threefold ontaining X as a Cartier divisor.� If x is a Tn-point for X, then x is a minimal singularity for X and X has generalbehaviour at x;� If x is an En-point for X, then X has a quasi-minimal singularity at x and X hasgeneral behaviour at x, unless either:(i) multx(X) = 3 and 1 6 multx(X) 6 2, or(ii) emdimx(X) = 4, multx(X) = 2 and emdimx(X) = multx(X) = 4.In the sequel, we will need a desription of a surfae having as a hyperplane setion a stikurve of type CSn, CRn, and CEn (f. Examples 2.6 and 2.7).First of all, we reall well-known results about minimal degree surfaes (f. [20℄, page 525).Theorem 5.18 (del Pezzo). Let X be an irreduible, non-degenerate surfae of minimaldegree in Pr, r > 3. Then X has degree r � 1 and is one of the following:(i) a rational normal sroll;(ii) the Veronese surfae, if r = 5.Next we reall the result of Xamb�o onerning reduible minimal degree surfaes (see [42℄).Theorem 5.19 (Xamb�o). Let X be a non-degenerate surfae whih is onneted in odimen-sion one and of minimal degree in Pr, r > 3. Then, X has degree r � 1, any irreduibleomponent of X is a minimal degree surfae in a suitable projetive spae and any two om-ponents interset along a line.Let X � Pr be an irreduible, non-degenerate, projetively Cohen-Maaulay surfae withanonial singularities, i.e. with Du Val singularities. We reall that X is alled a del Pezzosurfae if OX(�1) ' !X . We note that a del Pezzo surfae is projetively Gorenstein (foronnetions between Commutative Algebra and Projetive Geometry, we refer the reader toe.g. [13℄, [19℄ and [28℄).Theorem 5.20 (del Pezzo, [12℄). Let X be an irreduible, non-degenerate, linearly normalsurfae of degree r in Pr. Then one of the following ours:(i) one has 3 6 r 6 9 and X is eithera. the image of the blow-up of P2 at 9�r suitable points, mapped to Pr via the linearsystem of ubis through the 9� r points, orb. the 2-Veronese image in P8 of a quadri in P3.In eah ase, X is a del Pezzo surfae.(ii) X is a one over a smooth ellipti normal urve of degree r in Pr�1.Proof. This is a lassial result. For a omplete proof in modern language, see e.g. [7℄. �Sine ones as in (ii) above are projetively Gorenstein surfaes, the surfaes listed inTheorem 5.20 will be alled minimal Gorenstein surfaes.We shall make use of the following easy onsequene of the Riemann-Roh theorem.



18 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDALemma 5.21. Let D � Pr be a redued (possibly reduible), non-degenerate and linearlynormal urve of degree r + d in Pr, with 0 6 d < r. Then pa(D) = d.Theorem 5.22. Let X be a non-degenerate, projetively Cohen-Maaulay surfae of degreer in Pr, r > 3, whih is onneted in odimension one. Then, any irreduible omponent ofX is either(i) a minimal Gorenstein surfae, and there is at most one suh omponent, or(ii) a minimal degree surfae.If there is a omponent of type (i), then the intersetion in odimension one of any twodistint omponents an be only a line.If there is no omponent of type (i), then the intersetion in odimension one of any two dis-tint omponents is either a line or a (possibly reduible) oni. Moreover, if two omponentsmeet along a oni, all the other intersetions are lines.Furthermore, X is projetively Gorenstein if and only if either(a) X is irreduible of type (i), or(b) X onsists of only two omponents of type (ii) meeting along a oni, or() X onsists of �, 3 6 � 6 r, omponents of type (ii) meeting along lines and the dualgraph GD of a general hyperplane setion D of X is a yle E�.Proof. ConsiderD a general hyperplane setion ofX. SineX is projetively Cohen-Maaulay,it is arithmetially Cohen-Maaulay. This implies thatD is an arithmetially Cohen-Maaulay(equiv. arithmetially normal) urve. By Lemma 5.21, pa(D) = 1. Therefore, for eah on-neted suburve D0 of D, one has 0 6 pa(D0) 6 1 and there is at most one irreduibleomponent D00 with pa(D00) = 1. In partiular two onneted suburves of D an meet atmost in two points. This implies that two irreduible omponents of X meet either along aline or along a oni. The linear normality of X immediately implies that eah irreduibleomponent is linearly normal too. As a onsequene of Theorem 5.20 and of Lemma 5.21, allthis proves the statement about the omponents of X and their intersetion in odimensionone.It remains to prove the �nal part of the statement.If X is irreduible, the assertion is trivial, so assume X reduible.Suppose that all the intersetions in odimension one of the distint omponents of X arelines. If either the dual graph GD of a general hyperplane setion D of X is not a yle orthere is an irreduible omponent of D whih is not rational, then D is not Gorenstein (seethe disussion at the end of Example 2.7), ontraditing the assumption that X is Gorenstein.Conversely, if GD is a yle E� and eah omponent of D is rational, then D is projetivelyGorenstein. In partiular, if all the omponents of D are lines, then D isomorphi to CE� (f.again Example 2.7). Therefore X is projetively Gorenstein too.Suppose that X onsists of two irreduible omponents meeting along a oni. Then Donsists of two rational normal urves meeting at two points; thus the dualizing sheaf !D istrivial, i.e. D is projetively Gorenstein and Gorenstein, therefore so is X.Conversely, let us suppose that X is projetively Gorenstein and there are two irreduibleomponents X1 and X2 meeting along a oni. If there are other omponents, then thereis a omponent X 0 meeting all the rest along a line. Thus, the hyperplane setion ontainsa rational urve meeting all the rest at a point. Therefore the dualizing sheaf of D is nottrivial, hene D is not Gorenstein, thus X is not Gorenstein. �By using Theorems 5.18, 5.19 and 5.20, we an prove the following result:Proposition 5.23. Let X be a non-degenerate surfae in Pr, for some r, and let n > 3 bean integer.



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 19(i) If r = n+ 1 and if a hyperplane setion of X is CRn, then either:a. X is a smooth rational ubi sroll, possible only if n = 3, orb. X is a Zappati surfae, with � irreduible omponents of X whih are eitherplanes or smooth quadris, meeting along lines, and the Zappati singularities ofX are h > 1 points of type Rmi, i = 1; : : : ; h, suh that(5.24) hXi=1 (mi � 2) = � � 2:In partiular X has global normal rossings if and only if � = 2, i.e. if and onlyif either n = 3 and X onsists of a plane and a quadri meeting along a line, orn = 4 and X onsists of two quadris meeting along a line.(ii) If r = n+ 1 and if a hyperplane setion of X is CSn, then either:a. X is the union of a smooth rational normal sroll X1 = S(1; d� 1) of degree d,2 6 d 6 n, and of n� d disjoint planes eah meeting X1 along di�erent lines ofthe same ruling, in whih ase X has global normal rossings; orb. X is planar Zappati surfae with h > 1 points of type Smi, i = 1; : : : ; h, suhthat(5.25) hXi=1 �mi � 12 � = �n� 12 �:(iii) If r = n and if a hyperplane setion of X is CEn then either:a. X is an irreduible del Pezzo surfae of degree n in Pn, possible only if n 6 6; inpartiular X is smooth if n = 6; orb. X has two irreduible omponents X1 and X2, meeting along a (possibly reduible)oni; Xi, i = 1; 2, is either a smooth rational ubi sroll, or a quadri, or aplane; in partiular X has global normal rossings if X1 \X2 is a smooth oniand neither X1 nor X2 is a quadri one;. X is a Zappati surfae whose irreduible omponents X1; : : : ; X� of X are eitherplanes or smooth quadris. Moreover X has a unique E�-point, and no otherZappati singularity, the singularities in odimension one being double lines.Proof. (i) Aording to Remark 5.1 and Theorem 5.19, X is onneted in odimension oneand is a union of minimal degree surfaes meeting along lines. Sine a hyperplane setionis a CRn , then eah irreduible omponent Y of X has to ontain some line and therefore itis a rational normal sroll, or a plane. Furthermore Y has a hyperplane setion whih is aonneted suburve of CRn. It is then lear that Y is either a plane, or a quadri or a smoothrational normal ubi sroll.We laim that Y annot be a quadri one. In fat, in this ase, the hyperplane setions ofY onsisting of lines pass through the vertex y 2 Y . Sine Y \ (X n Y ) also onsists of linespassing through y, we see that no hyperplane setion of X is a CRn.Reasoning similarly, one sees that if a omponent Y of X is a smooth rational ubi sroll,then Y is the only omponent of X, i.e. Y = X, whih proves statement a.Suppose now that X is reduible, so its omponents are either planes or smooth quadris.The dual graph GD of a general hyperplane setion D of X is a hain of length � and anyonneting edge orresponds to a double line of X. Let x 2 X be a singular point and letY1; : : : ; Ym be the irreduible omponents of X ontaining x. Let G0 be the subgraph of GDorresponding to Y1 [ � � � [ Ym. Sine X is projetively Cohen-Maaulay, then learly G0 isonneted, hene it is a hain. This shows that x is a Zappati singularity of type Rm.Finally we prove formula (5.24). Suppose that the Zappati singularities of X are h pointsx1; : : : ; xh of type Rm1 ; : : : ; Rmh, respetively. Notie that the hypothesis that a hyperplane



20 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAsetion of X is a CRn implies that two double lines of X lying on the same irreduibleomponent have to meet at a point, beause they are either lines in a plane or �bres ofdi�erent rulings on a quadri.� xi� � xi+1� � � �Figure 9. The points xi and xi+1 share a ommon edge in the assoiated graph GX .So the graph GX onsists of h open faes orresponding to the points xi, 1 6 i 6 h, andtwo ontiguous open faes must share a ommon edge, as shown in Figure 9. Thus, bothformula (5.24) and the last part of statement b. immediately follow.(ii) Arguing as in the proof of (i), one sees that any irreduible omponent Y of X is eithera plane, or a smooth quadri or a smooth rational normal sroll with a line as a diretrix.If Y is a rational normal sroll S(1; d�1) of degree d > 2, the subgraph of Sn orrespondingto the hyperplane setion of Y is Sd. Then a. follows in this ase, namely all the otheromponents of X are planes meeting Y along lines of the ruling. Note that, sine X spans aPn+1, these planes are pairwise skew and therefore X has global normal rossings.Suppose now that X is a union of planes. Then X onsists of a plane � and of n� 1 moreplanes meeting � along distint lines. Arguing as in part (i), one sees that the planes di�erentfrom � pairwise meet only at a point in �. Hene X is smooth o� �. On the other hand, itis lear that the singularities xi in � are Zappati of type Smi, i = 1; : : : ; h. This orrespondsto the fat that mi� 1 planes di�erent from � pass through the same point xi 2 �. Formula(5.25) follows by suitably ounting the number of pairs of double lines in the on�guration.(iii) If X is irreduible, then a. holds by elementary properties of lines on a del Pezzo surfae.Suppose that X is reduible. Every irreduible omponent Y of X has a hyperplane setionwhih is a stik urve stritly ontained in CEn. By an argument we already used in part (i),then Y is either a plane, or a quadri or a smooth rational normal ubi sroll.Suppose that an irreduible omponent Y meets X n Y along a oni. Sine CEn is proje-tively Gorenstein, then also X is projetively Gorenstein; so, by Theorem 5.22, X onsists ofonly two irreduible omponents and b. follows.Again by Theorem 5.22 and reasoning as in part (i), one sees that all the irreduibleomponents of X are either planes or smooth quadris and the dual graph GD of a generalhyperplane setion D of X is a yle E� of length �.As we saw in part (i), two double lines of X lying on the same irreduible omponent Yof X meet at a point of Y . Hene X has some singularity besides the general points on thedouble lines. Again, as we saw in part (i), suh singularity an be either of type Rm or of typeEm, where Rm or En are subgraphs of the dual graph GD of a general hyperplane setion Dof X. Sine X is projetively Gorenstein, it has only Gorenstein singularities, in partiularRm-points are exluded. Thus, the only singularity ompatible with the above graph is aE�-point. �Remark 5.26. At the end of the proof of part (iii), instead of using the Gorenstein property,one an prove by a diret omputation that a surfae X of degree n, whih is a union of planesand smooth quadris and suh that the dual graph GD of a general hyperplane setion D ofX is a yle of length �, must have an E�-point and no other Zappati singularity in orderto span a Pn.



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 21Corollary 5.27. Let X! � be a degeneration of surfaes whose entral �bre X is Zappati.Let x 2 X be a Tn-point. Let X0 be the blow-up of X at x. Let E be the exeptional divisor,let X 0 be the proper transform of X, � = CTn be the intersetion urve of E and X 0. ThenE is a minimal degree surfae of degree n in Pn+1 = P(TX;x), and � is one of its hyperplanesetions.In partiular, if x is either a Rn- or a Sn-point, then E is as desribed in Proposition 5.23.Proof. The �rst part of the statement diretly follows from Lemma 5.16, Proposition 5.17and Theorem 5.19. �We lose this setion by stating a result whih will be useful in the sequel:Corollary 5.28. Let y be a point of a projetive threefold Y . Let H be an e�etive Cartierdivisor on Y passing through y. If H has an En-point at y, then Y is Gorenstein at y.Proof. Reall thatH is Gorenstein at y (f. Remark 3.4) andH loally behaves as a hyperplanesetion of Y at y (f. the proof of Proposition 5.14), therefore Y is Gorenstein at y. �Let X ! � be a degeneration of surfaes whose entral �bre X is good Zappati. FromDe�nition 3.2 and Corollary 5.28, it follows that X is Gorenstein at all the points of X, exeptat its Rn- and Sn-points.6. Combinatorial omputation of K2The results ontained in x 5 will be used in this setion to prove ombinatorial formulasfor K2 = K2Xt, where Xt is a smooth surfae whih degenerates to a good Zappati surfaeX0 = X = Svi=1Xi, i.e. Xt is the general �bre of a degeneration of surfaes whose entral�bre is good Zappati (f. Notation 4.3).Indeed, by using the ombinatorial data assoiated to X and GX (f. De�nition 3.6 andNotation 3.9), we shall prove the following main result:Theorem 6.1. Let X! � be a degeneration of surfaes whose entral �bre is a good Zappatisurfae X = X0 = Svi=1Xi. Let Cij = Xi \Xj be a double urve of X, whih is onsidered asa urve on Xi, for 1 6 i 6= j 6 v.If K2 := K2Xt, for t 6= 0, then (f. Notation 3.9):(6.2) K2 = vXi=1  K2Xi +Xj 6=i (4gij � C2ij)!� 8e +Xn>3 2nfn + r3 + k;where k depends only on the presene of Rn- and Sn-points, for n > 4, and preisely:(6.3) Xn>4(n� 2)(rn + sn) 6 k 6Xn>4 �(2n� 5)rn + �n� 12 �sn� :In ase X is an embedded degeneration and X is also planar, we have the following:Corollary 6.4. Let X! � be an embedded degeneration of surfaes whose entral �bre is agood planar Zappati surfae X = X0 = Svi=1�i. Then:(6.5) K2 = 9v � 10e+Xn>3 2nfn + r3 + kwhere k is as in (6.3) and depends only on the presene of Rn- and Sn-points, for n > 4.Proof. Clearly gij = 0, for eah 1 6 i 6= j 6 v, whereas C2ij = 1, for eah pair (i; j) s.t.eij 2 E, otherwise C2ij = 0. �



22 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAThe proof of Theorem 6.1 will be done in several steps. The �rst one is to ompute K2when X has only En-points. In this ase, and only in this ase, KX is a Cartier divisor.Theorem 6.6. Under the assumptions of Theorem 6.1, if X = Svi=1Xi has only En-points,for n > 3, then:(6.7) K2 = vXi=1  K2Xi +Xj 6=i (4gij � C2ij)!� 8e+Xn>3 2nfn:Proof. Note that the total spae X is Gorenstein: this is lear for the double points, forthe En-points of X, see Corollary 5.28. Thus, KX is a Cartier divisor on X. ThereforeKX is also Cartier and it makes sense to onsider K2X and the adjuntion formula statesKX = (KX +X)jX:We laim that(6.8) KX jXi = (KX +X)jXi = KXi + Ci;where Ci =Pj 6=iCij is the union of the double urves ofX lying on the irreduible omponentXi, for eah 1 6 i 6 v. Sine OX(KX) is invertible, it suÆes to prove (6.8) o� the En-points.In other words, we an onsider the surfaes Xi as if they were Cartier divisors on X. Then,we have:(6.9) KX jXi = (KX +X)jXi = �KX +Xi +Xj 6=i Xj�jXi = KXi + Ci;as we had to show. Furthermore:K2 = (KX + Xt)2 � Xt = (KX +X)2 �X = (KX +X)2 � vXi=1 Xi = vXi=1 �(KX +X)jXi�2 == vXi=1 (K2Xi + 2CiKXi + C2i ) = vXi=1 K2Xi + vXi=1 CiKXi + vXi=1 Ci(Ci +KXi) == vXi=1 K2Xi + vXi=1 (Xj 6=i Cij)KXi + vXi=1 2(pa(Ci)� 1):(6.10)As in Notation 3.9, Cij = Phijt=1 Ctij is the sum of its disjoint, smooth, irreduible ompo-nents, where hij is the number of these omponents. Thus,CijKXi = hijXt=1 (CtijKXi);for eah 1 6 i 6= j 6 v. If we denote by gtij the geometri genus of the smooth, irreduibleurve Ctij, by the adjuntion formula on eah Ctij, we have the following intersetion numberon the surfae Xi: CijKXi = hijXt=1 (2gtij � 2� (Ctij)2) = 2gij � 2hij � C2ij;where the last equality follows from the de�nition of geometri genus of Cij and the fat thatCsijCtij = 0, for any 1 6 t 6= s 6 hij.Therefore, by the distributivity of the intersetion form and by (6.10), we get:K2 = vXi=1 K2Xi + vXi=1 (Xj 6=i (2gij � 2hij)� C2ij) + vXi=1 2(pa(Ci)� 1):(6.11)



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 23For eah index i, onsider now the normalization �i : ~Ci ! Ci of the urve Ci lying on Xi;this determines the short exat sequene:(6.12) 0! OCi ! (�i)�(O ~Ci)! ti ! 0;where ti is a sky-sraper sheaf supported on Sing(Ci), as a urve in Xi. By using Notation3.9, the long exat sequene in ohomology indued by (6.12) gives that:�(OCi) + h0(ti) =Xj 6=i hijXt=1 �(OCtij ) =Xj 6=i (hij � gij):Sine �(OCi) = 1� pa(Ci), we get(6.13) pa(Ci)� 1 =Xj 6=i (gij � hij) + h0(ti); 1 6 i 6 v:By plugging formula (6.13) in (6.11), we get:K2 = vXi=1  K2Xi +Xj 6=i (4gij � C2ij)!� 8e+ 2 vXi=1 h0(ti):(6.14)To omplete the proof, we need to ompute h0(ti). By de�nition of ti, this omputationis a loal problem. Suppose that p is an En-point of X lying on Xi, for some i. By thevery de�nition of En-point (f. De�nition 3.1 and Example 2.7), p is a node for the urveCi � Xi; therefore h0(tijp) = 1. The same holds on eah of the other n � 1 urves Cj � Xj,1 6 j 6= i 6 n, onurring at the En-point p. Therefore, by (6.14), we get (6.7). �Proof of Theorem 6.1. The previous argument proves that, in this more general ase, one has:(6.15) K2 = vXi=1  K2Xi +Xj 6=i (4gij � C2ij)!� 8e+ 2 vXi=1 h0(ti)� where  is a positive orretion term whih depends only on the points where X is notGorenstein, i.e. at the Rn- and Sn-points of its entral �bre X.To prove the statement, we have to ompute:(i) the ontribution of h0(ti) given by the Rn- and the Sn-points of X, for eah 1 6 i 6 v;(ii) the orretion term .For (i), suppose �rst that p is a Rn-point of X and let Ci be one of the urves passingthrough p. By de�nition (f. Example 2.6), the point p is either a smooth point or a nodefor Ci � Xi. In the �rst ase we have h0(tijp) = 0 whereas, in the latter, h0(tijp) = 1. Morepreisely, among the n indexes involved in the Rn-point there are exatly two indexes, say i1and in, suh that Cij is smooth at p, for j = 1 and j = n, and n�2 indexes suh that Cij hasa node at p, for 2 6 j 6 n � 1. On the other hand, if we assume that p is a Sn-point, thenp is an ordinary (n� 1)-tuple point for only one of the urves onurring at p, say Ci � Xi,and a simple point for all the other urves Cj � Xj, 1 6 j 6= i 6 n. Reall that an ordinary(n� 1)-tuple point ontributes �n�12 � to h0(ti).Therefore, from (6.15), we have:K2 = vXi=1  K2Xi +Xj 6=i (4gij � C2ij)!�8e+Xn>3 2nfn+Xn>3 2(n�2)rn+Xn>4(n�1)(n�2)sn� :In order to ompute the orretion term , we have to perform a partial resolution of X atthe Rn- and Sn-points of X, whih makes the total spae Gorenstein. This will give us (6.2),



24 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAi.e. K2 = vXi=1  K2Xi +Xj 6=i (4gij � C2ij)!� 8e +Xn>3 2nfn + r3 + k;where k :=Xn>3 2(n� 2)rn � r3 +Xn>4(n� 1)(n� 2)sn � :It is lear that the ontribution to  of eah suh point is purely loal. In other words, =Xx xwhere x varies in the set of Rn- and Sn-points of X and where x is the ontribution at x tothe omputation of K2 as above.In the next Proposition 6.16, we shall ompute suh loal ontributions. This result,together with Theorem 6.6, will onlude the proof. �Proposition 6.16. In the hypothesis of Theorem 6.1, if x 2 X is a Rn-point then:n� 2 > x > 1;whereas if x 2 X is a Sn-point then:(n� 2)2 > x > �n� 12 �:Proof. Sine the problem is loal, we may (and will) assume that X is Gorenstein, exept at apoint x, and that eah irreduible omponent Xi of X passing through x is a plane, denotedby �i.First we will deal with the ase n = 3.Claim 6.17. If x is a R3-point, then x = 1:Proof of the laim. Let us blow-up the point x 2 X as in Corollary 5.27.
E1 E2 E3E�01 �02 �03 blow-up x�����! �x�1 �2 �3Figure 10. Blowing-up a R3-point x.We get a new total spae X0. We denote by E the exeptional divisor, by �0i the propertransform of �i and by X 0 = [�0i the proper transform of X, as in Figure 10. We remarkthat the three planes �i, i = 1; 2; 3, onurring at x, are blown-up in this proess, whereasthe remaining planes stay untouhed. We all Ei the exeptional divisor on the blown-upplane �i. Let � = E1 + E2 + E3 be the intersetion urve of E and X 0. By Corollary 5.27,E is a non-degenerate surfae of degree 3 in P4, with � as a hyperplane setion.Suppose �rst that E is irreduible. Then X0 is Gorenstein and by adjuntion:(6.18) K2 = (KX0 + �)2 + (KE + �)2:



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 25Sine E is a rational normal ubi sroll in P4, then:(6.19) (KE + �)2 = 1;whereas the other term is:(KX0 + �)2 =Xi (KX0j�0i + ��0i)2 = 3Xi=1 (KX0j�0i + Ei)2 +Xj>4 K2X0j�0j :Reasoning as in the proof of Theorem 6.6, one sees thatXj>4 K2X0j�0j =Xj>4(wj � 3)2:On the other hand, one has(KX0j�0i + Ei)2 = (wi � 3)2 � 1; i = 1; 3; (KX0j�02 + E2)2 = (w2 � 3)2:Putting all together, it follows that x = 1.Suppose now that E is reduible and X 0 is still Gorenstein. In this ase E is as desribedin Proposition 5.23 (ii), b, and in Corollary 5.27 and the proof proeeds as above, one oneremarks that (6.19) holds. This an be left to the reader to verify (see Figure 11).
1 0 01E11 E20 E30Figure 11. E splits in a plane and a quadri.Suppose that E is reduible and X 0 is not Gorenstein. This means that E onsists of aone over a CR3 with vertex x0, hene x0 is again a R3-point. Therefore we have to repeat theproess by blowing-up x0. After �nitely many steps this proedure stops (f. e.g. Proposition3.4.13 in [26℄). In order to onlude the proof in this ase, one has simply to remark that noontribution to K2 omes from the surfaes reated in the intermediate steps.

A1 A2 A3E 00P 01 P 02 P 03�01 �02 �03 blow-up x0������! E1 E2 E3�x0
�01 �02 �03P1 P2 P3

Figure 12. blowing-up a R3-point x0 in�nitely near to the R3-point xTo see this, it suÆes to make this omputation when only two blow-ups are needed. Thisis the situation showed in Figure 12 where:� X00 ! X0 is the blow-up at x0,



26 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA� X 0 =P�0i the proper transform of X 0 on X00,� E 0 = P 01 + P 02 + P 03 is the strit transform of E = P1 + P2 + P3 on X00,� E 00 is the exeptional divisor of the blow-up.We remark that P 0i , i = 1; 2; 3, is the blow-up of the plane Pi. We denote by �i the pullbakto P 0i of a line, and by Ai the exeptional divisor of P 0i . Then their ontributions to theomputation of K2 are:(KP 0i + �i + (�i � Ai) + Ai)2 = (��i + Ai)2 = 0; i = 1; 3;(KP 02 + �2 + 2(�2 � A2) + A2)2 = 0:This onludes the proof of Claim 6.17. �Consider now the ase that n = 4 and x is a R4-point.Claim 6.20. If x is a R4-point, then 2 > x > 1:Proof of the laim. As before, we blow-up the point x 2 X; let X0 be the new total spae andlet E be the exeptional divisor. By Corollary 5.27, E is a non-degenerate surfae of minimaldegree in P5 with � = E1 +E2 +E3 +E4 as a hyperplane setion. By Proposition 5.23, E isreduible and the following ases may our:(i) E has global normal rossings, in whih ase E onsists of two quadris Q1; Q2 meetingalong a line (see Figure 13);E1 E2 E3 E4�02 �03Q1 Q2�01 �04
Figure 13. The exeptional divisor E has global normal rossings.(ii) E has one R3-point x0, in whih ase E onsists of a quadri Q and two planes P1; P2(see Figure 14);
E1 E2 E3 E4A1 A2Q�02 �03�01 �04P1 P2�x0 A1E1 E2 E3 E4A2�02 �03Q P2P1�01 �04

�x0
a) The quadri in the middle b) The quadri on one sideFigure 14. E onsists of a quadri and two planes and has a R3-point x0.
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A2E1 E2 E3 E4A1

�02 �03P1 P2 P3�01 �04
�x0�x00 P4A3

Figure 15. E onsists of four planes and has two R3-points x0; x00.(iii) E has two R3-points x0; x00, in whih ase E onsists of four planes P1; : : : ; P4, i.e. aplanar Zappati surfae whose assoiated graph is the tree R4 (see Figure 15);(iv) E has one R4-point x0, in whih ase E onsists of four planes, i.e. a planar Zappatisurfae whose assoiated graph is an open 4-fae (f. Figures 5, 6 and 16).In ase (i), X0 is Gorenstein and we an ompute K2 as we did in the proof of Claim 6.17.Formula (6.18) still holds and one has (KE + �)2 = 0; whereas:(6.21) (KX0+�)2 =Xi (KX0j�0i+��0i)2 = 4Xi=1 (KX0j�0i+Ei)2+Xj>4 K2X0j�0j =Xj>1(wj�3)2�2;beause the omputations on the blown-up planes �01; : : : ;�04 give:(KX0j�0i + Ei)2 = (wi � 3)2 � 1; i = 1; 4; (KX0j�0i + Ei)2 = (wi � 3)2; i = 2; 3:This proves that x = 2 in this ase.In ase (ii), there are two possibilities orresponding to ases (a) and (b) of Figure 14. Letus �rst onsider the former possibility. By Claim 6.17, in order to ompute K2 we have toadd up three quantities:� the ontribution of (KX0 + �)2, whih is omputed in (6.21);� the ontribution to K2 of E, as if E had only global normal rossings, i.e.:(KP1 + A1 + E1)2 + (KP2 + A2 + E4)2 + (KQ + A1 + A2 + E2 + E3)2 = 2� the ontribution of the R3-point x0, whih is x0 = 1 by Claim 6.17.Putting all this together, it follows that x = 1 in this ase. Consider now the latter possibility,i.e. suppose that the quadri meets only one plane. We an ompute the three ontributionsto K2 as above: the ontribution of (KX0+�)2 and of the R3-point x0 do not hange, whereasthe ontribution to K2 of E, as if E had only global normal rossings, is:(KQ + A1 + E1 + E2)2 + (KP1 + A1 + A2 + E3)2 + (KP4 + A3 + E4)2 = 1;therefore we �nd that x = 2, whih onludes the proof for ase (ii).In ase (iii), we use the same strategy as in ase (ii), namely we add up (KX0 + �)2, theontribution to K2 of E, as if E had only global normal rossings, whih turns out to be 2,and then subtrat 2, beause of the ontribution of the two R3-points x0; x00. Summing up,one �nds x = 2 in this ase.In ase (iv), we have to repeat the proess by blowing-up x0, see Figure 16. After �nitelymany steps (f. e.g. Proposition 3.4.13 in [26℄), this proedure stops in the sense that theexeptional divisor will be as in ase (i), (ii) or (iii).



28 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAE 00P 01 P 02 P 03 P 04�01 �02 �03 �04 blow-up x0������! E1 E2 E3 E4�01 �02 �03 �04P1 P2 P3 P4�x0

Figure 16. Blowing-up a R4-point x0 in�nitely near to x.In order to onlude the proof of Claim 6.20, one has to remark that no ontribution to K2omes from the surfaes reated in the intermediate steps (the blown-up planes P 0i in Figure16). This an be done exatly in the same way as we did in the proof of Claim 6.17. �Remark 6.22. The proof of Claim 6.20 is purely ombinatorial. However there is a niegeometri motivation for the two ases x = 2 and x = 1, when x is a R4-point, whih residesin the fat that the loal deformation spae of a R4-point is reduible. This orresponds tothe fat that the one over CR4 an be smoothed in both a Veronese surfae and a rationalnormal quarti sroll, whih have K2 = 9 and K2 = 8, respetively.Consider now the ase that x is a Rn-point.Claim 6.23. If x is a Rn-point, then(6.24) n� 2 > x > 1:Proof of the laim. The laim for n = 3; 4 has already been proved, so we assume n > 5 andproeed by indution on n. As usual, we blow-up the point x 2 X.By Corollary 5.27, the exeptional divisor E is a non-degenerate surfae of minimal degreein Pn+1 with � = E1 + : : :+En as a hyperplane setion. By Proposition 5.23, E is reduibleand the following ases may our:(i) E onsists of � > 3 irreduible omponents P1; : : : ; P�, whih are either planes orsmooth quadris, and E has h Zappati singular points x1; : : : ; xh of type Rm1 ; : : : ; Rmhsuh that mi < n, i = 1; : : : ; h;(ii) E has one Rn-point x0, in whih ase E onsists of n planes, i.e. a planar Zappatisurfae whose assoiated graph is an open n-fae.In ase (ii), one has to repeat the proess by blowing-up x0. After �nitely many steps (f.e.g. Proposition 3.4.13 in [26℄), the exeptional divisor will neessarily be as in ase (i). Weremark that no ontribution to K2 omes from the surfaes reated in the intermediate steps,as one an prove exatly in the same way as we did in the proof of Claim 6.17.Thus, it suÆes to prove the statement for the ase (i). Notie that X0 is not Gorenstein,nonetheless we an ompute K2 sine we know (the upper and lower bounds of) the ontri-bution of xi by indution. We an indeed proeed as in ase (ii) of the proof of Claim 6.20,namely, we have to add up three quantities:� the ontribution of (KX0 + �)2;� the ontribution to K2 of E, as if E had only global normal rossings;� the ontributions of the points xi whih is known by indution.



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 29Let us ompute these ontributions. As for the �rst one, one has:(KX0 + �)2 = nXi=1 (KX0j�0i + Ei)2 +Xj>nK2X0j�0j =Xj>1(wj � 3)2 � 2;sine the omputations on the blown-up planes �01; : : : ;�0n give:(KX0j�0i + Ei)2 = (wi � 3)2 � 1; i = 1; n;(KX0j�0i + Ei)2 = (wi � 3)2; 2 6 i 6 n� 1:In order to ompute the seond ontribution, one has to introdue some notation, preiselywe let:� P1; : : : ; P� be the irreduible omponents of E, whih are either planes or smoothquadris, ordered in suh a way that the intersetions in odimension one are asfollows: Pi meets Pi+1, i = 1; : : : ; � � 1, along a line;� Ai be the line whih is the intersetion of Pi and Pi+1;� "i = deg(Pi)� 1, whih is 0 if Pi is a plane and 1 if Pi is a quadri;� j(i) = i +Pi�1k=1 "j. With this notation, if Pi is a plane, it meets the blown-up plane�0j(i) along Ej(i), whereas if Pi is a quadri, it meets the blown-up planes �0j(i) and�0j(i)+1 along Ej(i) and Ej(i)+1, respetively.Then the ontribution to K2 of E, as if E had only global normal rossings, is:(KP1 + A1 + E1 + "1E2)2 + (KP� + A��1 + "�En�1 + En)2++ ��1Xi=2 (KPi + Ai�1 + Ai + Ej(i) + "iEj(i)+1)2 = 2� "1 � "�:Finally, by indution, the ontributionPhi=1 xi of the points xi is suh that:� � 2 = hXi=1 (mi � 2) > hXi=1 xi > hXi=1 1 = h;where the �rst equality is just (5.24).Putting all this together, it follows that:x = "1 + "� + hXi=1 xi;hene an upper bound for x is x 6 "1 + "� + � � 2 6 n� 2;beause n = � +P�i=1 "i, whereas a lower bound is(6.25) x > "1 + "� + h > h > 1;whih onludes the proof of Claim 6.23. �Remark 6.26. If x = 1, then in (6.25) all inequalities must be equalities, thus h = 1 and"1 = "� = 0. This means that there is only one point x1 in�nitely near to x, of type R� ,and that the external irreduible omponents of E, i.e. P1 and P�, are planes. There is noombinatorial obstrution to this situation.For example, let x be a Rn-point suh that the exeptional divisor E onsists of � = n� 1irreduible omponents, namely n � 2 planes and a quadri adjaent to two planes, forminga Rn�1-point x0. By the proof of Claim 6.20 (ase (ii), former possibility), it follows that



30 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAx = x0. Sine, as we saw, the ontribution of an R4-point an be 1, by indution we mayhave that also a Rn-point ontributes by 1.From the proof of Claim 6.23, it follows that the upper bound x = n� 2 is attained whenfor example the exeptional divisor E onsists of n planes forming n� 2 points of type R3.More generally, one an see that there is no ombinatorial obstrution for x to attain anypossible value between the upper and lower bounds in (6.24).Finally, onsider the ase that x is of type Sn.Claim 6.27. If x is a Sn-point, then(6.28) (n� 2)2 > x > �n� 12 �:Proof. We remark that we do not need to take are of 1-dimensional singularities of the totalspae of the degeneration, as we have already noted in Claim 6.23.Notie that S3 = R3 and, for n = 3, formula (6.28) trivially follows from Claim 6.17. Sowe assume n > 4. Blow-up x, as usual; let X0 be the new total spae and E the exeptionaldivisor. By Proposition 5.23, three ases may our: either(i) E has global normal rossings, i.e. E is the union of a smooth rational normal srollX1 = S(1; d � 1) of degree d, 2 6 d 6 n, and of n � d disjoint planes P1; : : : ; Pn�d,eah meeting X1 along di�erent lines of the same ruling; or(ii) E is a union of n planes P1; : : : ; Pn with h Zappati singular points x1; : : : ; xh of typeSm1 ; : : : ; Smh suh that 3 6 mi < n, i = 1; : : : ; h, and (5.25) holds; or(iii) E is a union of n planes with one Sn-point x0.In ase (iii), one has to repeat the proess by blowing-up x0. After �nitely many steps (f.e.g. Proposition 3.4.13 in [26℄), the exeptional divisor will neessarily be as in ases either(i) or (ii). We remark that no ontribution to K2 omes from the surfaes reated in theintermediate steps. Indeed, by using the same notation of the Rn-ase in Claim 6.17, if x is aSn point and if �1 is the plane orresponding to the vertex of valene n� 1 in the assoiatedgraph, we have (f. Figure 17):(KP 01 + �1 + A1 + (n� 1)(�1 � A1))2 = (n� 3)2 � (n� 3)2 = 0;(KP 0i + �i + Ai + (�i � Ai))2 = 1� 1 = 0; 2 6 i 6 n:
P 02 P 03 P 04 P 05P 01E 00
�02 �03 �04 �05�01 blow-up x0������! �x0�02 �03 �04 �05�01P2 P5P3 P4P1

Figure 17. Blowing-up a S5-point x0 in�nitely near to a S5-point xThus, it suÆes to prove the statement for the �rst two ases (i) and (ii).Consider the ase (i), namely E has global normal rossings. Then X0 is Gorenstein and wemay ompute K2 as in (6.18). The ontribution of the blown-up planes �01; : : : ;�0n (hoosing



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 31again the indexes in suh a way that �01 meets �02; : : : ;�0n in a line) is:(6.29) (KX0j�0i + Ei)2 = (wi � 3)2 � 1; i = 2; : : : ; n;(KX0j�01 + E1)2 = (w1 � 3)2 � (n� 3)2;whereas the ontribution of E turns out to be:(6.30) (KE + �)2 = 4� n:Indeed, one �nds that:�(KE + �)jX1�2 = (�A + (n� d� 1)F )2 = d+ 4� 2n;�(KE + �)jPi�2 = 1; i = 1; : : : ; n� d;where A is the linear diretrix of X1 and F is its �bre, therefore (6.30) holds. Summing up,it follows that(6.31) x = n� 4 + (n� 1) + (n� 3)2 = (n� 2)2;whih proves (6.28) in this ase (i).In ase (ii), E is not Gorenstein, nonetheless we an ompute K2 sine we know (the upperand lower bounds of) the ontribution of xi by indution. We an indeed proeed as in ase(ii) of the proof of Claim 6.20, namely, we have to add up three quantities:� the ontribution of (KX0 + �)2, whih has been omputed in (6.29);� the ontribution to K2 of E, as if E had only global normal rossings, whih is:�KP1 + E1 + nXi=2 Ai�2 + nXi=2 (KPi + Ei + Ai)2 = (n� 3)2 + n� 1;where �01 is the blown-up plane meeting all the other blown-up planes in a line, Ei isthe exeptional urve on �0i and Ai is the double line intersetion of P1 with Pi;� the ontributionPhi=1 xi of the points xi, whih by indution, is suh that:(6.32) hXi=1 (mi � 2)2 > hXi=1 xi > hXi=1 �mi � 12 � = �n� 12 �;where the last equality is just (5.25).Putting all together, one sees that x = hXi=1 xi;hene (6.32) gives the laimed lower bound, as for the upper bound:x 6 hXi=1 (mi � 2)2 = hXi=1 (mi � 1)(mi � 2)� hXi=1 (mi � 2) (�)=(�)= (n� 1)(n� 2)� hXi=1 (mi � 2) 6 (n� 1)(n� 2)� (n� 2) = (n� 2)2;where the equality (�) follows from (5.25). This ompletes the proof of Claim 6.27. �The above Claims 6.23 and 6.27 prove Proposition 6.16 and, so, Theorem 6.1. �



32 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDARemark 6.33. Notie that the upper bound x = (n � 2)2 is attained when for examplethe exeptional divisor E has global normal rossings (f. ase (i) in Claim 6.27). The lowerbound x = �n�12 � an be attained if the exeptional divisor E onsists of n planes forming�n�12 � points of type S3 = R3.Contrary to what happens for the Rn-points, not all the values between the upper and thelower bound are realised by x, for a Sn-point x. Indeed they are not even ombinatoriallypossible. For example, there are ombinatorial obstrutions for a S6-point x to have x = 15.7. The Multiple Point FormulaThe aim of this setion is to prove a fundamental inequality, whih involves the Zappatisingularities of a given good Zappati surfae X (see Theorem 7.2), under the hypothesis thatX is the entral �bre of a good Zappati degeneration as in De�nition 4.2. This inequalityan be viewed as an extension of the well-known Triple Point Formula (see Lemma 7.7 andf. [15℄), whih holds only for semistable degenerations. As orollaries, we will obtain, amongother things, the main result ontained in Zappa's paper [49℄ (f. Setion 8).Let us introdue some notation.Notation 7.1. Let X be a good Zappati surfae. We denote by:�  = X1 \X2 the intersetion of two irreduible omponents X1, X2 of X;� F the divisor on  onsisting of the E3-points of X along ;� fn() the number of En-points of X along ; in partiular, f3() = deg(F);� rn() the number of Rn-points of X along ;� sn() the number of Sn-points of X along ;� �n() := rn() + sn(), for n > 4, and �3() = r3().If X is the entral �bre of a good Zappati degeneration X! �, we denote by:� D the divisor of  onsisting of the double points of X along  o� the Zappatisingularities of X;� d = deg(D);� dX the total number of double points of X o� the Zappati singularities of X.The main result of this setion is the following:Theorem 7.2 (Multiple Point Formula). Let X be a surfae whih is the entral �bre of agood Zappati degeneration X ! �. Let  = X1 \ X2 be the intersetion of two irreduibleomponents X1, X2 of X. Then(7.3) deg(NjX1) + deg(NjX2) + f3()� r3()�Xn>4(�n() + fn()) > d > 0:In the planar ase, one has:Corollary 7.4. Let X be a surfae whih is the entral �bre of a good, planar Zappatidegeneration X! �. Let  be a double line of X. Then(7.5) 2 + f3()� r3()�Xn>4(�n() + fn()) > d > 0:Therefore:(7.6) 2e+ 3f3 � 2r3 �Xn>4 nfn �Xn>4(n� 1)�n > dX > 0:As for Theorem 6.1, the proof of Theorem 7.2 will be done in several steps, the �rst ofwhih is the lassial:



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 33Lemma 7.7 (Triple Point Formula). Let X be a good Zappati surfae with global normalrossings, whih is the entral �bre of a good Zappati degeneration with smooth total spaeX. Let  = X1 \X2, where X1 and X2 are irreduible omponents of X. Then:(7.8) NjX1 
NjX2 
 O(F) �= O :In partiular,(7.9) deg(NjX1) + deg(NjX2) + f3() = 0:Proof. By De�nition 4.2, sine the total spae X is assumed to be smooth, the Zappatidegeneration X! � is semistable. Let X = Svi=1Xi. Sine X is a Cartier divisor in X whihis a �bre of the morphism X ! �, then OX(X) �= OX : Tensoring by O gives O(X) �= O :Thus,(7.10) O �= O(X1)
 O(X2)
 O(Y );where Y = [vi=3Xi. One onludes by observing that in (7.10) one has O(Xi) �= NjX3�i,1 6 i 6 2, and O(Y ) �= O(F). �It is useful to onsider the following slightly more general situation. Let X be a unionof surfaes suh that Xred is a good Zappati surfae with global normal rossings. ThenXred = [vi=1Xi and let mi be the multipliity of Xi in X, i = 1; : : : ; v. Let  = X1 \ X2 bethe intersetion of two irreduible omponents of X. For every point p of , we de�ne theweight w(p) of p as the multipliity mi of the omponent Xi suh that p 2  \Xi.Of ourse w(p) 6= 0 only for E3-points of Xred on . Then we de�ne the divisor F on  asF :=Xp w(p)p:The same proof of Lemma 7.7 shows the following:Lemma 7.11 (Generalized Triple Point Formula). Let X be a surfae suh that Xred = [iXiis a good Zappati surfae with global normal rossings. Let mi be the multipliity of Xi inX. Assume that X is the entral �bre of a degeneration X ! � with smooth total spae X.Let  = X1 \X2, where X1 and X2 are irreduible omponents of Xred. Then:(7.12) N
m2jX1 
N
m1jX2 
 O(F) �= O :In partiular,(7.13) m2 deg(NjX1) +m1 deg(NjX2) + deg(F) = 0:The seond step is given by the following result:Proposition 7.14. Let X be a good Zappati surfae with global normal rossings, whih isthe entral �bre of a good Zappati degeneration X! �. Let  = X1 \X2, where X1 and X2are irreduible omponents of X. Then:(7.15) NjX1 
NjX2 
 O(F) �= O(D):In partiular,(7.16) deg(NjX1) + deg(NjX2) + f3() = d:Proof. By the very de�nition of good Zappati degeneration, the total spae X is smoothexept for ordinary double points along the double lous of X, whih are not the E3-pointsof X. We an modify the total spae X and make it smooth by blowing-up its double points.Sine the omputations are of loal nature, we an fous on the ase of X having only onedouble point p on . We blow-up the point p in X to get a new total spae X0, whih is smooth.



34 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA�pX1 X2 Y blow-up p ����� 0�10�1 0EX 01 X 02 YFigure 18. Blowing-up an ordinary double point of XNotie that, aording to our hypotheses, the exeptional divisor E := EX;p = P(TX;p) isisomorphi to a smooth quadri in P3 (see Figure 18).The proper trasform of X is: X 0 = X 01 +X 02 + Ywhere X 01; X 02 are the proper transforms of X1, X2, respetively. Let 0 be the intersetionof X 01 and X 02, whih is learly isomorphi to . Let p1 be the intersetion of 0 with E.Sine X0 is smooth, we an apply Lemma 7.11 to 0. Therefore, by (7.12), we getO0 �= N0jX01 
N0jX02 
 O0(F0):In the isomorphism between 0 and , one has:O0(F0 � p1) �= O(F); N0jX0i �= NjXi 
 O(�p); 1 6 i 6 2:Putting all this together, one has the result. �Taking into aount Lemma 7.11, the same proof of Proposition 7.14 gives the followingresult:Corollary 7.17. Let X be a surfae suh that Xred = [iXi is a good Zappati surfae withglobal normal rossings. Let mi be the multipliity of Xi in X. Assume that X is the entral�bre of a degeneration X ! � with total spae X having at most ordinary double pointsoutside the Zappati singularities of Xred.Let  = X1 \X2, where X1 and X2 are irreduible omponents of Xred. Then:(7.18) N
m2jX1 
N
m1jX2 
 O(F) �= O(D)
(m1+m2):In partiular,(7.19) m2 deg(NjX1) +m1 deg(NjX2) + deg(F) = (m1 +m2)d:Now we an ome to the:Proof of Theorem 7.2. Reall that, by De�nition 4.2 of Zappati degenerations, the totalspae X has only isolated singularities. We want to apply Corollary 7.17 after having resolvedthe singularities of the total spae X at the Zappati singularities of the entral �bre X, i.e.at the Rn-points of X, for n > 3, and at the En- and Sn-points of X, for n > 4.Now we briey desribe the resolution proess, whih will beome even learer in the seondpart of the proof, when we will enter into the details of the proof of formula (7.3).Following the blowing-up proess at the Rn- and Sn-points of the entral �bre X, asdesribed in Setion 6, one gets a degeneration suh that the total spae is Gorenstein,with isolated singularities, and the entral �bre is a Zappati surfae with only En-points.The degeneration will not be Zappati, if the double points of the total spae ourringalong the double urves, o� the Zappati singularities, are not ordinary. Aording to ourhypotheses, this annot happen along the proper transform of the double urves of the orig-inal entral �bre. All these non-ordinary double points an be resolved with �nitely manysubsequent blow-ups and they will play no role in the omputation of formula (7.3).



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 35Reall that the total spae X is smooth at the E3-points of the entral �bre, whereas X hasmultipliity either 2 or 4 at an E4-point of X. Thus, we an onsider only En-points p 2 X,for n > 4.By Proposition 5.17, p is a quasi-minimal singularity for X, unless n = 4 and multp(X) = 2.In the latter ase, this singularity is resolved by a sequene of blowing-ups at isolated doublepoints.Assume now that p is a quasi-minimal singularity for X. Let us blow-up X at p and let E 0be the exeptional divisor. Sine a hyperplane setion of E 0 is CEn, the possible on�gurationsof E 0 are desribed in Proposition 5.23, (iii).If E 0 is irreduible, that is ase (iii.a) of Proposition 5.23, then E 0 has at most isolatedrational double points, where the new total spae is either smooth or it has a double point.This an be resolved by �nitely many blowing-ups at analogous double points.Suppose we are in ase (iii.b) of Proposition 5.23. If E 0 has global normal rossings, thenthe desingularization proess proeeds exatly as before.If E 0 does not have global normal rossings then, either E 0 has a omponent whih is aquadri one or the two omponents of E 0 meet along a singular oni. In the former ase,the new total spae has a double point at the vertex of the one. In the latter ase, the totalspae is either smooth or it has an isolated double point at the singular point of the oni.In either ases, one resolves the singularities by a sequene of blowing-ups as before.Suppose �nally we are in ase (iii.) of Proposition 5.23, i.e. the new entral �bre is aZappati surfae with one point p0 of type Em, with m 6 n. Then we an proeed byindution on n. Note that if an exeptional divisor has an E3-point p00, then p00 is either asmooth, or a double, or a triple point for the total spae. In the latter two ases, we goon by blowing-up p00. After �nitely many blow-ups (by De�nition 4.2, f. Proposition 3.4.13in [26℄), we get a entral �bre whih might be non-redued, but its support has only globalnormal rossings, and the total spae has at most ordinary double points o� the E3-points ofthe redued part of the entral �bre.Now we are in position to apply Corollary 7.17. In order to do this, we have to understandthe relations between the invariants of a double urve of the original Zappati surfae X andthe invariants appearing in formula (7.19) for the double urve of the strit transform of X.Sine all the omputations are of loal nature, we may assume that X has a single Zappatisingularity p, whih is not an E3-point. We will prove the theorem in this ase. The generalformula will follow by iterating these onsiderations for eah Zappati singularity of X.Let X1, X2 be irreduible omponents of X ontaining p and let  be their intersetion.As we saw in the above resolution proess, we blow-up X at p. We obtain a new total spaeX0, with the exeptional divisor E 0 := EX;p = P(TX;p) and the proper transform X 01; X 02 ofX1, X2. Let 0 be the intersetion of X 01; X 02. We remark that 0 �=  (see Figure 19).
E1 � E20

E 0X 01 X 02 Y 0p1 blow-up p�����! � pX1 X2 YFigure 19. Blowing-up X at p



36 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDANotie that X0 might have Zappati singularities o� 0. These will not a�et our onsider-ations. Therefore, we an assume that there are no singularities of X0 of this sort. Thus, theonly point of X0 we have to take are of is p1 := E 0 \ 0.If p1 is smooth for E 0, then it must be smooth also for X0. Moreover, if p1 is singular forE 0, then p1 is a double point of E 0 as it follows from the above resolution proess and fromProposition 5.23. Therefore, p1 is at most double also for X0; sine p1 is a quasi-minimal,Gorenstein singularity of multipliity 4 for the entral �bre of X0, then p1 is a double pointof X0 by Proposition 5.17.Thus there are two ases to be onsidered: either(i) p1 is smooth for both E 0 and X0, or(ii) p1 is a double point for both E 0 and X0.In ase (i), the entral �bre of X0 is X00 = X 01 [X 02 [ Y 0 [ E 0 and we are in position to usethe enumerative information (7.16) from Proposition 7.14 whih reads:deg(N0jX01) + deg(N0jX02) + f3(0) = d0:Observe that f3(0) is the number of E3-points of the entral �bre X00 of X0 along 0, thereforef3(0) = f3() + 1:On the other hand: deg(N0jX0i) = deg(NjXi)� 1; 1 6 i 6 2:Finally, d = d0and therefore we have(7.20) deg(NjX1) + deg(NjX2) + f3()� 1 = dwhih proves the theorem in this ase (i).Consider now ase (ii), i.e. p1 is a double point for both E 0 and X0.If p1 is an ordinary double point for X0, we blow-up X0 at p1 and we get a new total spae X00.Let X 001 , X 002 be the proper transforms of X 01, X 02, respetively, and let 00 be the intersetion ofX 001 and X 002 , whih is isomorphi to . Notie that X00 is smooth and the exeptional divisorE 00 is a smooth quadri (see Figure 20).E 0000X 001 X 002 Y 0�p2Figure 20. Blowing-up X0 at p1 when p1 is ordinary for both X0 and E 0We remark that the entral �bre of X00 is now non-redued, sine it ontains E 00 withmultipliity 2. Thus we apply Corollary 7.17 and we getO00 �= N00jX001 
N00jX002 
 O00(F00):Sine, deg(N00jX001 ) = deg(NjXi)� 2; i = 1; 2; deg F00 = f3() + 2;then,(7.21) deg(NjX1) + deg(NjX2) + f3()� 1 = d + 1 > d:



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 37If the point p1 is not an ordinary double point, we again blow-up p1 as above. Now theexeptional divisor E 00 of X00 is a singular quadri in P3, whih an only be either a quadrione or it has to onsist of two distint planes E 001 , E 002 . Note that if p1 lies on a double lineof E 0 (i.e. p1 is in the intersetion of two irreduible omponents of E 0), then only the latterase ours sine E 00 has to ontain a urve CE4.Let p2 = E 00 \ 00. In the former ase, if p2 is not the vertex of the quadri one, then thetotal spae X00 is smooth at p2 and we an apply Corollary 7.17 and we get (7.21) as before.If p2 is the vertex of the quadri one, then p2 is a double point of X00 and we an go onblowing-up X00 at p2. This blow-up proedure stops after �nitely many, say h, steps and onesees that formula (7.21) has to be replaed by(7.22) deg(NjX1) + deg(NjX2) + f3()� 1 = d + h > d:In the latter ase, i.e. if E 00 onsists of two planes E 001 and E 002 , let � be the intersetion lineof E 001 and E 002 . If p2 does not belong to � (see Figure 21), then p2 is a smooth point of thetotal spae X00, therefore we an apply Corollary 7.17 and we get again formula (7.21).
00X 001 X 002 Y 0�p2E 001E 002�

Figure 21. E 00 splits in two planes E 001 , E 002 and p2 62 E 001 \ E 002If p2 lies on �, then p2 is a double point for the total spae X00 (see Figure 22). We anthus iterate the above proedure until the proess terminates after �nitely many, say h, stepsby getting rid of the singularities whih are in�nitely near to p along . At the end, one getsagain formula (7.22). �
00X 001 X 002 Y 0�p2E 001 E 002�

Figure 22. E 000 splits in two planes E 0001 , E 0002 and p3 2 E 0001 \ E 0002Remark 7.23. We observe that the proof of Theorem 7.2 proves a stronger result than whatwe stated in (7.3). Indeed, the idea of the proof is that we blow-up the total spae X at eahZappati singularity p in a sequene of singular points p, p1, p2, . . . , php, eah in�nitely nearone to the other along . Note that pi, i = 1; : : : ; hp, is a double point for the total spae.The above proof shows that the �rst inequality in (7.3) is an equality if and only if eahZappati singularity of X has no in�nitely near singular point. Moreover (7.22) implies thatdeg(NjX1) + deg(NjX2) + f3()� r3()�Xn>4(�n() + fn()) = d +Xp2 hp:



38 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDAIn other words, as natural, every in�nitely near double point along  ounts as a double pointof the original total spae along .8. On some results of ZappaIn [44, 45, 46, 47, 48, 49, 50℄, Zappa onsidered degenerations of projetive surfaes toa planar Zappati surfae with only R3-, S4- and E3-points. One of the results of Zappa'sanalysis is that the invariants of a surfae admitting a good planar Zappati degenerationwith mild singularities are severely restrited. In fat, translated in modern terms, his mainresult in [49℄ an be read as follows:Theorem 8.1 (Zappa). Let X ! � be a good, planar Zappati degeneration, where theentral �bre X0 = X has at most R3- and E3-points. Then, for t 6= 0, one has(8.2) K2 := K2Xt 6 8�+ 1� g;where � = �(OXt) and g is the setional genus of Xt.Theorem 8.1 has the following interesting onsequene:Corollary 8.3 (Zappa). If X is a good, planar Zappati degeneration of a sroll Xt of setionalgenus g > 2 to X0 = X, then X has worse singularities than R3- and E3-points.Proof. For a sroll of genus g one has 8�+ 1� g �K2 = 1� g. �Atually Zappa onjetured that for most of the surfaes the inequality K2 6 8�+1 shouldhold and even proposed a plausibility argument for this. As well-known, the orret boundfor all the surfaes is K2 6 9�, proved by Miyaoka and Yau (see [31, 43℄) several deadesafter Zappa.We will see in a moment that Theorem 8.1 an be proved as onsequene of the omputationof K2 (see Theorem 6.1) and the Multiple Point Formula (see Theorem 7.2).Atually, Theorems 6.1 and 7.2 an be used to prove a stronger result than Theorem 8.1;indeed:Theorem 8.4. Let X ! � be a good, planar Zappati degeneration, where the entral �breX0 = X has at most R3-, E3-, E4- and E5-points. Then(8.5) K2 6 8�+ 1� g:Moreover, the equality holds in (8.5) if and only if Xt is either the Veronese surfae in P5degenerating to 4 planes with assoiated graph S4 (i.e. with three R3-points, see Figure 23.a),or an ellipti sroll of degree n > 5 in Pn�1 degenerating to n planes with assoiated graph ayle En (see Figure 23.b).Furthermore, if Xt is a surfae of general type, then(8.6) K2 < 8�� g:��� � ������ � � �(a) (b)Figure 23



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 39Proof. Notie that if X has at most R3-, E3-, E4- and E5-points, then formulas (6.3) and(6.5) give K2 = 9v � 10e+ 6f3 + 8f4 + 10f5 + r3. Thus, by (3.13) and (3.15), one gets8�+ 1� g �K2 = 8v � 8e+ 8f3 + 8f4 + 8f5 + 1� (e� v + 1)�K2 = e� r3 + 2f3 � 2f5 == 12 (2e� 2r3 + 3f3 � 4f4 � 5f5) + 12 f3 + 2f4 + 12 f5 (�)> 12 f3 + 2f4 + 12 f5 > 0where the inequality (�) follows from (7.6). This proves formula (8.5) (and Theorem 8.1).If K2 = 8�+ 1� g, then (�) is an equality, hene f3 = f4 = f5 = 0 and e = r3. Therefore,by formula (3.17), we get(8.7) Xi wi(wi � 1) = 2r3 = 2e;where wi denotes the valene of the vertex vi in the graph GX . By de�nition of valene, theright-hand-side of (8.7) equals Piwi. Therefore, we get(8.8) Xi wi(wi � 2) = 0:If wi > 2, for eah 1 6 i 6 v, one easily shows that only the yle as in Figure 23 (b) ispossible. This gives � = 0; K2 = 0; g = 1;whih implies that Xt is an ellipti sroll.Easy ombinatorial omputations show that, if there is a vertex with valene wi 6= 2, thenthere is exatly one vertex with valene 3 and three vertex of valene 1. Suh a graph, withv verties, is assoiated to a planar Zappati surfae of degree v in Pv+1 with� = 0; pg = 0; g = 0:Thus, by hypothesis, K2 = 9 and, by properties of projetive surfaes, the only possibility isthat v = 4, GX is as in Figure 23 (a) and Xt is the Veronese surfae in P5.Suppose now that Xt is of general type. Then � > 1 and v = deg(Xt) < 2g � 2. Formulas(3.13) and (3.15) imply that � = f � g + 1 > 1, thus f > g > v=2 + 1. Clearly v > 4, henef > 3. Proeeding as at the beginning of the proof, we have that:8�� g �K2 > 12 f3 + 2f4 + 12 f5 � 1 > 12 f � 1 > 0;or equivalently K2 < 8�� g. �Remark 8.9. By following the same argument of the proof of Theorem 8.4, one an list allthe graphs and the orresponding smooth projetive surfaes in the degeneration, for whihK2 = 8� � g. For example, one an �nd Xt as a rational normal sroll of degree n in Pn+1degenerating to n planes with assoiated graph a hain Rn. On the other hand, one an alsohave a del Pezzo surfae of degree 7 in P7.Let us state some appliations of Theorem 8.4.Corollary 8.10. If X is a good, planar Zappati degeneration of a sroll Xt of setional genusg > 2 to X0 = X, then X has worse singularities than R3-, E3-, E4- and E5-points.Corollary 8.11. If X is a good, planar Zappati degeneration of a del Pezzo surfae Xt ofdegree 8 in P8 to X0 = X, then X has worse singularities than R3-, E3-, E4- and E5-points.Proof. Just note that K2 = 8 and � = g = 1, thus Xt satis�es the equality in (8.5). �



40 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDACorollary 8.12. If X is a good, planar Zappati degeneration of a minimal surfae of generaltype Xt to X0 = X with at most R3-, E3-, E4- and E5-points, theng 6 6�+ 5:Proof. It diretly follows from (8.6) and Noether's inequality, i.e. K2 > 2�� 6. �Corollary 8.13. If X is a good planar Zappati degeneration of a m-anonial surfae ofgeneral type Xt to X0 = X with at most R3-, E3-, E4- and E5-points, then(i) m 6 6;(ii) if m = 5; 6, then � = 3, K2 = 1;(iii) if m = 4, then � 6 4, 8� > 11K2 + 2;(iv) if m = 3, then � 6 6, 8� > 7K2 + 2;(v) if m = 2, then K2 6 2�� 1;(vi) if m = 1, then K2 6 4�� 1.Proof. Take Xt = S to be m-anonial. First of all, by Corollary 8.12, we immediately get(i). Then, by formula (8.6), we get8�� 2 > (m2 +m+ 2)2 K2:Thus, if m equals either 1 or 2, we �nd statements (v) and (vi).Sine S is of general type, by Noether's inequality we get8�� 2 > (2�� 6)(m2 +m+ 2)2 :This gives, for m > 3, � 6 3 + 22(m2 +m� 6)whih, together with the above inequality, gives the other ases of the statement. �It would be interesting to see whether the numerial ases listed in the above orollary anatually our.We remark that Corollary 8.10 implies in partiular that one annot hope to degenerateall surfaes to unions of planes with only global normal rossings, namely double lines andE3-points; indeed, one needs at least En-points, for n > 6, or Rm-, Sm-points, for m > 4.From this point of view, another important result of Zappa is the following:Theorem 8.14 (Zappa). For every g > 2 there are families of srolls of setional genus g withgeneral moduli having a planar Zappati degeneration with at most R3-, S4- and E3-points.One of the key steps in Zappa's argument for the proof of Theorem 8.14 is the followingnie result:Proposition 8.15 (Zappa). Let C � P2 be a general element of the Severi variety Vd;g ofirreduible urves of degree d and geometri genus g, with d > 2g + 2. Then C is the planesetion of a sroll S � P3 whih is not a one.It is a natural question to ask whih Zappati singularities are needed in order to Zappat-ially degenerate as many smooth, projetive surfaes as possible. Note that there are someexamples (f. [7℄) of smooth projetive surfaes S whih ertainly annot be degenerated toZappati surfaes with En-, Rn-, or Sn-points, unless n is large enough.However, given suh a S, the next result | i.e. Proposition 8.16 | suggests that theremight be a birational model of S whih an be Zappatially degenerated to a surfae withonly R3- and En-points, for n 6 6.



ON THE K2 OF DEGENERATIONS OF SURFACES AND THE MULTIPLE POINT FORMULA 41Proposition 8.16. Let X! � be a good planar Zappati degeneration and assume that theentral �bre X has at most R3- and Em-points, for m 6 6. ThenK2 6 9�:Proof. The bounds forK2 in Theorem 6.1 give 9��K2 = 9v�9e+P6m=3 9fm�K2. Therefore,we get:(8.17) 2(9��K2) > 2e+ 6f3 + 2f4 � 2f5 � 6f6 � 2r3If we plug (7.6) in (8.17), we get2(9��K2) > (2e+ 3f3 � 4f4 � 5f5 � 6f6 � 2r3) + (3f3 + 6f4 + 3f5);where both summands on the right-hand-side are non-negative. �In other words, Proposition 8.16 states that the Miyaoka-Yau inequality holds for a smoothprojetive surfae S whih an degenerate to a good planar Zappati surfae with at mostR3- and En-points, 3 6 n 6 6.Another interesting appliation of the Multiple Point Formula is given by the followingremark.Remark 8.18. Let X! � be a good, planar Zappati degeneration. Denote by Æ the lassof the general �bre Xt of X, t 6= 0. By de�nition, Æ is the degree of the dual variety of Xt,t 6= 0. From Zeuthen-Segre (f. [14℄ and [24℄) and Noether's formula (f. [20℄, page 600), itfollows that:(8.19) Æ = �top + deg(Xt) + 4(g � 1) = (9��K2) + 3f + e:Therefore, (7.6) implies that:Æ > 3f3 + r3 +Xn>4(12� n)fn +Xn>4(n� 1)�n � k:In partiular, if X is assumed to have at most R3- and E3-points, then (8.19) beomesÆ = (2e + 3f3 � 2r3) + (3f3 + r3);where the �rst summand in the right-hand side is non-negative by the Multiple Point Formula;therefore, one gets Æ > 3f3 + r3:Zappa's original approah, indeed, was to ompute Æ and then to dedue formula (8.2) andTheorem 8.1 from this (f. [44℄).In [7℄, we ollet several examples of degenerations of smooth surfaes to planar Zappatisurfaes, namely:(i) rational and ruled surfaes as well as abelian surfaes given by produt of urves;(ii) del Pezzo surfaes, rational normal srolls and Veronese surfae, by using some resultsfrom [33℄, [37℄, [38℄;(iii) K3 surfaes, as in [9℄ and in [10℄;(iv) omplete intersetions, giving a generalization of the approah of CM surfaes in P4as in [17℄.We also disuss some examples of non-smoothable Zappati surfaes and we pose openquestions on the existene of degenerations to planar Zappati surfaes for other lasses ofsurfaes like, e.g., Enriques' surfaes. For more details, the reader is referred to [7℄.
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