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2 CIRO CILIBERTO AND RICK MIRANDA

INTRODUCTION

Triple coverings of the plane (usually called triple planes) are a classical object of study
in algebraic geometry, which began to be exposed in earnest in the first half of the 20-th
century; we refer the reader to the papers by Bronowski [1, 2, 3], Du Val [12, 13], and
Pompilj [22, 23, 24, 25, 26]. In 1985, the foundation of a general theory of triple covers in
algebraic geometry was set up by the second author of the present paper [21], followed by
S.-L. Tan in and Casnati and Ekedahl in [10]. Since then multiple authors have written on
both theory and examples of triple covers, and in particular triple planes; see for example
[14, 18].

Cyclic triple covers are straightforward to analyse, and we do not treat them in this
paper.

In the present paper we deal with the classification of the non—cyclic triple covers of the
plane whose branch curve has degree at most 10. This topic has been considered already
by P. du Val in [12, 13]; he proposes in the two cited papers to classify all triple planes
with branch curve of degree at most 14. However Du Val implicitly makes some generality
assumptions that we want to overcome; for instance he assumes that the branch curve has
only cusps as singularities. Moreover in his classification there are some missing cases
(such as, for example, the triple plane with branch curve of degree 12 briefly presented in
our Example 44) and his discussion of some cases is a bit too informal to be acceptable
for modern standards of rigor. However Du Val’s papers contain beautiful ideas and we
hope to return to them to give a detailed classification of triple planes with branch curve of
degree 12 and 14.

We should remark that the triple planes that appear in our classification also appear
in Du Val’s papers [12, 13] and some of them also appear in the cited papers [14, 18],
although in these two papers the authors make the standard hypothesis that the triple plane
is smooth, whereas we only assume it is normal.

Our classification of triple planes with branch curve degree at most 10 is complete
except for one case (see Section 7.3), concerning the branch curve of degree 10, in which
there is a possibility that the triple cover X of the plane has p, = 0, ¢ = 1 and either X is
properly elliptic or X has Kodaira dimension —oo. Unfortunately we do not know if these
cases can really happen or not. It should be mentioned that Du Val asserts in [12] that these
cases do not occur, but we cannot completely follow his arguments there.

We now explain in some detail the contents of the paper. In Section 1, we give the basic
definitions and fix notation. In Section 2 we consider triple planes that possess an irrational
pencil of curves. Here we give, for the reader’s convenience, the proof of a beautiful
theorem of Pompilj (see Theorem 1) that asserts that the irrational pencil is composed with
the triple plane map (see the definition in Section 2.2) with some exceptions that are fully
described. This result turns out to be useful in the rest of the paper.

In Section 3 we make some remarks on the branch curve of a triple plane. In particular
we deal with some cases in which there are double components of the branch curve and we
characterize the case in which the whole branch curve is double and the triple plane is not
cyclic (see Proposition 10). It turns out however that if the triple plane is smooth and the
branch curve is double, then the triple plane is cyclic (see Remark 11).

In Section 4 we consider the case in which the branch curve has degree 4. This is a
well known case, treated also in [24]. It turns out that the triple plane is essentially the
projection of a rational normal scroll of degree 3 in P* from a line not intersecting it. In
general the branch curve is a quartic with three cusps. However following Pompilj, we also
examine the special case in which the branch curve is the union of a cuspidal cubic plus
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its unique flex tangent line. In Section 4.3 we examine this example from the viewpoint of
the structure constants of the algebra, in the spirit of [21].

Section 5 is devoted to the study of the case in which the branch curve has degree 6. In
this case the triple plane is essentially the projection of a normal cubic surface X in P? to a
plane from a point not on it. If X is smooth and the projection is general, the branch curve
is an irreducible sextic that has in general six ordinary cusps. However we also examine
the special case in which the branch curve is reducible, consisting of two smooth cubics
that intersect in three collinear points with intersection multiplicity 3 at each of them. In
Section 5.2 we examine this example from the viewpoint of the structure constants of the
algebra.

In Section 6 we deal with the branch curve of degree 8. Here the irregularity of the triple
cover is a priori ¢ < 2. However we prove in Proposition 24 that the case ¢ = 1 does not
occur. The proof of this fact is rather delicate and takes several pages. In the case ¢ = 0
the triple plane is rational and is fully described in Proposition 31.

Finally in Section 7 we consider the case of the branch curve of degree 10. The cases
that occur are essentially the following: the projection to a plane of a quartic K3 surface in
IP3 from a smooth point on it, and four rational cases that are fully described in Proposition
39 (see also Remark 40 and Example 41). As we said, there is the possibility that in this
case the triple plane has p, = 0, ¢ = 1 and either X is properly elliptic or X has Kodaira
dimension —oo, but we do not know if these cases really occur or not.

In the brief Section 8 we give some examples of non—cyclic triple planes with branch
curve of degree d > 10. In the Appendix 9 we review how to compute the structure
constants of the algebra (in the spirit of [21]) when the triple plane is defined by a monic
cubic polynomial.

Aknowledgements: The first author is a member of GNSAGA of the Istituto Nazionale
di Alta Matematica “F. Severi”.

1. PRELIMINARIES AND NOTATION

1.1. General facts. For us a triple plane will be the datum of an irreducible, normal,
projective complex surface X and a finite, degree 3, morphism 7 : X — P2, We will say
that the triple plane is ordinary if it is not cyclic. Often we will abbreviate this and say that
X is an ordinary triple plane (otp).

Given a m : X — P2, we consider the 2—dimensional linear system L of Cartier
divisors that is the pull-back via 7 of the linear system of the lines of P2. The linear
system L is base point free, the general curve C' € £ is smooth and irreducible, C? = 3
and for any curve D on X one has C'- D > 0; hence C is ample. The linear series cut out
by £ on the general curve C' € L is a base point free g3.

Let ¢ : X — X be the minimal desingularization of X and let £ be the pull back via
¢ of £. We will abuse notation and denote by C' also the general curve in £. The curve C
is big and nef on X. By the minimality assumption on ¢, for any (—1)—curve 6 on X, one
has C'- 6 > 0.

Given a triple plane 7 : X — P2, one has 7(Ox) = Opz @ E with E a rank 2 vector
bundle, called the Tschirnhausen vector bundle of the triple plane (see [21]).

We will denote by B C P? the branch curve of the otp and by R C X the ramification
curve. The branch curve B can be non-reduced, but, under our assumption that X is
normal, B can have at most double components (over which there is total ramification); it
can even happen that all components of B appear with multiplicity 2 and the triple plane
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is not cyclic (see Section 3). The degree d = 2h of B is even, and the (arithmetic) genus
of the curves in £ is ¢ = h — 2. Hence h > 2 and therefore d > 4.

Given two triple planes 7 : X — P? and 7’ : X’ — P? we will say that they are
birationally equivalent or Cremona equivalent if there is a commutative diagram of the
form

(1) X -->X
P2 — — >~ P2

such that X’ --» X and P? --» P2 are birational maps.

Let X be the plane blown up at n proper or infinitely near points. We let £y, ..., E,, be
the (—1)—cycles corresponding to the blown—up points and H the pull back on X of a gen-
eral line in the plane. Any complete linear system on X is of the form |dH — """, m; E;|,
where d is called the degre of the linear system and mg,...,m, are called the multi-
plicities. We will often denote such a linear system with the notation |d; my, ..., my)|
(exponential notation being used for repeated multiplicities).

1.2. Triple cover data. Let Z be a smooth projective irreducible complex variety, and let
m: X — Z with X normal, and 7 a flat finite, degree 3 morphism.

We recall from [27, Sect. 1] that a triple (N, s,t) is called a triple cover datum on the
variety Z if N is an invertible sheaf on Z and s and ¢ are global sections of N2 and of
N©3 respectively, with ¢ # 0.

A triple cover datum (N, s,t) on Z determines a triple cover 7 : X — Z, with X
normal, in the following way (see [27, Sect. 1.1]). Let V() be the associated line bundle
of N with the vector bundle map p : V(N) — Z. Let z be the global coordinate in
the fibers of V' (N). Then z is a global section of p*(N'). Thus we obtain the polynomial
section of p*(N'®?) given by

f(2) =2+ 52 +1t,

where s and ¢ are viewed as sections of p*(N®?) and of p*(N®3). Then f(z) = 0
defines a codimension 1 subscheme S of V(N'). Let X be the normalization of S. Then
the composition of the normalization map with the bundle projection p defines a map 7 :
X — Z with X normal, and 7 a flat finite, degree 3 morphism.

Conversely, every triple cover 7 : X — Z can be constructed by this method (see [27,
Sect. 7]), although the triple (A, s, ) is not uniquely determined by 7.

2. TRIPLE PLANES WITH AN IRRATIONAL PENCIL

In this section we will recall an interesting theorem due to G. Pompilj (see [25]); for
the reader’s convenience, we will give a proof that follows quite closely Pompilj’s original
proof.

An irreducible, normal, projective surface X is said to have an irrational pencil of genus
~ > 0 if there is a dominant rational map f : X --» I, where I" is a smooth curve of genus
~ and the general fibre I’ of f is irreducible. We will denote by p the geometric genus of
the general fibre I of f. Notice that f : X --» I is a morphism if X is smooth or it has
only rational singularities.

Pompilj’s theorem (see Theorem 1 below) is a characterization of triple planes possess-
ing an irrational pencil.
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2.1. The exceptional examples. Let I" be an irreducible, smooth, projective curve of
genus 1, that we can realize as a smooth cubic curve in P2. Consider I'[2] the 2—fold
symmetric product of I'. The points of I'[2] are effective divisors x + y of degree 2 on I

There is an obvious surjective morphism f : I'[2] — T such that f(z + y) =z Dy,
where & is the addition on I" (which is a 1-dimensional torus). The fibres of f are smooth
and rational, and so I'[2] has an irrational pencil; it is a minimal elliptic ruled surface.

There is a finite, degree 3 morphism 7 : T'[2] — P?(= P?) , which realizes I'[2] as a
triple plane, defined as follows. Consider I as a smooth cubic in P2. Let z+y € I'[2]. Then
there is a unique line 7, that cuts out on I' a divisor containing x + y. The map 7 sends
THYtor,y € P2, It is clear that 7 has degree 3 and the branch curve of 7 : '[2] — P?
is the dual of I which is a sextic curve with 9 cusps as singularities. (These 9 cusps
correspond to the flex tangents of I'.) It turns out that the Tschirnhausen vector bundle of
7 : 2] — P%is O, (see [21, p. 1158]). The triple plane 7 : I'[2] — P? is ordinary
and will be called the basic exceptional example.

Now consider a dominant rational map ¢ : P2 --» P2, Let 7’ : X — P? be such that
the following diagram is cartesian:

X77>F[2}
P2 — ¢ > P?

Then, by substituting X with its normalization if necessary, 7’ : X — P? is also an otp
and X has an irrational pencil of genus 1.
We will call any otp of the type 7’ : X — P? as above an exceptional example.

2.2. Pencil composed with a triple plane map. Let 7 : X — P2 be a triple plane with
apencil f: X --» I" of genus v > 0 of curves of genus p. We will say that the pencil is
composed with the triple plane map if there is a commutative diagram

) x-L.r
S
P27E>P1

where ¢ : ' — P! is a degree 3 morphism, and h : P? --» P! is a rational map
determined by a fixed part free pencil P of curves of degree d and genus p. In this case
the pull-back via 7 of a general curve D € P consists of the union of three curves of the
pencil f : X --» I". Moreover the branch curve B of 7 : X — P2 is contained in the
pull-back via h of the branch divisor of ¢ : I' — P!; hence it consists of a union of
irreducible components contained in 2 + 4 curves of P and therefore it has degree at most
(2v + 4)d. If P is a pencil of rational curves, there are no multiple curves in P, so every
fibre of h over a branch point of ¢ : I' — P! contributes some component to the branch
curve; hence in this case the degree of the branch curve is at least 2y + 4.

2.3. Pompilj’s theorem. Pompilj’s theorem mentioned above is the following:

Theorem 1. Let 7 : X — P2 be a triple plane with an irrational pencil f : X --» T
of genus ~y of curves of genus p. Then either m : X — P? is Cremona equivalent to an
exceptional example or the irrational pencil f : X --» I is composed with the triple plane
map, hence the branch curve B is contained in 2y + 4 curves of a pencil.
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Proof. Let F' be a general curve of the irrational pencil f : X --» I"and let z € F be
a general point of . Hence x is a general point of X. Set 7~ (7 (z)) = {x,y, 2}, with
x # y # z # x. A priori we have three possibilities:

(a) y and z do not belong to F';

(b) only one among y and z belongs to F;

(c) y and z both belong to F'.

Claim 2. Cases (b) and (c) cannot happen.

Proof of Claim 2. Suppose case (b) happens and suppose that y € F. Then, since z is a
general point of X, we would have an involution ¢ : F' --» F that maps the general point
x € Ftoy e F. Letg : X --» Y be the quotient of X by the involution ¢. Then we
would have a commutative diagram of the form

xX-Zsvy

\
rri o
\
]P>2 ;d> P2
where ¢ is the map that sends the pair [z, y] to 7(z) = 7(y). Since 7 has degree 3 and g
has degree 2, this is not possible.
Suppose that case (c) occurs. Then 7 maps the general curve F' of the pencil 3:1 to
a curve I of P2, and the curve I’ would move in a pencil in the plane parametrized by

the curve T'. Since P2 has no irrational pencils, I' would be rational, hence v = 0, a
contradiction. O

So only case (a) can occur. There are still three cases to be considered:
(al) when = moves on F', neither y nor z move on a curve of the pencil f : X --» T’
different from F’;
(a2) when x moves on F', only one among y and z moves on a curve of the pencil different
from F;
(a3) when  moves on F', both y and z move on two distinct curves of the pencil different
from F'.

Claim 3. Case (a2) cannot happen.

Proof of Claim 3. The proof is similar to the proof in Claim 2 that case (b) does not occur,
and can be left to the reader. O

In case (a3) the irrational pencil f : X --» I" is composed with the triple plane map, so
we are done in this case. It remains to discuss case (al).

Claim 4. In case (al) one has v = 1.

Proof of Claim 4. Consider the map ¢ : P2 --» I'[3] that is defined in the following way.
Let 2 € P2 be a general point. Set 7~ '(z) = {1,292, 73}, with 21,19, 23 pairwise
distinct. Then define ¢(x) := f(x1) + f(z2) + f(x3) € T'[3]. Because of the assumption
(al), the map ¢ is generically finite, hence its image G has dimension 2, and it is rational,
being unirational. But then G is contained in a complete g5, with 3 > r > 2. However,
r = 3 is not possible, because then I' would be rational. So the only possibility is r = 2
and this yields that I" has genus v = 1, as claimed. (]

Next we consider the 1-dimensional family F of the images on P? of the curves F of
the pencil f : X --» I'. We denote by d the degree of these curves so that 7 C |Op2(d)|
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and note that the curves in F have geometric genus p. Note that F is a curve of geometric
genus v = 1 in |Opz2(d)|. Moreover we notice that given a general point = € P2, there are
exactly three curves of the family F passing through x. This implies that F has degree 3
in |Op2(d)|, so it is a smooth plane cubic. Let P be the plane spanned by F in |Opz2(d)]|.
So P is a net of degree d curves, that has no fixed components, because F has no fixed
components. Hence P has finitely many base points (if any) and we can denote by m the
number of intersection points of two general curves in P off the base points (counted with
multiplicities).

Claim 5. If m = 1 then 7 : X — P? is Cremona equivalent to a basic exceptional
example.

Proof of Claim 5. If m = 1, then P is a homaloidal net of curves of genus 0, so that p = 0
and X is an elliptic ruled surface. Up to a Cremona transformation, P can be transformed
to the net of lines |Op2(1)| = P? of P? and F is transformed to a smooth cubic in P2,
Then the branch curve B of the triple plane is the dual of this smooth cubic curve, i.e.,
it is a sextic curve with 9 cusps as singularities. The tangent lines to B are the images
of the fibres of the irrational pencil of X. Let ¢ : X — X be as usual the minimal
desingularization of X. If r is a general tangent line to B, the pull-back of r to X is of the
form F' + T', where F' is the general fibre of the irrational pencil of X ,and I' is a smooth
elliptic curve. We have 3 = (I' + F')2 = I'2 + 2, so I'> = 1. Then by applying [7, Prop.
(0.18)] we see that X is birational to I'[2], and this proves the assertion. ]

The following claim finishes the proof of Pompilj’s theorem:
Claim 6. If m > 1 then 7 : X — P2 is Cremona equivalent to an exceptional example.

Proof of Claim 6. Suppose m > 1. Consider the degree m rational map ¢p : P2 --» P2
defined by the net P. Then ¢p maps the curves in P to |Opz(1)| and the family F is
mapped to a family 7’ of lines of P2, such that, given a general point = of P2, there are
exactly three curves in F’ containing z. Consider the universal family X’ — F’. Tt
has an obvious map 7’ : X’ — P? which is clearly Cremona equivalent to the basic
exceptional example. Moreover we have a commutative diagram

X —X'

P2 — ¢f > P2
and this implies the assertion. (I
As mentioned above, this claim finishes the proof of Pompilj’s theorem. (|

Corollary 7. Let 7w : X — P? be a triple plane such that X has Kodaira dimension —oo
and X is of irregularity ¢ > 0. Then either the triple plane is Cremona equivalent to an
exceptional example, or m : X — P? is Cremona equivalent (as in diagram (1)) to a
triple plane 7' : X' — P? such that the branch curve consists of the union of 2q + 4 lines
in a pencil. In this case the degree of the branch curve of ™ : X — P2 is at least 2q + 4
and the equality occurs if and only if the branch curve of ™ : X — P2 consists of 2q + 4
lines in a pencil.

Proof. Since X has Kodaira dimension —oo and has irregularity ¢ > 1, then X has an
irrational pencil f : X --» I" of genus q of curves of genus 0.
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If the given triple plane is not an exceptional example, then, by Pompilj’s Theorem 1,
the irrational pencil f : X --+ I' is composed with the triple plane map. This implies that
there is a diagram as (2) where h is determined by a pencil of rational curves. On the other
hand any pencil of rational curves on P? is Cremona equivalent to a pencil of lines (see
[8, Prop. 5.3.5]). So we have a diagram (1) such that the branch curve of 7/ : X' — P?
consists of the union of 2¢+-4 lines in a pencil. The final assertion follows from the content
of Section 2.2. O

3. REMARKS ON THE BRANCH CURVE OF A TRIPLE PLANE

By the considerations of Section 1.2, we can think of a triple plane 7 : X — P2 as
being given by an equation of the type
3) flz,y,t,2) == 2> +3az +b =0,

where @ = a(x,y,t) and b = b(x,y,t) are homogenous polynomials of degrees 2d and
3d respectively and [z, y, t] are the homogenous coordinates in the plane. In this case the
branch curve B has equation

40> +* =0
and has degree 6d. We may and will assume that B has no triple component. The triple
plane is cyclic if and only if a = 0.

Lemma 8. In the above set—up, if a and b have a common factor c of positive degree then
the non—reduced curve with equation ¢> = 0 appears as a part of the branch curve of the
triple plane 7w : X — P2, In this case X is singular.

Proof. The first assertion is trivial. As for the second assertion, set

a=ca, b=cpS.

We have
g =322 + 3ca
0z
g da Oc ap

oz oz " oz ‘oz
af da  Oc op
ay ~ oy oy
af da  Oc ap
ot~ ot "o’ o
and we see that all derivatives vanish for 2 = ¢ = 8 = 0, and also for all points (if any) of
z = ¢ = 0 that are singular for ¢ = 0. (]

Next we consider the case in which a and b have no non—trivial common factor, and ask
when does it occur that all components of the branch curve B appear in B with multiplicity
2. This is certainly the case if the triple cover is cyclic, because in this case a = 0 and the
branch curve is b?> = 0. There are however other cases in which this can happen. First we
make an example.

Example 9. Let us refer back to Section 2.2 and let 7 : X — P2 be a triple plane with a
pencil f : X --» I of genus v > 0 of curves of genus p that is composed with the triple
plane map. Looking at (2), suppose that the branch divisor of ¢ : I' — P! consists of
~ + 2 distinct points each counted with multiplicity 2. Then the branch curve of the triple
plane consists of v 4 2 curves of a pencil each counted with multiplicity 2.
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In general such a triple plane is not cyclic. Indeed, consider two non—zero homogenous
polynomials h, k of degree d, with no non—trivial common factor. Consider the pencil P
with equation A\h3 + k3 = 0, that consists of (some) triples of curves of the pencil with
equation Ah + pk = 0. Set b := 2(h3 — k3) = 0 and g := 2(h3 + k3) = 0. It is readily
seen that in the pencil generated by b2 = 0 and g2 = 0 there is also the curve with equation
(hk)® = 0. Now set a := 4hk. Then we have 4a3 + b> = g2. So the triple plane with
equation (3) has the branch curve with equation g2 = 0 but is not cyclic, because a # 0.

An explicit example of this type is the following. Consider the cubic surface defined by
the equation

23— (L*+ M*+ LM)z — LM(L+ M) =0

where L and M are homogeneous linear polynomials in x,y,t. The projection to the
[ : y : t] plane exhibits this cubic as a non-cyclic triple plane. The branch curve is
calculated to be

(L — M)*(L+2M)*(2L + M)* =0
which consists of three double lines in a pencil.

Proposition 10. Consider a triple plane © : X — P? given by an equation as (3),
such that the homogeneous polynomials a and b are both non—zero (of degrees 2d and
3d respectively) have no non—trivial common factor and such that all components of the
branch curve B appear in B with multiplicity 2, so that one has

4a® +b% = g2.

Then a, b, g are as in Example 9, namely there are two non—zero homogenous polynomials
h, k of degree d, with no non—trivial common factor, such that b = 2(h3 + k3) and g =
2(h® — k?) and a = 4hk.

Proof. Note that b and ¢g have no non—trivial common factor, otherwise a and b would have
a non-trivial common factor, contrary to the hypotheses. Moreover we have 4a3 = g2 —b?,
which means that the curve a® = 0 belongs to the fixed component free pencil P generated
by the curves b2 = 0 and ¢g? = 0. Consider the fixed component free pencil P’ generated
by the curves b = 0 and g = 0. Then the curves in P consist of pairs of curves of P’, and
precisely P is the g3 on P’ whose branch points are the curves b = 0 and g = 0. Since
the curve a® = 0 belongs to P, we can write a® = 4uv, where u = 0, v = 0 are curves of
P’ and u, v have no non—trivial common factor. This implies that there are two non—zero
homogenous polynomials h, k of degree d, with no non—trivial common factor, such that
u = h3,v = k3, sothat a = 4hk. Now we have 4uv = 4(hk)? = g> —b? = (g+b)(g—0b),
with g + b, g — b having no non—trivial common factor. Since v = 0,v =0, g+ b = 0 and
g—0b = 0 are curves of P’, we may assume that g+b = u = h? and g—b = v = k3, hence
g=2(h*+k3),b=2(h® — k3); this is then in the form of Example 9 as desired. O

Remark 11. Consider a triple plane 7 : X — P2 as in Proposition 10. Then X is
singular. Indeed we have b = 2(h® + k®) and a = 4hk, with h, k with no non-trivial
common factor, and over the points defined by h = k = 0 the surface X is singular by [21,
Lemma 5.1, (a)].

Therefore a triple plane 7 : X — P? with X smooth and such that each component of
the branch curve B appears in B with multiplicity 2, is necessarily cyclic.
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4. BRANCH CURVE OF DEGREE 4

4.1. The general discussion. Consider an otp 7 : X — P? such that its branch curve
has degree 4. Then the general curve C' € £ is smooth and rational with C? = 3. This
implies that dim(|C|) = 4 and ¢j¢| : X — ¥ C P* embeds X as a rational normal
scroll ¥ 22 X of degree 3 in P%. Moreover £ C |C| and therefore 7 : X — P2 can be
identified with a projection of ¥ to P? from a line ¢/ C P* such that £ N'Y = (). We have
two possibilities: (a) X is a cone; (b) X is smooth.

In the former case the branch curve B of the triple plane consists of four lines belonging
to a pencil (and some lines can occur with multiplicity 2, see Example 9). In the latter case
we have the following result, already due to Pompilj in [24]:

Proposition 12. If X = X is smooth, then the quartic branch curve can either be irre-
ducible, with three distinct cusps as singularities, or reducible in a cuspidal cubic curve
plus its unique flex tangent line.

Proof. First of all recall that > = Fy; its Picard group is generated by a fibre F' of the
structure map F; — P! and by the section E such that £E2 = —1. The only lines on X
are the curves in the pencil |F'| and E. Moreover the hyperplane bundle H on X is such
that H ~ E 4 2F.

As we know, the triple plane map 7 : X — P2 can be identified with a projection of
¥ to P2 from a line £ C P4 such that /N = (). Let x € ¢ be a point and first project ¥
down to P? from . The image of X is a degree 3 surface ¥’ that has a line r of double
points. The image of £ via the projection is a point y € P3 not lying on ¥/, and we have to
project X/ down to P2 from y. Let Q be the polar quadric of ¥’ with respect to 3. Then Q
contains the line r and further intersects ¥’ in a quartic curve D whose projection from y
is the branch curve B of the triple plane.

Suppose first that the branch curve B is irreducible. Then the curve D is also irreducible
and it is rational because it intersects the general line of the ruling of ¥’ in one point. If
p € D is any point, then the line (y, p) has intersection multiplicity at least 2 with ¥ at
p. This proves that there are no proper secant lines to D passing through y. Hence the
projection of D from y is a rational quartic curve with only cuspidal singularitities. On the
other hand an irreducible quartic curve can have only simple cusps. This proves that B has
exactly three cusps.

Suppose next that the branch curve B is reducible. First we claim that B cannot contain
an irreducible conic. Suppose by contradiction that B contains an irreducible conic A.
Then the pull-back of A on 3 would belong to |Ox(2)|. On the other hand this pull-back
would consist of an irreducible conic Ay counted twice plus another irreducible conic A;.
But the irreducible conics on ¥ are all linearly equivalent and therefore we would find that
240 + A1 ~ 3Ap € |Ox(2)|, which is not possible.

So, if B is reducible, then B contains a line a. We claim that 7*(a) = E + 2Fp, with
Fy € |F|. In fact since 7 is branched over a, 7*(a) € |E + 2F| must be of the form
7*(a) = 2A¢ + Ay, where Ag, A; are lines on X. It is clear that Ay # E because 2F + F
only moves in a pencil on ¥, while 77* (a) moves in a net at least. So Ay is a curve Fy € |F|
and therefore A1 = E since the self-intersection must be 3.

This implies that a is the unique line in B. Indeed a is uniquely determined by being the
image of E under the projection 7 : ¥ — P2, Thus B is reducible in a plus an irreducible
cubic Z.

Accordingly, D is reducible in Fj, the image of F; on ¥/, plus an irreducible cubic
curve Z' (that projects to Z). Let E’ be the image of E on ¥’. Then the plane joining y
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with E’ is tangent to ¥ all along Fj}. Moreover Z' intersects the lines of the ruling of ¥’
in one point, and is therefore rational and intersects the line F{) transversally at one point
z. Notice that Z’ cannot be a plane section of /. In fact, if this would be the case, then
@ would be reducible in two planes: the plane containing Z’ plus the plane joining y with
E’ (because this is tangent to ¥ all along F{). But then () would contain y and therefore y
would be on ¥, which is impossible. So Z’ is a rational normal cubic.

As in the case in which D is irreducible, there are no proper secant lines to D passing
through the centre of projection y. This implies that the projection Z of Z’ is cuspidal.
Moreover a and Z must intersect in only one point (, i.e., the projection of the point z. To
finish the proof we have to show that it cannot be the case that ( is the cusp for Z and that
a is the cuspidal tangent. Indeed, if this is the case, then in a chart centered at {, B would
have equation of the form y3 = yx3. On the other hand, it is well known that D has an
equation of the form B? = AC where A, B, C are suitable functions (see [21, p. 1136])
and > = ya? is not of this type.

We conclude that ¢ is a smooth point for Z and a meets Z only there, and hence it is
the flex tangent to Z at . O

When the scroll X is smooth, the general projection to a plane has an irreducible quartic
(with three cusps) as its branch curve. To finish this subsection, we prove that the other
case (of a reducible branch curve) can in fact occur:

Proposition 13. If X = ¥ C P* is smooth, there are suitable triple plane projections
7+ X — P2 such that the branch curve consists of a cuspidal cubic curve plus the
tangent to its only flex.

Proof. Taking into account Proposition 12, it suffices to prove that there are triple plane
projections such that the branch curve contains a line. To see this, we argue as follows.
The surface X is a scroll, that has the line directrix E. Let Fy be a line of the ruling and
consider the plane (E, F). Let = be a general point of this plane and project ¥ down to
IP? from 2. The image of the projection is a cubic surface X2’ with a line 7 of double points
whose pre-image on X is the union of E and Fy. This surface X' is a so—called Cayley
cubic scroll. Notice that there is a 3—dimensional linear space II which is tangent to X
along Fj and contains the plane (F, Fp), so it contains x. The projection of II from x is
a plane «, whose intersection with 3’ is the line r counted with multiplicity 3, i.e., a is
tangent, along r, to one of the two branches of ¥’ intersecting along 7. Let us take ¢ a
general point of a. It turns out that the projection from ¢ determines a triple plane map
7 : X =3 — P? whose branch curve consists of a cuspidal cubic curve plus its unique
flexed tangent. This is clear from the proof of Proposition 12 (because the branch curve
contains the line a, the projection of ) and it has been proved in all details in [24, §36].
We will sketch the proof here for the reader’s convenience.

We can choose homogeneous coordinates [z, ¥, z, t] in P? so that ¢ is the point [0, 0, 1, 0].
Then X/ has equation of the form

(4) 24 a1z’ +azz+ag =0

where a; is a homogeneous polynomial of degree 7 in z,y,t, for 1 < ¢ < 3. By making
the projective Tschirnhausen transformation sending (z,y, z,t) to (z,y, 2 — a1/3,t), we
transform the equation (4) into an equation of the form

(5) 2% +3baz+bg =0

where b; is a homogeneous polynomial of degree ¢ in z,y,t, for 2 < ¢ < 3. To obtain
the branch curve of the triple plane, we consider the discriminant of this equation, i.e.,
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4b23 + b32. One has 4b23 + b32 = r?D, where r is a linear factor, whose zero set is
the projection on the plane z = 0 of the double line r of ¥, and D = 0 is the equation
of the branch curve, that is in fact a quartic. We can actually suppose, up to a change of
coordinates, that 7 is the line x = z = 0. Then setting x = 0 into (5), we must have
23 = 0, which means that z has to divide both by and bs. Moreover if we put z = 0 into
(5) we have that the resulting polynomial, namely bg, has to be divisible by 2. So we
have by = xcy and by = z2d4, with c1, d; suitable linear forms. Hence

4b23 + b32 = 4373013 + Z‘4d12 = $3(4C13 + $d12)
from which we see that D = m(4c13 + mdlz) is divisible by x = 0; hence the branch

curve consists of the line r and of the cuspidal cubic with equation 4¢,3 + zd1? = 0, such
that = 0 intersects it with multiplicity 3 in the flex defined by x = ¢; = 0. O

Remark 14. We notice that all plane cuspidal cubics are projective equivalent and there-
fore also the unions of such a cubic with the tangent line in its only flex are projectively
equivalent. Therefore any union of a cuspidal cubic curve plus its flex tangent line is the
branch curve of an otp that arises from a special projection of a smooth rational normal
scroll ¥ C P4,

In either case, the Tschirnhausen vector bundle of 7 : X — P2 is Opz (—1)®Op2(—1)
(see [21, Table 10.5]).

4.2. An alternate viewpoint. Let IF; be the abstract relatively minimal rational ruled sur-
face with a negative section E, with E? = —1, and fiber class F. It is the blowup of P2 at
one point 0 (the exceptional divisor is F), and the class of a general line in the plane lifts
to a section S of the ruling, with S = 1; we note that S ~ E + F.

The embedding of FF; into P* as the surface X is given by the complete linear system
|E + 2F| = |25 — E|, which corresponds to the linear system of conics through the point
0. This system has dimension 4 and self-intersection 3.

The map 7 : F; — P? is then given by a base point free linear system £ C |E + 2F|
of dimension two, and corresponds to a net of conics in IP? all passing through the point 0.
Formally, the map 7 associates to any point x € [F; the pencil of conics in £ that contain
z, and therefore maps [ to L:

r(x)={CecL|zecC}ecL.
IfPeLlisa pencil of conics, then
7' (P)={zx €T, |x€C, VC € P} = Base(P)

namely the set of base points of P (off 0), which is the intersection of any two members
of P (off 0), and therefore has length 3: this is the triple cover of course. (This set of base
points is finite for every P, since otherwise the set of base points would be a curve for this
pencil, and hence there would be base points for the overall system L.)
The elements of the complete linear system | E + 2F| break into four types:
(a) Smooth members, corresponding to a smooth conic in P? through 0.
(b) A reducible curve of the form S + F, where S is a smooth section with S? = 1
and F is a fiber. This corresponds to a pair of distinct lines in P2, one of which
passes through 0.
(c) A reducible curve of the form E + F} + F5, consisting of the negative section F
plus two distinct fibers. This corresponds to a pair of distinct lines through 0.
(d) A reducible curve of the form E + 2F', consisting of the negative section E plus
the double of a fiber F'. This corresponds to a double line through 0.
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Lemma 15. These four types are represented by four loci in the complete linear system.
These have the following dimensions and degrees.

(a) This is the general member of |E + 2F)|, and these members form an open set in
|E +2F|.

(b) The closure of the set of these members has dimension 3; it is a hypersurface in
|E + 2F| of degree 3. Its closure is the complement of the locus of members of
type (a). (This is the dual to the embedded surface 3.)

(c) The closure of the set of these members has dimension 2; it is a linear subspace of
|E + 2F)|; it has degree 1.

(d) The set of these members is a smooth conic in the plane of the (c) members. It has
dimension 1 and degree 2.

Proof. For (b), since the linear system |S| has dimension two, the members of the form
S+ F will have dimension three as claimed. The degree of this locus is the number of such
members in a general pencil of conics, and that is three also: a pencil of conics through
0 will have four base points 0, p, g, 7, and the members (0,p) + {(q,r), (0,q) + (p,r),
(0,7) + (p, q) are the three singular members giving rise to elements of type (b).

For (c), the members are just the singular members of the system of conics through 0,
and this is a sub-linear system (of dimension two) and therefore has degree one. For (d),
the double lines are a conic in that system. O

Of course we have

(d) C (c) C (b) C(a)=|E+2F|.

Let us reconfirm that the branch curve for the triple cover m has degree 4. Since
7~1(P) = Base(P) for a pencil P on [y, we see that P is part of the branch curve if
and only if there is an infinitely near base point for the pencil P at some point z € F;.
Suppose now that L is a line in £; then the number of pencils in L with an infinitely near
base point measures the degree of the branch curve. The line L is determined by a given
member (corresponding to a conic) C' € L: if we let Lo be the set of pencils inside £
containing C, then that line L is equal to L for some conic C' € L.

Now inside the complete linear system |E + 2F'| of conics through 0, the general pencil
containing a smooth conic C' and having an infinitely near base point can be uniquely
generated by C' and a pair of lines, one of which passes through 0 and another point of
C, and the other of which is tangent to C' at some point of C. So this set of pencils
is determined by these two points of C, and therefore corresponds to a surface inside
|E + 2F|, parametrized by these two points of C. This surface has degree four: if we
parametrize the points of the conic by quadratics, the tangent line and the other line are
both quadratic expressions, and their product is a quartic in the parameter.

Finally the number of elements of Lo C L is just the number of intersection of the
dimension two subspace £ with this degree 4 surface in |E + 2F|, which is then four.

We note next that the base-point-free net £ C |E + 2F| cannot lie inside the cubic
hypersurface consisting of the closure of the (b) members, by Bertini. Hence inside £
there will be a curve consisting of the singular members, and this curve is a cubic curve,
which is the dual of the branch curve, since a member of L is the pullback of a line in the
IP? and that member is singular if and only if that line is tangent to the branch curve.

In general, the branch curve is an irreducible quartic with three cusps; by the Pliicker
relations, its dual is a cubic curve (as noted above) with one node. (That node corresponds
to the single bitangent to the branch curve.)
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The intersection of £ with the closure of the elements of type (c) is the intersection
of two planes in the P* which is |E + 2F|. This intersection cannot be a line, since if it
were, then £ would have two members of type (c), and these two members would then
both contain the negative curve E. Therefore any third member of £, which would then
generate £ along with those first two, would meet F, and therefore £ would have a base
point.

Hence £ meets @ in just one point: there is a single member of £ of type (c). That
member is, in general, the pre-image of the bitangent line to the branch curve, which splits
into the three irreducible components of the type (c) element. In particular we see that,
in general, the negative curve E' maps isomorphically to that bitangent line (as do the two
fibers of that type (c) element of L).

Again in general, £ will not contain any elements of type (d), for dimension reasons.

Lemma 16. L contains an element of type (d) if and only if the quartic branch curve
contains a line as a component. If so, it can only contain one element of type (d).

Proof. The proof is immediate: the element of type (d) has a double component, and is the
pre-image of a line a in IP?; hence the entire double component is a part of the ramification
locus, and therefore its image is part of the branch locus. Conversely, if the branch curve
contains a line, the pre-image of that line is a member of £ with a double component, and
that must be a member of type (d).

The final statement follows since if £ contains two elements of type (d), it would then
contain two points in the 2-plane of elements of type (c), which we have explained above
does not happen. O

Let us analyze this case further. Suppose that £ contains a member of type (d). We will
use affine coordinates (z,y) in P? such that IF; is the blowup of the origin. In that case the
elements of | E' + 2F'| are represented by conics through 0 = (0, 0), and are therefore all in
the linear system generated by the monomials < 22, xy,y?, x,y >. The linear system £
has vector space dimension three, and we may choose the coordinates so that the member
of type (d) is given by the polynomial z:2. In that case we can arrange, using row reduction,
that the three generators of £ are:

f=a?

g=2xy+pr+qy

h=vy>+rz+sy
for suitable constants p, ¢, r, s. Note that ¢ ## 0 otherwise £ has base points off 0. The triple
cover map 7 sends a point (z,y) to the point with homogeneous coordinates [f(x,y) :
g(z,y) : h(x,y)] € P2. The points of the line x = 0 map to points of the form [0 : qy :
y? + sy] = [0 : ¢ : y + s] which is the line component of the branch curve.

If [U : V : W] are homogeneous coordinates on the target P2, then we can switch to
the affine coordinates v = V/U, w = W/U, and write the map 7 as

(z,y) = (v,w) = (y/z +p/x + qy/2*, (y/x)* + v/ + sy/z).
If we change generators for the field of functions C(z,y) to « = 1/z, 8 = y/x, then this
becomes
v=PB+pa+qaB, w=p>+ra+sp
which defines then the field extension C(v,w) C C(a, ). This is a cubic extension of
course, and we can eliminate « from the two above equations to obtain

r(v—=B) = (p+qB)(w — % - sp)
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or

6) 8% + (g5 +p)B* + (ps — qu —1)B + (rv —pw) =0
which is the defining cubic polynomial determining the field extension.
If one divides by ¢ and completes the cube here, by setting
s+p/q
v = ﬂ + T/
we will obtain a cubic equation of the form

¥+ Ay+B=0

where A = A(w) is linear, and B = B(v,w) is also linear. Hence we can linearly
change coordinates to A and B, and see that the discriminant D = 4A3 4+ 27B2 defines an
irreducible cuspidal cubic. The image of the line determined by = = 0, which is the other
component of the branch locus for the triple cover map 7, is the line at infinity in these
coordinates (since o« = 1/x); that line at infinity is the unique flex tangent to the cuspidal
cubic.

Hence (see also the proof of Proposition 13):

Lemma 17. The net L contains a member of type (d) if and only if the branch curve of the
triple cover is of the form a + Z, where Z is a cuspidal cubic and a is the unique flexed
line to C.

4.3. The structure constants viewpoint. Finally let us analyze this case from the view-
point of the structure constants of the algebra, in the spirit of [21]. Recall that the triple
cover is determined by four linear polynomials a, b, ¢, d (in affine coordinates on the target
P?), using equations of the form

zg = 2A + azy + bwy
ZoWo = —-B - dZ() — awo
wg = 2C + czg + dwyp.
where A = a® — bd, B = ad — be, and C = d? — ac, as in (15) below.

Lemma 18. The triple cover has branch locus equal to a cuspidal cubic plus its unique
flex tangent line if and only if there are linear polynomials a, b, c, d as structure constants
for the triple cover such that a = b.

Proof. Suppose first that a = b as two linear polynomials. We note that the discriminant
of the triple cover (see [21]) is D = B2 — 4AC; hence if a = b, we have A = a(a — d),
B =a(d — ¢),and C = d? — ac, so that a factors out of D, with the residual cubic being
a(d—¢)? —4(a — d)(d? — ac) = 4a’c + ac? — 6acd — 3ad? + 4d3. This cubic meets the
line L defined by a = 0 only at d = 0, so the line L is a flex tangent to this residual cubic.

Moreover the triple cover is totally ramified over the points where A = B = C' = 0,
and solving this we see that either a = d = 0 (this is the flex point of intersection of L and
the cubic) or a # 0 so that a = d = c. This latter point is the intersection of the two lines
a = d and d = c and gives the cusp of the cubic.

Conversely, let us take the triple cover defined by the cubic extension as in (6), divide
by ¢, and replace p/q and r/q by p and r, to obtain

B+ (s+p)B°+ (ps—w—7r)B+ (rv—pw) =0

where p, r, s are constants and v, w are the affine coordinates in the target.
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We may now apply Proposition 47 in the Appendix to find the triple cover structure
constants; using the notation introduced there, in the above situation we have

€ =TV —pw; e =pPs—T—w; ex=35+p
so that
a=2(s+p)/3; b=1,
c=—-rv—sw+(p+s)p+ts—r); d=(-1/3)w+ (s*+3ps+p*—1)/3.

What we see here is that the two structure constants a and b are actually constants,
independent of the affine variables v and w. Therefore we can scale 3 to make them equal
as constants. Then a = b as desired; the zero locus is the line at infinity in these affine
coordinates, and gives the flex tangent line to the cuspidal cubic. (I

5. BRANCH CURVE OF DEGREE 6

5.1. The general analysis. In this section we treat the case where an otp 7 : X — P?
has branch curve of degree 6. The general curve C' € L is then smooth of genus g = 1
with C2 = 3.

Proposition 19. Consider an otp w : X — P2 such that its branch curve has degree
6. Then X has Kodaira dimension —oo and either X has irregularity ¢ = 1, or X is
rational. In the former case, either the triple plane is as in the basic exceptional example,
or the branch curve consists of six lines in a pencil. In the latter case, X is a normal cubic
surface in P2 and the triple plane map is the projection of X to a plane from a point not
on X.

Proof. One has K ; - C' = —3, which implies that X has Kodaira dimension —oco. If X
is irregular, then ¢ = 1 because X contains a linear system of elliptic curves. If ¢ = 1,
we apply Corollary 7. Then either the triple plane is an exceptional example (and then it
is the basic exceptional example because its branch curve has degree six) or it is Cremona
equivalent to a triple plane 7’ : X’ — P2 as in diagram (1) with the branch curve
consisting of the union of 2¢ + 4 = 6 lines in a pencil. Then the assertion follows from the
final assertion of Corollary 7.

If X is regular, then it is rational and the complete linear system |C| has dimension 3
and the assertion follows. (]

Consider now the case in which the otp 7 : X — P? is given by an external projection
to a plane of a normal cubic surface. In this case the Tschirnhausen vector bundle is
Op2(—1) ® Op2(—2) (see [21, Table 10.5]). Let us determine the geometry of the branch
curve in the case when X is smooth.

Proposition 20. Let 7 : X — P? be an otp given by an external projection to a plane of
a smooth cubic surface. Then either the branch curve B is an irreducible sextic that has in
general six ordinary cusps or it is reducible, consisting of two smooth cubics that intersect
in three collinear points with intersection multiplicity 3 at each of them.

Proof. Let p be the external point to X from which we make the projection and let D be
the intersection of X with the polar quadric of p with respect to X. The curve D is the
ramification locus of the triple cover map 7, and the branch curve B is the projection of D
from p. Since D is the intersection of a cubic and a quadric surface, it has degree six in P3,
as does the projection B in P2. The arithmetic genus of D is 4.

We claim that B cannot contain a line or an irreducible conic.
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Indeed, if B contains a line a, then D contains a line b that projects to a. Then the pull-
back via 7 of a consists of 2b plus another line. This means that there is a plane tangent to
X along a line, which cannot be the case if X is smooth.

Suppose that B contains an irreducible conic I', that is the image of an irreducible conic
I'” contained in D. Then the pull-back of I" via 7 consists of 2I"” plus another irreducible
conic A. Then 2I" + A € |Ox(2)|. The plane containing I" intersects X along I + s,
where s C X is a line. Then 2I + 2s € |Ox(2)| and therefore A ~ 2s. This is not
possible, because s2 = —1 on X whereas A2 = 0.

Since B cannot consist of a double cubic because we are assuming that the cover is
not cyclic (see Remark 11), then either B is irreducible or it consists of the union of two
irreducible cubics. In any event B is reduced.

Then, by Corollary 5.8 of [21], we have that the singularities of B are only points with
multiplicity two on B; they are therefore all of type aj, (locally analytically defined by an
equation of the form 22 = y*+1) for some k > 1.

Suppose first that the branch curve B is irreducible. Then D is irreducible of arithmetic
genus 4. If the centre of projection is general enough, then D is non—singular by Bertini’s
Theorem. With the usual argument by now (see the proof of Proposition 12), we see that no
proper secant line to D passes through p; hence the projection B of D has only unibranch,
i.e., cuspidal singularities. Therefore they are all of type aoy; these are cusps of order k.
We claim that B cannot have cusps of order higher than one: all singularities are ordinary
cusps of type as. Indeed, B cannot have a cusp of order 3 or more (of type asy with k > 3)
because the tangent line at a cusp of order at least 3 would have intersection multiplicity
at least 7 at the cusp with B, which is a sextic. If it has a cusp of order 2, namely of type
a4, then the tangent to B at the cusp has intersection multiplicity 5 with B at the cusp, and
so it intersects B only in one more point. The pull back of this line (that is an irreducible
curve because at the cusp we have total ramification) has therefore a g4 that is ramified
only at 2 points (one simple and one double ramification), a contradiction. So B, that has
geometric genus 4 since D is its normalization, has exactly 6 ordinary cusps of type ao as
singularities.

Suppose next that B is reducible, the union of two irreducible cubics C, Cs, so that D
is reducible. Since no proper secant line to D can pass through p, then every irreducible
component of D maps birationally to an irreducible component of B and every irreducible
component of B is the projection of a unique irreducible component of D. Hence D =
C1 + €Y, with C1, CY two irreducible cubic curves that are respectively mapped to C and
Cs.

We claim that C, CY are both plane curves. Suppose this is not the case and assume
that C is a rational normal cubic. Then the pull back of C; on X consists of 2C{ + Z,
where Z is another irreducible cubic curve that projects to C. If Z is a plane cubic, then
2C4 € |Ox(2)], which is not possible because (C})? = 1 whereas the self intersection of
members of |Ox (2)] is 12. Therefore Z is also a rational normal cubic. Now recall that X

is the image of the blow—up P? of IEiat six distinct points py, ..., ps (no three collinear,
not on a conic) via the pull back on P2 of the linear system |3; 16|. We can assume that C}
is the image of the pull back on P2 of a line L of P2 not passing through any of the points
p1,- -, Then Z would be in the linear system |7; 35|. But the system |7; 35| is empty:
indeed, |7; 3%| is Cremona equivalent to |5; 3%, 13|, and for this system we see that the three
lines joining the points with multiplicity 3 split off and the residual system |2; 1°| is empty.

We conclude that C, C, are plane curves respectively isomorphic to C; and Cs via the
projection from p. Then the polar quadric of p with respect to X is the union of the two
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planes containing C}] and C%. We remark that C], C}, are both smooth and therefore also
C4 and C5 are smooth. Indeed, if, say, C'{ would be singular at a point ¢ then the plane
containing C{ would be tangent to X at ¢. But then this plane should contain p, which is
not possible.

To finish the proof we make a specific computation. As in the proof of Proposition 13,
we may assume that p is the point [z : y : z : t] = [0: 0: 1 : 0], that X has equation

]C:,ZS—3b22:+b3ZO7

and that the P? on which we project has equation z = 0. The polar quadric of p with
respect to X has equation 22 = bs. Since this quadric has to be reducible in two distinct
planes, bs has to be the square of a linear form. Up to a change of coordinates, we can
assume that by = 22. Hence the two planes forming the polar quadric of p have equations
z+ x = 0 and z — & = 0, which intersect along the line x = z = 0. The branch curve
has equation 4b23 — b32 = 0, hence the two cubics C7 and C5 on the plane z = 0 have
equations
bs — 223 =0, bg+2z°=0.

We claim that the line + = z = 0 intersects X in three distinct points. In fact the line
x = z = 0 intersects X in the points with z = z = 0 and bg(y,0,¢) = 0. Suppose that
one of these points ¢ = (0,7, 0, 7) appears with multiplicity at least two. Then we have

L) = 20,0 =0
L= 2 wm0n =0
L=

o) = F2.0.1) =0

and so ¢ would be a singular point for X, a contradiction. Hence the curves C; and Cs
intersect in three distinct points along the line x = z = 0.

We finally claim that C; and C intersect at each of these three points with intersection
multiplicity 3. Indeed, since no proper secant line to the ramification curve D passes
through p, then C and C; have no intersection point off the three aforementioned points.
To prove the claim, we first assume bg to be a general polynomial of degree 3 and call
m,; the intersection multiplicity of C; and Cs at the three points, with 1 < ¢ < 3. Now
specialize bg so that b (y, 0,) = y® —t>. Under this specialization, C; and C specialize
to the two cubics with equations y* + 223 — #3 = 0, that intersect at the three points
(1,0,1), (££,0,1), with £ a primitive cubic root of 1. A direct computation shows that
in this case C; and C5 have intersection multiplicity 3 at each of the three points. As a
consequence, if bg is a general polynomial of degree 3 we have m; = my = mg = 3 and
therefore the same happens for every specialization of bg. a

Remark 21. (i) We notice that the proof of Proposition 20 shows that there are otp’s
7 : X —> P? given by an external projection to a plane of a smooth cubic surface with
branch curve reducible in two smooth cubics. Actually we expect that, for a general smooth
cubic surface X in IP3, there are exactly 10 points p ¢ X such that the projection of X
from p gives rise to a triple plane with branch curve B reducible in two smooth cubics.
Indeed, given X, look at the 3—dimensional linear system F of polar quadrics of X . Inside
F there is the discriminant surface &X', whose points correspond to singular quadrics. The
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surface X" has degree 4 and it is defined by the vanishing of a 4 x 4 symmetric determinant
of linear forms. As a consequence X has exactly 10 double points that correspond to rank
2 quadrics. Accordingly there are 10 points p such that the polar quadric of p with respect
to X is reducible in two distinct planes. The projection of X from such points p give rise
to otp’s with branch curve reducible in two smooth cubics.

(ii) In the statement of Proposition 20, we claim that if the branch curve B is irreducible,
then in general it has six ordinary cusps. We want to stress that the generality assumption
is essential for the conclusion. Indeed (keeping the notation of the proof of Proposition 20),
it may happen that in particular cases the ramification curve D is irreducible but singular,
it has perhaps a node. In that case in general the branch curve B will accordingly have a
tacnode in correspondence with the node of D, not a cusp. Since we may expect that in the
3—dimensional linear system of curves D cut out on X by its first polars there are curves D
with three nodes, we may also expect that there are special projections of X for which the
branch curve is irreducible with three tacnodes instead of six cusps. However we will not
dwell here on the problem of which configurations of singularities the branch curve may
have for special projections.

As for the presence of points x ¢ X for which the ramification curve D has a node,
remember that we know that there are points p ¢ X such that the polar of X with respect
to p splits in two planes, whose intersection is a line intersecting X in three distinct points
x1, 2,3, such that the ramification curve D of the projection of X from p consists of
two plane cubics intersecting at x1, x2, 3. Now let us consider the line (p, 21 ). The polars
of the points on this line cut out on X a pencil of curves and all these curves are singular
at 1 and the general one has a node at x;. Indeed, both the polars of p and of z; have
a singularity in x; and the polar of p has a node at ;. So the polar of a general point
x € (p,x1) cuts on X an irreducible curve D with a node at x;.

(iii) Returning to the cubic equation 2% + A(x, )z + B(z,y) = 0 for the triple plane,
where A is a quadratic and B is a cubic, then when A = 0 and B = 0 meet transversally
the branch curve (defined by the discriminant D = 4A3 + 27B2?) clearly has an ordinary
cusp. Suppose on the contrary that A = 0 and B = 0 are tangent (to order two). Choosing
analytic coordinates at the point of intersection, we may assume that A = x and B =
x + y?; in that case D = 423 + 27(x + y*)? = 0 has a double tangent (z = 0) and after
one blowup it has a cusp (of type a2). Hence D = 0 has a singularity of type a4.

The type of singularity of the branch locus is determined by the nature of the intersec-
tions between the conic and the cubic; to obtain three a4 singularities we use a conic that
is tritangent to the cubic, for example. Higher-order cusps are possible with higher-order
tangencies between the conic and the cubic; we will not seek an exhaustive analysis here.

The case in which X is a singular normal cubic surface is more complicated and we
will not delve here into the minute classification of all possible cases that show up for the
branch curve of a triple plane given by an external projection of such a surface. We remark
that, if X has § ordinary double points (with 1 < ¢ < 4) in general such a branch curve
will be a sextic with 6 cusps and 6 nodes.

5.2. The structure constants viewpoint. From the perspective of the structure constants
for the triple cover as developed in [21], we see that in the case of an external projection of
a cubic surface in P? to a plane, we have, as we said, that the Tschirnhausen vector bundle
is isomorphic to Opz (—1) @ Op2(—2). In the notation of [21], if we take z to be the local
coordinate for the Op2 (—1) summand and w for the Opz (—2) summand, then the structure
constants a, b, ¢, d (see (15) below) for the triple cover have degrees 1, 0, 3, 2 respectively.
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The constant b cannot be zero, and we can scale it to be equal to 1; this leads to the algebra
being defined by equations of the form

22 =2A+az+w

2w =—B —dz —aw

w? = 2C + ¢z + dw.
where A = a2 —d, B = ad — ¢, and C = d? — ac; these have degrees 2, 3, and 4

respectively. Using the first equation to solve for w(= 22 — 2A — az), and inserting that
into the second equation, gives the relationship

2(2% —2A —az) = =B —dz — a(2* — 2A — az)

which simplifies to
23+ (=3A4)2 + (B — 24a) = 0.
This is the equation of the cubic surface. Hence in the notation above, we have
by =A=a*>—-d and bz =B —24a=ad—c—2a(a® —d) = 3ad — 2a® — c.
The branch curve is given by the polynomial
D = B?* —4AC = (ad — ¢)* — 4(a* — d)(d* — ac) =
= a?d® — 2acd + 2 — 4a*d® + 4d® + 4a3c — dacd =
= —3a*d® — 6acd + ¢* + 4d® + 4a’c

which is the sextic.

In general, this is a sextic with 6 cusps. We have seen above that the special case of two
cubics meeting at three points with intersection multiplicity 3 occurs exactly when by =
a? — d is a perfect square, which we may assume is not zero since the cover is assumed to
be not cyclic. If we choose coordinates in the plane so that a2 — d = 22, then we have that
d=a?—2%sothat A=by =22, B=0a®—az?—c¢ and C = a* — 22%a® + 2* — ac;
we also have bz = a® — 3ax? — c. In that case the branch curve is defined by

D = B? —4AC = (a® — ax® — ¢)® — 42*(a* — 22%a* + 2* — ac)
which factors as
(a® — 3azx? + 22° — ¢)(a® — 3ax® — 22° — ¢);

these factors define the two cubic curves forming the branch curve. Their intersection
occurs at the three points where z = 0 and a® = c. We note (consistent with the prior
notation) that these two cubics are given by the equations bz 4 223 = 0.

We have already seen above that the polynomial bz (0, y, t) has three distinct roots, i.e.,
the cubic bg = 0 meets the line x = 0 in three distinct points. Therefore the two cubics
bs + 223 = 0 meet in three distinct points; since the pencil they generate has the triple
line z3 = 0 as a member, the base points of that pencil are the three points, each with
multiplicity three.

6. BRANCH CURVE OF DEGREE 8

6.1. Generalities. Consider now a triple plane 7 : X — IP? such that its branch curve
has degree 8. Such a triple plane is certainly not cyclic, so it is an otp. Then the general
curve C € L is smooth of genus g = 2 with C2? = 3.
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Proposition 22. Consider a triple plane ™ : X — P? such that its branch curve has
degree 8. Then X has Kodaira dimension —oo and X has irregularity q < 2. If ¢ = 2 the
branch curve of the triple plane consists of eight lines in a pencil.

Proof. One has Kx - C' = —1, which implies that X has Kodaira dimension —oco (and
hence p, = 0). If X is irregular, one has ¢ < 2 because X contains a linear system of
genus two curves.

Suppose that ¢ = 2 and consider, as usual, the minimal desingularization ¢ : X —X
of X (see Section 1). Since X has ¢ = 2 and Kk = —o0, we have a surjective morphism
a: X — G where G is a smooth curve of genus 2 and the general fibre F of a is a PL. If
C' is a general curve in £~ that has genus 2, then a|c : C — @ is an isomorphism, hence
C-F =1.Sointhe map 7o ¢ : X — P2, the fibres of the map a are mapped to lines of
a family F.

Now we invoke Corollary 7. Then either 7 : X — P? is Cremona equivalent to an
exceptional example, or the branch curve of 7 : X — P2 consists of 8 lines in a pencil.
So, to finish the proof, we have to exclude the former case. In that case in fact we have a
diagram

7) X -~ =T
IP£ ¢ >IPJ>/2

(where T is a smooth elliptic curve and and I'[2] — P? is the basic exceptional example)
and the rational map ¢ : P? --» P2 maps the lines of the family F to the tangent lines to
the branch curve of the basic exceptional example. This implies that ¢ is a projectivity and
therefore X 22 I'[2] which is impossible because ¢ = 2. O

Example 23. To give a specific example of an otp with branch curve of degree 8 and ¢ = 2
that is not a cone, look at the following situation. There are quintic surfaces S in P? with
two skew lines r, s of singular points, r of double points, s of triple points (see for instance
[11, p. 477]).

The construction of such a surface is straightforward. In fact, take a smooth irreducible
curve C of genus 2, and consider the canonical g5 of C and a base point free linear series
g3 on C. Then take two skew lines 7, s of P? and map C to r via the g3 and C to s via the
g3- Then for each point of C take the corresponding points on 7 and s and join them with a
line. The union of these lines is the desired quintic surface, and it is a scroll, with sectional
genus 2.

The projection of S from a general point z of r to P? induces a triple plane 7 : X —
P2 where X is a smooth surface birational to S. The reader can readily check that the
projection ¢ : S -+ P2 of S from x contracts r to a point p and the ruling of S is mapped
three to one to the pencil of lines with centre p, so that the branch curve consists of 8 lines
through p.

6.2. Exclusion of the ¢ = 1 case.

Proposition 24. Consider a triple plane © : X — P2 such that its branch curve has
degree 8. Then X cannot have irregularity ¢ = 1.

Proof. Let us work on the minimal desingularization ¢ : X — X of X, with the usual
notation. We need a few preliminaries.
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Claim 25. K g + C is nef.

Proof of the Claim 25. Since C' is big and nef, one has h'(X,04 (K¢ + C)) = 0, for
i = 1,2, by the Kawamata—Viehweg theorem. Then by the Riemann—Roch theorem
hO(X,04(K ¢ + C)) = 1, s0 that K ¢ + C'is effective. If there is an irreducible curve 6
such that - (K + C') < 0, one has 6% < 0 and K - § < 0 since C is nef; therefore 6 is
a (—1)—curve, and hence K ; - § = —1. This forces C - § = 0, which is impossible in our
situation. (]

Claim 26. Either X is minimal, or X is the blow-up of a minimal ruled elliptic surface
X' in one point. In this case there is a unique fibre of the Albanese pencil of X that is
reducible and it consists of two irreducible (—1)—curves.

Proof of the Claim 26. By Claim 25, we have
0< (Kg+C0) =K% +4(g—1)-C* =K% +1.

Then K?( > —1 and so either X is minimal and K)%( =0or K)2~( = —1 and X is the
blow—up of a minimal ruled elliptic surface in one point. (]

Let now 7 € Pico(f( ) be any element, and let us consider the divisor C,, = C' — n.
Since x(Ox) = 0 and since h?(X, O (C,)) = 0, by Riemann-Roch theorem we have
Cy(Cy — Kx) -9

2 )

so that C', is effective for all € Pic’ (X ). Moreover the curves C,, are nef and big as well

as C, so they are 1-connected (see [20, Lemma 2.6]).
Consider the exact sequence

ho(j(a OX(CTZ» 2 X(OX(CU)) =

0—n— 03(C) — Oc¢,(C) — 0,

with 7 non—trivial. We claim that hi()z,n) =0, for 0 < 7 < 2. Indeed, hO(X',n) =0
is obvious and h?(X,n) = h%(X, K¢ —n) = 0, because C' - (K5 —n) = —1 and C
is nef. Since x(n) = 0, the assertion follows. As h°(C,,, O¢, (C)) = 3, we have a base
point free g3 on C,, that is a 1—connected curve of genus 2. This implies that C,, cannot
be irreducible. Let us pick up a point x on an irreducible component of C,, on which the
g3 has positive degree. Imposing to the divisors of the g3 to contain that point, we get a
residual g3 on C,, that has non-negative degree on any irreducible component of C,,.
Let \V be the line bundle corresponding to the above ga.

Claim 27. We can choose the point x as above so that there is an irreducible component
Z of C,, such that deg(N|z) = 0.

Proof of Claim 27 . 1f for any irreducible component Z of C,, one has deg(N|;) > 0,
since C), is reducible and deg(N') = 2, we have that C,, splits in two irreducible compo-
nents Z; + Z5 such that deg(./\/"zi) =1, for 1 <4 < 2. We cannot have Z; = Z, since
C? = 3. S0 Zy # Z,. Suppose that the point z sits on Z;. Then the original g3 has degree
2 on Z; and degree 1 on Za, so that we could have chosen x on Z5, proving the Claim. [J

Claim 28. The curve C,, is not 2-connected.

Proof of the Claim 28. Suppose, by contradiction, that C,, is 2-connected.

We can apply Proposition (A.5) of [9] to the line bundle N. If C), is 2-connected, then
we have a decomposition C,, = A+ B, with A, B effective (and a priori depending on 7),
A-B = 2and Nj4 = O(B) (so that deg(N|4) = 2) and deg(N|p) = 0. Moreover, since
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pa(Cp) = 2, we have p,(A) + po(B) = 1 and p,(A), p,(B) are non—negative because
A and B are both 1-connected by [9, Lemma (A.4)] so either p,(A) = 0,p,(B) = 1 or
Pa(A) = 1,pa(B) = 0.

Assume first p,(A) = 0, p,(B) = 1. Then the point x can a priori lie either on A or on
B. Suppose first that it lies on A. Then the original g3 is concentrated on A and trivial on
B, hence C - B = 0. Now |C — B| is a linear pencil, that, by the above argument, consists
of rational curves, and this is a contradiction. So the point z hastolieon Band C- B =1,
C-A=2.Since 3 = (C,)? = A% + B? + 4, we must have A% + B? = —1. Intersecting
C,, with A we find that 2 = A? + A- B = A% + 2 so that A = 0 and B> = —1. We
conclude also that A is a fiber of the Albanese pencil of X.

Since C' - B = 1, there is an irreducible, rational component 6 of B such that C'- § = 1
and C'- (B —#) = 0. The curve 6, being rational, sits in a fibre of the Albanese pencil of X.
However, 6 cannot be a fibre of the Albanese pencil, because C - = 1 and C has genus 2.
So, by Claim 26, X is the blow—up f : X —» X’, of a minimal elliptic ruled surface X’
at a point y, obtained by contracting 6. Let us denote by C’, A’, B’ the images of C, A, B
via f on X'. Since A -6 = 0, we have that (A’)? = 0, and (A4’) - (B’) = 2. We have
C'= A+ B', (C")? = 4, and hence (A4")% + (B’)? = 0; therefore (A")? = (B')?2 =0
and A’, B’ are still 1—connected (this is a trivial computation, see [15, §3]).

We have X’ = P(£), where £ is a normalized rank 2 vector bundle on a smooth elliptic
curve GG, with invariant e > —1 and e > 0 if £ is decomposable (see [16, Thm. 2.12, p.
376 and Thm. 2.15, p. 377]). Let us denote by E a section with £? = —¢ and by F a
curve of the Albanese pencil of X’. Then Ky = —2FE — eF. We have C' = aF + bF,
with a, b suitable integers and a > 2. Imposing that

4 =(C"? = a(2b — ae),

wefinda=2b=e+1.Thenl —e=C"-FE > 0, implies ¢ < 1.
Next we write B’ = ¢E + dF, with ¢, d suitable integers with ¢ > 0. We have

0= (B")? = c(2d — ce)
so that 2d = ce. Taking into account that, since p,(A) = 0, one has A’ = F and we have
2B+ (e+ 1) F=C"=A"+ B ' =cE+ (d+1)F,

so that ¢ = 2 and d = e. Recall that e < 1.

Assume first e = —1, so that £ is indecomposable and X' is the symmetric square of
the elliptic curve T, i.e., X’ = T'(2), the curves E = T are the coordinate curves of the
form E; = {x + y}yer for all z € T and the fibres of the Albanese pencil are the curves
F described by all degree 2 divisors x + y that vary in a g3 on I'. In this case C' = 2F.
Now |C’| has dimension 2 and it has no base points (see [6, Thms. (1.17) and (1.18)]).
This implies that the linear subsystem of |C”| consisting of the curves in |C’| containing
the point y has dimension 1 and therefore |C/| cannot have dimension 2, so that this case is
excluded: e # —1.

Assume next that e = 0. Then B’ = 2F which is not 1-connected, because E? = 0; so
this case is not possible. Similarly, in the case e = 1 we must have B’ = 2F + F which is
not 1—connected because E - (E + F') = 0, so also this case is also not possible.

This finishes the analysis when p,(A) = 0 and p,(B) = 1.

Assume next that p,(A4) = 1,p,(B) = 0. Again the point 2 can a priori lie either on
A or on B. Suppose first that it lies on A. Then the original g3 is concentrated on A and
trivial on B. Hence C' - B = 0 so that B2 < 0. Since 0 =C -B=A-B+ B? =2+ B2,
we have B2 = —2 and C' - A = 3 so that A2 = 1. So B should be a 1-connected, rational
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curve with B2 = —2, and B should be contained in a fibre of the Albanese pencil; this is
a contradiction to Claim 26.

We may assume then that z lies on B so that C-A = 2 and C- B = 1 (hence B2 = —1).
Therefore by Claim 26, B is an irreducible (—1)-curve and X is not minimal; we contract
it to X’ as above (and use the same notation as above), and B is contracted to a point
y € X'. The contractions C’ and A’ of C' and A are now homologous; we have (C")? = 4.

Assume first e = —1. As we have seen above, in this case we have dim(|C’|) = 2 and
|C’] has no base points. Then the linear subsystem of |C”| consisting of the curves in |C”|
containing y has dimension 1 and therefore |C'| cannot have dimension 2, so that this case
is excluded.

Let e = 0 and assume first that X' = P(€), with £ the unique indecomposable rank 2
vector bundle with invariant e = 0 on an elliptic curve I". Then X’ has a section £ = T’
such that Og(E) = Og. We denote by F the fibre class of the structure morphism f :
X —T.

The linear system |C”| is of the form |2E + F'|. We claim that |2E + F'| has dimension
2 and has a base point scheme of length 2 with support on E. Since (C')? = 4, this will
prove that this case cannot happen.

Indeed, let us consider the exact sequence

We have h°(X', Ox/(F)) = 1 and h' (X', Ox/(F)) = 0. Since deg(Op(E + F)) = 1,
we have h°(E,Op(E+ F)) = 1 and h'(E,Og(E + F)) = 0. As a consequence we have
(X' Ox/(E+ F))) =2and h' (X', Ox/(E + F))) = 0.

Look now at the exact sequence

We have seen that h°(X’,Ox/(E + F))) = 2 and h! (X', Ox/(E + F))) = 0. Since
deg(Op(2E + F)) = 1, we have h°(E,Or(2E + F)) = 1. Hence we deduce that
(X', Ox:(2E + F))) = 3, i.e., |2F + F| has dimension 2. Moreover both [2F + F|
and |E 4 F'| have the same base point p € E cut out on E by F'. Moreover, E + |E + F)|
is a pencil contained in |2F + F| that has p as a base point of multiplicity 2. This implies
that the base point scheme of |2E + F| at p has length 2, as claimed.

This shows that when e = 0, £ cannot be indecomposable.

If in the above set—up e = 0 and £ is decomposable, then we have at least two distinct
sections E ands E’ of X’ with E? = (E’)?> =0 and E - E' = 0. The linear system |C’| is
again of the form |2E + F| and it intersects both E and E’ in one point, so it has at least
two distinct base points, and this implies that |C'| cannot determine a morphism of X of
degree 3 to P2,

This finishes the analysis when e = 0.

Finally, let e = 1. In this case X' = P(Or @ Or(—p)), with p € T', and X’ has two
distinct sections E and E’ with E - E' =0, E*> = —1 and (E')? = 1.

The linear system |C’| is of the form |2E + 2F| and E - (2E + 2F) = 0. So, if
Op(2E + 2F) is non-trivial, F is a fixed component of |C’| and we have a contradiction.
Therefore Op(2F + 2F) = Op.

Consider now the exact sequence
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We have h (X', Ox/(2F)) = 2 and h* (X', Ox/(2F)) = 0. Since deg(Og(E + 2F)) =
1, we have h®(E,Op(E + F)) = 1 and h'(E,Og(E + F)) = 0. As a consequence we
have h%( X', Ox/(E + 2F))) = 3 and h' (X', Ox/(E + 2F))) = 0.

Look now at the exact sequence

0 — Ox/(E+2F)— Ox/(2E+2F)) — O — 0.

We have seen that h°(X', Ox/(E + 2F))) = 3 and h' (X', Ox/(E + 2F))) = 0. Hence
we deduce that h%( X', Ox:(2E + 2F))) = 4. Let ¢’ € |2E + 2F| that is smooth
and irreducible of genus 2. The linear series cut out by [2E + 2F| on C’ is a g3 that is
therefore base point free. Consider the morphism pj2pop| @ X' — P3. This morphism
cannot be birational, because, if it were, its image Z would be a quartic surface with
general plane sections of geometric genus 2, so that Z would have a line ¢ of double
points. But then the planes through ¢ would cut out on Z off ¢ a pencil of conics. These
conics cannot be irreducible, because in that case Z, and therefore also X', would be
rational, a contradiction. This implies that the conics are all reducible, i.e., Z is a scroll,
and precisely an elliptic scroll. But then it is not possible that the general plane section of Z
has geometric genus 2. So the image Z of p|2p12r| is aquadric and @|op1op) ¢ X —Z
is a double cover. But then this implies that |C| cannot determine a morphism of X of
degree 3 to P2,

This ends the analysis of the final case where e = 1, and finishes the proof of Claim
28. O

So C,, is not 2—connected and we have a decomposition C,, = A + B, with A, B
effective and A - B = 1, so that A, B are both 1-connected by [9, Lemma (A.4)]. By [20,
Lemma (2.6)], we may assume that either A2 = —1 or A% = 0. To finish the proof we will
show that neither of these possibilities for A% can occur.

Claim 29. The case A2 = —1 cannot occur.

Proof of Claim 29. If A> = —1then C - A = A4+ A-B=0and3 = C? = A% +
2A- B+ B? =1+ B?, so that B = 2. Moreover —1 = K - A+ K - B. Since C
intersects positively all (—1)—divisors on X, K - A cannot be negative, so K¢ - A > 0.
We claim that K - A = 1and K - B = —2, so that p,(A) = p,(B) = 1. Indeed we have
Pa(A) +po(B) = 2 and p,(B) > 1 because otherwise B would move in a 3-dimensional
family of rational curves, which is impossible. Hence Ky - B > —2 which implies the
assertion.

Suppose first that X is minimal. Then, as usual by now, X = P(£), where € is a
normalized rank 2 vector bundle on a smooth elliptic curve I', with invariant e > —1. Let
us denote by E a section with E?> = —e and by F a curve of the Albanese pencil of X.
Then Ky = —2E — eF. We have C = ul + vF', with u, v suitable integers and u > 2.
Imposing C? = 3 we find u(2v — ue) = 3, which forces u = 3 and v = (3¢ + 1)/2 (and
therefore e odd). Imposing C' - E > 0, we find 3e < 1, hence e = —1. Now let us put
A=aE+ \F, B=(3—a)E+ pF, with a, A, 1 suitable integers and 1 < a < 2.

Suppose first a = 2. Imposing A - B = 1, we find 2 + A = —1. Imposing p,(A) = 1,
ie, A-(A+ Kg) = 0, we find A\ = —1, hence n = 0. But then we would have
2 = B2 = E? = 1, a contradiction.

Suppose then a = 1. Imposing A-B = 1, we find 2\+u = —1. Then —1 = A? = (E+
AF)? =1+ 2, hence A = —1. Therefore ;1 = 1 and we have 2 = B? = (2E + F)? = 8,
giving a contradiction again. The conclusion is that X cannot be minimal.
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Suppose next that X is not minimal. Hence we have a blow—up f : X — X', ofa
minimal elliptic ruled surface X’ at a point y. We let C’, A’, B’ as usual be the images of
C,A, B on X’ (with A’, B’ both 1—connected because A and B are) and we let v be the
multiplicity of C” at yy. With the usual conventions, we can write C’ = rE + sF, with r, s
integers such that 7 > 2. Imposing that (C")? = 3 + +2, we get 7(2s — re) = 3 + ~2
Imposing that the geometric genus of C” is 2, we get the relation v2 + 3 = r(y + 1).
Considering this as a degree 2 equation in -y, we see that the discriminant is (r+6)(r—2) =
(r 4+ 2)? — 16. We need this to be the square of a non—negative number &, hence we need
(r+2)? — 6% = 16, i.e., (r + 2+ 6)(r + 2 — 6) = 16. Notice that we cannot have
r+2—3§ =1andr + 2+ J = 16 because, summing up these two relations, we get
2(r + 2) = 17, which is impossible. So we have

r+24+0=2% r+2-§=2°

sothata+f=4and3>a>p>1. Fora=p=2wegetr=2,=0,7v=1,s=
e+ landfora = 3,8 = 1wegetr = = 3 and + is either 0 or 3. In the latter case
s=(3e+1)/2ify=0o0rs = (3e+4)/2if y = 3. When we impose that C’ - E > 0 we
gete < linthe r = 2 case and inthe r = v = 3 case and e < 0 in the r = 3,y = 0 case.
If r = v = 3, e must be even in order that s is an integer, hence e = 0. Similarly if r = 3
and v = 0, e must be odd, forcing e = —1.

Suppose we are in the case r = 2,i.e., C' =2F + (e+ 1)Fand —1 < e < 1.

First let e = —1. Then C’ = 2F and |C’| has dimension 2 with no base points (see
[6, Thms. (1.17) and (1.18)]). This implies that the linear subsystem of |C”| consisting of
the curves in |C”| containing the point y has dimension 1 and therefore |C'| cannot have
dimension 2, so that this case is excluded.

Let ¢ = 0 and & indecomposable so that Og(E) = Og. Then C’ = 2F + F so that
C’-E =1and |C’| has a base point z € E.

First of all, let us consider the linear system |E + F'|. We claim that dim(|E + F|) = 1
and that this linear system has the same base point z on E. In fact, consider the exact
sequence

0— Ox/(F) — Ox/(E4+F) — Og(E+F) —0.
As we saw already, h (X', Ox/(F)) = 1and h' (X', Ox: (F)) = 0, whereas h°(E, O (E+
F))=1land h'(E,Op(E+F)) = 0,sothat h®( X', Ox/(E+F)) = 2and k' (X', Ox/ (E+
F))=0.
Similarly, looking at the exact sequence

OHOX/(E+F)—)OX/(2E+F)—)OE(QE+F)*>O

we see that h?(X’, Ox/(2E+F)) = 3and h' (X', Ox/(2E+F)) = 0. Hence dim(|2E +
F|) = 2 and, as we said, |2F + F'| has a base point z on E.

Now notice that |2E + F| contains the linear subsystem E + |E + F| of dimension 1,
that has z as a base point which is singular for all curves of the system. This implies that
|2E + F| has a base point infinitely near to z. Hence |C’| has two base points (i.e., z and
the infinitely near base point) and therefore it cannot define a degree 3 rational map to P2.

Next let ¢ = 0 and £ decomposable so that € =2 Or @ Or(e), where ¢ € Pic”(T"). Note
that we have here the section E such that Og(FE) = e and also a distinct section E’ such
that Op/(E') = ¢V, with ENE' = 0. AgainC' =2E + FsothatC'- E=C"-FE' =1
and |C’| has two base points z € E and 2’ € E’. Again |C’| has two base points (i.e.,
and z’) and therefore it cannot define a degree 3 rational map to P2.

Let e = 1, so that £ = Or @ Or(—p), where p € T and Og(E) = Og(—p), where
we identify E with " (see [16, Thm. 2.12, p. 376]). We have C' = 2(E + F'). Let us fix
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the fibre F, of the Albanese pencil on X’ such that F;, N E = {q}, and consider the exact
sequence

®)  0— Ox/(E+2F,) — Ox/(2E + 2F,) — Op(2E + 2F,) — 0.

So Op(E + Fy) = Og(q —p) and Og(2(E + F,)) = Og(2q — 2p). Moreover
h'(X',Ox:/(E + 2F,)) = 0 fori = 1,2, because E + 2F, — Kx = 3E + 3F, is
big and nef; hence the assertion follows by the Kawamata—Viehweg theorem. Note that
X(Ox/(E +2F;)) = 3.

If Og(q — p) is not of 2—torsion on E, the line bundle O (2E + 2F}) is non—trivial,
and therefore E is a fixed component of |2E + 2F,|; then the curves in [2E + 2F,| are
all reducible and therefore also the curves in [2E + 2F,| that contain y are all reducible,
which implies that |C’| cannot be of the form [2E + 2F,| as above.

Hence is must be the case that Og(q — p) is of 2—torsion on F. Since, as we saw,
Y (X', Ox/(E + 2F,)) = 0, from the sequence (8), we have that h°(X’, Ox:(2E +
2F,)) = 4 in this case and F is no longer a fixed component of |2E + 2F|.

We claim that |2F + 2F, | has no base point. Let x be a point of £ and assume first that
x # p. Then look at the exact sequence

©) 0— Ox/(2E +2F, — F,) — Ox/(2E + 2F,) — Op, (2E + 2F,) — 0.

We have E - (2E + 2F, — F,;) = —1 so that E splits off from |2E + 2F, — F,;|. Moreover
Op(E+2F, — F,) 2 Og(—p+2q — z) = Og(p — =) which is non-trivial on E so that
E splits off twice from |2E + 2F;, — F,;| and the residual system is |2F, — F},| that has
dimension 0. So from (9) we see that the restriction map H%(X’, Ox:(2E + 2F,)) —
HY(F,,OF, (2E + 2F,)) is surjective so that |2E + 2F,| has no base point on F,. We are
left to check that |2F + 2F,| has no base points on F,. Consider the exact sequence

(10) O—)OX/(FP)—)OX/(E—FFP)—)OE(E—FFp)gOE—)O.

As usual h'(X',Ox/(F,)) = 0, for i = 1,2, whereas h°(X’, Ox/(F,)) = 1. Form (10),
we see that | E' + F}| has dimension 1, it does not have E as a fixed component, its general
curve is smooth and irreducible and h' (X', Ox/(E + F,)) = 1. The pencil |E + F,|, that
has self—intersection 1, has a base point on F},. Indeed, look at the exact sequence

0 — Ox/(E) — Ox/(E + F,) — O, (E + F) = Opi (1) — 0.

Since h°(X’, calOx/(E + F,)) = 2 and h°(X’, Ox/(E)) = 1, we see that the restriction
map

HY(X',Ox/(E + F,)) 2 C* — H°(F,, H*(F,,OF,(E + F,)) = C*

is not surjective, and this proves that | E' 4 F},| has a base point u on F,. Notice that  is not
the intersection point of F}, with E, because E-(E+F,) = 0. Since 2E+2F, ~ 2E+2F),
because 2p ~ 2¢ on E, the point u can be the only base point of |2(E + Fy)| on Fj,. But
now we see that v is not a base point for |2(E + F,)|. Letin fact D € |E + F,| be a general
curve, that is smooth, irreducible and passes through u. Consider the exact sequence

(11) 0 — Ox/(E+ F,) — Ox/(2E + 2F,) — Op(2E + 2F,) — 0.

We have hO(X/,OX/(E + Fp)) = 2, hl(X/,OX/(E + Fp)) =1, hO(X/,OX/(ZE +
2F,)) = 4, kY (X', Ox/ (2E+2F,)) = land h°(D, Op(2E+2F,)) = 2, k' (D, Op(2E+
2F,)) = 0. Hence from (11) we deduce that the restriction map

H°(X',Ox/(2E + 2F,)) — H°(D,H°(D,Op(2E + 2F,))
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is surjective, and this proves that |2E + 2F, | has no base point on D, and in particular w is
not a base point for |2E + 2F,|.

In conclusion @|3p 125, : X' — X is a morphism that maps X' to a non—degenerate
surface Y in P3. This map cannot be birational. Indeed, if is was birational, > would be
a quartic surface with general plane sections of genus 2, so > would have a double line
r. This can be excluded with an argument that we already made above. So ¢|2p42 Fy|
has degree 2 and X is a quadric. But then the sublinear system of curves in [2E + 2F,|
containing the point y cannot define a triple cover of P2.

This finishes the case with r = 2, s = e + 1, and v = 1. Let us turn our attention to the
other two cases, which have » = 3.

If v = 0, then we have s = —1 and e = —1; let us deal with this case next. Here
C = 3F — F and X' is the symmetric product of a genus one curve I. By [6, Theorem
1.17], we have that H°(X’, C') = 2, and this is a contradiction to giving us the triple cover
map.

Finally we have the case r = 3, v = 3, e = 0, and s = 2. In this case we have that C
has a triple point p, and we make an elementary transformation of the elliptic ruled surface
X' at p. We note that p ¢ E, because C - E = 2; for the same reason, no other section
(if it exists) of self-intersection zero can contain p. We also note that every section of the
ruled surface has even self-intersection. After making the elementary transformation, we
obtain a minimal elliptic ruled surface X" and E transforms to a section E” with self-
intersection one. Therefore E” is a section with minimal self-intersection on X"’; hence
X" has invariant e = —1.

The proper transform C” of the curve C' has numerical class 3E” — F, which has self-
intersection 3. Again by [6, Theorem 1.17], we have that H°(X”,C"") = 2, and this is a
contradiction to giving us the triple cover map. (]

Claim 30. The case A? = 0 cannot occur.

Proof of Claim 30. If A2 =0,thenC-A = A?4+A-B=1and3=C? = A24+2A-B+
B?*=24+B%sothat B>=1.Again—1=K; - A+ Ky -B. If K4 - A <0, we would
have that p,(A) = 0 and A moves in the Albanese pencil. This is impossible because
C - A =1 and then C would have genus 1, instead of genus 2. So K ¢ - A > 0. Similarly,
pa(B) cannot be 0, because, since B? = 1, B would move in a linear net of rational
curves, so that K ¢ - B > —1, and this implies that K 3 - A =0and K¢ - B = —1,so that
pa(A) = po(B) = 1. Since C - A = 1, there is a g} on A corresponding to a line bundle
N. Then we apply again [9, Proposition (A.5)] and deduce that there is a decomposition
A= Ay + Ay, with Ay, A; effective divisors, Ay - Ay = 1 and N4, = Oy, (Az), so that
deg(Na,) = 1, and deg(N|4,) = 0.

Consider the decomposition C' = Ay + (A; + B). We have 1 < Ay - (A1 + B) =
14 As - B, hence Ay - B > 0. If the equality holds, we have As - (A; + B) = 1. Note that
C - Ay = 0, and then A2 < 0 by the index theorem. Moreover 0 = A? = A2 + A2 + 2,
hence A? + A3 = —2. Since A3 < 0, we have A? > —1. Then (A; + B)? = A3 +3 > 2,
which implies (by [20, Lemma (2.6)]) that A2 = —1, which already has been excluded by
Claim 29.

Hence we may assume that A - B > 1. Note that p,(As) > 0. (Indeed, if p,(A2) = 0,
since A, is 1-connected by [9, Lemma (A.4)], As would be contained in a fibre of the
Albanese pencil. Since C - Ay = 0, Ay cannot be a fibre of the Albanese pencil, and it
also cannot be a (—1)—curve. But by Claim 26 there are no other possibilities for As, so
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Da(A2) > 0.) Then we have p,(A2 + B) > 2 and
2=p,(C)=po(A1+(A2+B)) 22+ A4, - (A2 +B)—1=A4,-(A2+ B) + 1,

so that A; - (A2 + B) < 1. On the other hand, since C is 1-connected, we have also
A; - (A2 + B) > 1,so that Ay - (A2 + B) = 1, which implies that As - B =1, 4;-B =0
and p,(A2) = 1,pa(A41) = 0. Then A; is contained in a fibre of the Albanese pencil
and cannot be a fibre of the Albanese pencil because C' - A; = 1. Then by Claim 26,
Ay is a (—1)—curve, and then A3 = —1 as well. We can then consider the morphism f :
X — X’ that contracts A, to a smooth point y. Set O/ = f,(C), A’ = f.(A) = f.(As),
B’ = f.(B). Wehave (C")?2 =4, (A)? =0,(B")?=1,C"~ A"+ B',with A’- B = 1.
Then 4 = (C")? = (A")? + (B')? + 2(A’ - B') = 3, a contradiction. O

As noted above, the proofs for the two Claims 29 and 30 finish the proof of Proposition
24. (]

6.3. The rational case. The only case left to consider is when the triple cover is a rational
surface.

Proposition 31. Let m : X — P? be a triple plane with branch curve of degree 8 and X
rational. Let ¢ : X — X be the minimal desingularization of X and let L be the pull
back via ¢ of L. Then X is the blow—up of P? at 10 points and, up to a Cremona map, Lis
the linear system |4;2,1°|.

Proof. As usual we abuse notation and denote also by C' the general curve in L, which is
a smooth curve of genus 2 with C? = 3; hence K - C = —1.

The adjoint linear system |K ¢ + C| has dimension 1 and so we can write it as |K ¢ +
C| = @ + |F|, where @ is the fixed part and |F’| the movable part that is a linear pencil
whose general curve is irreducible. We have ' - C'= 2 and @ - C' = 0 because |K ¢ + C|
cuts out on the general curve C' € L the complete canonical series, that is base point free.

We claim that |F| is a pencil of rational curves. If fact, if F' € |F| is a general curve,
|C| cuts out a base point free g5 on it, so that » > 1. However, » = 1 is not possible,
because otherwise ¢|c| would have degree 2 onto it image, which is impossible. So r = 2
and F is rational (and smooth). Hence F2 = 0 and K 5 F=-2

Then we have

K:—-1=K; (K3 +C)=Kg - F+Kz - ®=-2+Kg-®

hence Ky - ® = K% + 1.
Now look at the exact sequence

0—04(P—-Kg5) — 04(C) — Op(C) — 0.

As we saw, the map H°(X, 04 (C)) — H°(F,Or(C)) = C? is surjective. On the other
hand h°(X, O (C)) = 3, because if we set 741 := h%(X, O (C)), the linear system |C|
cuts out on the general curve C' € |C| a g5~ * and of course r < 2. So H(X, 05 (C)) —
HO(F,Op(C)) = C? is an isomorphism. This implies that h%(X, O (®— K ¢)) = 0. By
Riemann—Roch, it follows that h' (X, O (C)) = 0; hence also h' (X, O ¢ (®—K ¢)) = 0.
Since h?(X, 04 (®—Kg)) = h%(X,04 (2K 3 —®)) = 0, we have x (O (P—K)) =0
which is equivalent to 2K ?2 =1. Aswehavealso Ky - ® = K )22 + 1, it follows that
=Ky - 5.

We claim now that ® = 0. If not, since C' - & = 0, it is the case that C' - D = 0 for all
components of ®; therefore D? < 0 for all such components. Since K i - ® < 0 (because
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®2 < 0and % = K ¢ - @), then there would be an irreducible component D of ® such
that D? < 0 and K¢ - D < 0. So D would be a (—1)—curve such that C' - D = 0, which
is impossible.

In conclusion K?( = —land |[K; + C| = |F|. So, up to a Cremona transformation,
we may assume that |F| is the linear system |1; 1| and therefore £ is a system |4;2,1°] as
claimed. O

If X is the blow—up of the plane at ten general points, and 7 : X — P? is the otp given
by the map determined by the linear system |4; 2, 1°|, then the Tschirnhausen vector bundle
is Op2(—2)%2 and its branch curve has degree 8; it is irreducible and it has in general 12
ordinary cusps (see [21, Lemma 10.1 and Table 10.5]). However, if the ten blown—up
points are in special position so that there is some curve contracted by the map determined
by the linear system |4; 2, 1°|, the branch curve may acquire more singular points. We will
not dwell on the description of all special cases here.

From the viewpoint of the structure constants for the triple cover as in (15) below, each
of the polynomials a, b, ¢, d has degree 2; the discriminant D defining the branch curve
is a homogeneous quartic in these polynomials, which gives the degree eight description
as well. We can also check the count of parameters for this case too. The ten points in
the plane have 20 — 8 = 12 moduli. The four quadratics have 24 coefficients; there are 8
automorphisms of P2, and 4 for the Tschirnhausen bundle, also giving 12 moduli.

Example 32. There are various geometric ways to look at rational triple planes with branch
curve of degree 8. For example, there are quintic surfaces .S in P? with a singular curve
Y that is an elliptic quartic curve (see [11, §32]). They are rational surfaces with sectional
genus 2. The projection of such a surface S from a general point x € Y, determines an otp
7 : X — IP? of the required type. By taking into account the plane representation of the
surfaces S (as explained in [11, §32]), the reader will see that these triple planes are of the
type described in Proposition 31. We do not dwell on this here.

7. BRANCH CURVE OF DEGREE 10

Consider next a triple plane 7 : X — P? such that its branch curve has degree 10.
Such a triple plane is certainly ordinary. Then the general curve C' € L is smooth of genus
g =3 with C? = 3.

Let ¢ : X — X be the minimal desingularization of X and let L be the pull back via
¢ of L. As usual, we abuse notation and denote by C also the general curve in L, that is a
smooth curve of genus 3 with C? = 3, and hence K ; - C' = 1. Let us denote by p, and ¢
the geometric genus and the irregularity of X. Since K ¢ - C =1, itis clear that p, < 1.
Since X is covered by curves of genus 3, one has ¢ < 3.

7.1. Exclusion of the case p, = 1, ¢ > 0.

Proposition 33. There is no triple plane m : X — P? with branch curve of degree 10
withq > py = 1.
Proof. Since p, = 1, the Kodaira dimension of X is at least 0. By the index theorem,
since C? =3and K¢ - C = 1,onehasK§~( <0.

Suppose first that ¢ = 1 and that X is minimal. Hence K}( = 0 and, by the classifi-
cation, X is a properly elliptic surface (i.e., with Kodaira dimension equal to 1). Then the

unique canonical curve is a fibre of the elliptic fibration. But then K ; - C' = 1 is clearly a
contradiction.
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Suppose again that ¢ = 1 and that X is not minimal, so there is some (—1)—curve on
X. Since any (—1)—curve is a component of the unique canonical curve and since |C|
intersects positively any (—1)—curve, we conclude that there is a unique (—1)—curve E on
X and that C - E = 1. Let us consider the morphism f : X — X’ that contracts E to a
point z. Let us set ¢’ = f.(C). Then (C")? = 4, C" - Kx» = 0 and again by the index
theorem, one has Kg(, < 0. But now X’ is minimal, hence ng, = 0 and again X’ is a
properly elliptic surface. But C’ - Kx, = 0 implies that C’ is composed by fibres of the
elliptic fibration, which is impossible since (C”)? = 4. So the case ¢ = 1 is excluded.

Assume next 2 < ¢ < 3. By the classification, the only possible case is that ¢ = 2 and
X is birational to an abelian surface. Since C' - K 5 =1, X is not minimal. Since any
(—1)—curve is a component of the unique canonical curve on X and since |C| intersects
positively any (—1)—curve, we conclude that there is a unique (—1)—curve F on X and
that C'- E = 1. Let us consider the morphism f : X — X’ that contracts E to a point x,
so that X’ is an abelian surface. Let us set C’ = f.(C'). Then (C”")? = 4 and therefore C’
determines a polarization of type (1,2) on X', so that dim(|C’|) = 1, which excludes this
case. O

7.2. The case ¢ = 0, p, = 1. The first example that comes to mind of such a triple plane
is the projection of a quartic surface in P? from a point on the surface. In fact this is the
only such example, assuming canonical singularities.

Proposition 34. If ¢ = 0, py = 1 then there is an irreducible quartic surface S C P3 with
canonical singularities, and there is a smooth point p € S such that X is the blow—up of S
at p and the triple plane © : X — P2 corresponds to the projection of S to a plane from
D.

Proof. Consider the adjoint linear system |K ¢ + C|, that we can write as |[K ¢ + C| =
|F'| 4+ @, with ® the fixed part and |F'| the movable part. Note that | F'| cannot be composed
with a pencil, otherwise the curves in |C| would be hyperelliptic, which is not possible
because they have a base point free gi. So the general curve in | F| is irreducible.

One has C' - ® = 0 and F - C' = 4. Moreover, since h'(X, 0z (K¢ + C)) = 0 for
1 <@ < 2, by Riemann—Roch we have dim(|F|) = dim(|K ¢ + C|) = 3. By looking at
the exact sequence

0—O04(F—-C)— O4(F) — wec — 0,

we see that h%(X, 0 (F — C)) > 0, hence D := F — C is effective. Since C - D =
C - F — C? = 1, by the index theorem we deduce that D? < 0. So0 > D? = F?2 4 (C? —
2F - C = F? — 5so that F2 < 5. On the otherhand F2 = F- C + F - D > 4. So either
F?2=4,D>=—-1,F-D=0orF?=5,D?=0,F-D=1.

Note now that | F'| contains the subsystem of codimension 1 given by D + |C/|. Since C
has no base points, then the base points of | F'|, if any, can be only on D. So if F’> = 4 then
|| has no base points, and if F'2 = 5 there can be at most one base point of | F| on D.

Let us first consider the case F> = 4. Then the morphism OIF| - X —Scps
mapping X to a surface S, is birational onto its image, because otherwise, since F2 = 4,
it would determine a 2 : 1 map onto a quadric, which is not the case because |C], that is
contained in | F'|, determines a 3 : 1 map to the plane.

So S is a quartic surface in P3. Since S has geometric genus 1, it has only canonical
singularities. The map || contracts D to a point p € S and the projection of S from p to
a plane determines exactly the original triple plane. Hence p is a simple point of S and the
assertion follows.
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Assume next that F'2 = 5 and that |F'| has a base point p on D. For the same reasons
as above, the map ¢|p : X --» S C PP mapping X to a surface S, is birational onto its
image. Then S is a quartic surface in P2, that, as above, has only canonical singularities.
The map || contracts D to a point p € S and the projection of S from p to a plane
determines exactly the original triple plane. But then we are in the situation described
before and we are not in the case F'? = 5.

Similarly, if £2 = 5 and | F'| has no base points, then the morphism OIF| X —Sc
IP3 mapping X to a surface S, is birational onto its image and S is a quintic surface in P,
The morphism ¢ | maps D to a line r and |C| would be the pull-back on X of the linear
system of plane sections of S through the line r. But then |C| would have dimension 1 and
not 2, which is a contradiction.

So the case F'? = 5 cannot occur, and this finishes the proof of the assertion. O

We notice that if, in the above setup, S is smooth and p € S is a general point, then
the triple plane obtained by projecting S from p has Tschirnhausen bundle isomorphic to
Op2(—2) ® Op2(—3) and the branch curve has degree 10 with, in general, exactly 18 cusps
(see again [21, Lemma 10.1 and Table 10.5]). If the surface .S is singular or p is a special
(simple) point, the branch curve may acquire more singular points. We will not dwell on
the description of all special cases here.

Remark 35. We remark that the four structure constants a, b, ¢, d as in (15) below have
degrees 2, 1, 4, 3 respectively. These together have 6, 3, 15, 10 coefficients respectively (as
forms in the homogeneous coordinates of the plane) and therefore give 6+3+415+10—1 =
33 dimensions of (projective) parameters for the section of the relevant bundle for the triple
cover construction as in [21]. Subtracting the 8 dimensions for the automorphisms of the
plane, and the 4 dimensions for the automorphisms of the Tschirnhausen bundle, we obtain
21 dimensions for this family of triple covers. This is consonant with the 19 dimensions
for the parameters of the K3 quartic surface, and two additional parameters for the point
on the surface that is the point of projection.

7.3. The case g > p, = 0.

Proposition 36. If 7 : X — P? is a triple plane with branch curve B of degree 10 with
q > pg = 0, then the only possibilities are either ¢ = 1 or g = 3.

In the case ¢ = 1 then either X is properly elliptic and its minimal desingularization is
minimal or X has Kodaira dimension —oo.

If ¢ = 3 then the Kodaira dimension of X is —oo and B consists of 10 lines in a pencil.

Proof. Suppose first ¢ > 2. Then x(Ox) < —1 and therefore the Kodaira dimension of
X is —oo. Let, as usual ¢ : X — X be the minimal desingularization of X. Then X is
swept out by curves of genus 3, hence ¢ < 3. Let f : X — T be the irrational pencil of
curves F' of genus 0 on X.

If ¢ = 3, then the curves C' are unisecant to the curves of the pencil, i.e., C - F' = 1.
Since C intersects any (—1)—curves on X , then X must be minimal, i.e., all fibres of the
irrational pencil f : X — T are smooth and rational. Now, by arguing exactly as in the
proof of Proposition 22, we see that the irrational pencil f : X —Tis composed with
the triple plane map, and the branch curve is composed of 10 lines of a pencil.

If ¢ = 2, then f : X —> T induces a morphism g : C' — T, which is necessarily
an étale double cover. Then the curves C' are bisecant to the curves of the irrational pencil
f:X —T.ie,C-F =2and the fibres of f are mapped to the conics of a family F.
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By Corollary 7, either 7 : X — P? is Cremona equivalent to an exceptional example,
or the branch curve of 7 : X — P2 consists of 10 lines in a pencil. So, to finish the
proof, we have to exclude the former case. In that case in fact we have a diagram like
(7) (where T is a smooth elliptic curve and I'[2] — P? is the basic exceptional example)
and the rational map ¢ : P? --» P2 maps the conics of the family F to the tangent lines
to the branch curve of the basic exceptional example. This implies that ¢ is a quadratic
transformation and therefore the branch curve of 7 : X — P2 would be easily seen to
have degree 12, a contradiction.

Suppose finally that ¢ = 1. Assume that the Kodaira dimension of X is not —oc. By the
index theorem, we have K?E < 0. Since x(Ox) = 0, then X is either bielliptic (so with
Kodaira dimension 0) or properly elliptic (with Kodaira dimension 1). In any case there is
an elliptic fibration f : X — G (and G is a smooth irreducible curve of genus v < 1).
Let F be a general fibre of the elliptic fibration. Let us set m = C'- F" and note that m > 2.

Suppose that X is not minimal. Then there is a non—negative rational number ¢ such
that K ¢ = tF'+ FE, where E is the sum of a number s of (—1)—divisors. Since C' intersects
positively all (—1)—divisors, wehave 1 = C - K¢ = C-E +tm > s+ 2t > s. From
this we deduce that ¢ = 0 and s = 1. This implies that £ is a unique (—1)—curve and
that C- E = 1. Let f : X — X’ be the blow—up of a point p € X', contraction of the
(—1)—curve E, so that X’ is minimal and, by the classification of surfaces, is bielliptic.
Let C’ = f.(C). Then (C")? = 4, C’ is big and nef and h*(X’, Ox:(C")) = 0 by the
Kawamata—Vieweg theorem, because C’ — K x- is big and nef. So, by Riemann—Roch we
have h°(X', Ox/(C")) = x(Ox/(C")) = 2, which gives a contradiction to dim(|C|) = 2.
So in conclusion ¢ > 0, and X is properly elliptic and minimal. (]

Example 37. An easy example of the ¢ = 3 case is given by the projection of a cone .S
over a smooth plane quartic from a point on it.

Remark 38. It would be nice to understand whether, in Proposition 36, the case ¢ = 1 can
really occur, and to classify those cases.

In any event, we can say a bit more about the case ¢ = 1 and X properly elliptic and
minimal. First of all from C'- K¢ = 1, Ky = tF, and C - F' = m, we deduce that
t =1/mhence mK ¢ = F.

Recall now the canonical bundle formula for f : X — G, which implies that

h
Ky = J"(Ke) + Y (mi — 1)F,
=1

where m; F;, for 1 < i < h, are the multiple fibres of f (see [8, Thm. 9.18]). From this we
deduce that

h
m; — 1
i — 1>K~ = f*(=Kg).
(m(; e ) X .f ( G)
Using this we see that if G is elliptic, then we must have
h m; — 1
1 — 1’
X

if not, then G is rational, and we have

(m(zmi__l) —I)KX =2F
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and therefore if we set z = Z?’:l(mi — 1)/m;, we have m(x — 2) = 1. In both cases we
obtain some numerical constraints on the parameters, which we will spare ourselves and
the reader to analyze further.

7.4. The case g = p, = 0.

Proposition 39. If 7 : X — P2 is a triple plane with branch curve B of degree 10 with
q = pg = 0, then X is rational and only the following cases are possible:

(i) X is the blow up of P? at 11 points and, up to Cremona maps, L is the linear system
19;38,2,12];
(ii) X is the blow up of P? at 11 points and, up to Cremona maps, L is the linear system
|7:3,29, 1|,

’

(iii) X is the blow up of P? at 12 points and, up to Cremona maps, L is the linear system
‘6, 27, 15 :
(iv) X is the blow up of P? at 13 points and, up to Cremona maps, L is the linear system
|4; 113].

Proof. First of all we claim that h°(X, O (C)) = 3 and h' (X, 05 (C)) = 1.
In fact, consider the exact sequence

0— 05 — 04(C) — Oc(C) —0.
We have h°(X,0¢) = 1 and h*(X,04) = 0 for 1 < i < 2. Hence
2 < h(X,05(0)) —1=h%C,0c(C)) <2

and so h°(X, 05 (C)) = 3 and h°(C, Oc(C)) = 2. Therefore h' (C, Oc(C)) = 1 hence
(X, 0%(C)) = 1.

Consider now the adjoint system |K ¢ +C| = |F|+®, where  is the fixed part and | F|
the movable part. The general curve in |C| is not hyperelliptic, hence | F'| is not composed
with a pencil, so its general curve is irreducible. Moreover dim(|F'|) = 2, C' - F' = 4,
C-¢=0andC -K; =1

Consider the exact sequence

We notice that the restriction map
(13) r: H'(X,04(C)) — H(F,0r(0))

is injective. Indeed h°(X, 0 (® — K ¢)) = 0 because C'- (& — K ) = —1, and C is nef.

So |C| cuts out on the general curve F' € |F| a base point free g2. This implies that
either the general curve F' € |F| has genus p < 2 or that it is hyperelliptic of genus p > 3.

We claim that the general curve F' € |F| cannot be hyperelliptic of genus p > 3.
Indeed, if this is the case, the g7 cut out by |C| on F is composed with the g3. Let = be a
general point of X. Consider the pencil F,, of curves in |F| containing z. If F € F, is a
general curve, let 2’ be the conjugate of z in the g3 on F. Then x’ does not depend on F,
otherwise it would describe a curve §, contained in all curves of |C| containing x, which
is not possible. So 2’ is, as is x, a base point of F, and all curves in |C| containing z also
contain z’. This implies that there is an involution ¢ : X --> X that maps x to x’. Let
g : X --» Y be the quotient by this involution. By the above argument we see that the
degree 3 map X — P2, should factor through g, which is a contradiction. This proves
our claim, and we must have that the general curve F' € |F| has genus p < 2.

The classification depends on the various values that p can have.
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Suppose first that the general curve F' € |F| has genus 2. We remark that the map r
is an isomorphism and h'(F, Or(C)) = 0. This implies that h' (X, O3 (® — K¢)) = 1
and h?(X,04(® — Kg)) = 0 (because H*(X,0(C)) = 0); hence 2K ; — ® is not
effective and x (O (® — K¢)) = —1L

We have (K + F) - F = 2, hence K i - F' = 2 — F2. Moreover

1+K: =Kz - (C+Kg)=K3 F+Kg - ®=2-F*4+Kg -9,
so that
2 2
Ky =1-F+Kg;- 2.
In addition
44+ F Kg=F - (Kzg+C)=F>+F-® > F?
hence
6=4+F Kg+F*>2F?

so that F? < 3, and if the equality holds one has F' - & = 0.

By the exact sequence

0— 05 — O0x(F) — Op(F) —0

since h'(X,0¢) = 0and h°(X, O (F)) = 3, we have h°(F, Op(F)) = 2. This implies
that 2 > 2 because if F is a line bundle of degree at most 1 on F', one has hO(F, F) < L
Also

6=F-C+F - (F+Kg)=F'+F - (K;x+C)=2F*+F -0

sothat F' - @ € {0,2}.
Finally, we have

54+ K% =(C+Kg)?=F+®*+2F- 9.

Now we claim that ® = 0. First we notice that if there is an irreducible curve A
contained in ® such that K ; - A < 0, then, since A% < 0, the curve A is a (—1)-curve
such that C' - A = 0, which is impossible. So, if ¢ is non-zero, then for any curve A in ¢
one has K ¢ - A > 0 and therefore K ; - ® > 0.

Now, suppose that F' - ® = 0 which then gives F> = 3. Then

5+ K% =3+8"<2, ie, K:<-3
Since x(O (P — K¢)) = —1, we have
~4=0>-3Kg¢ ®+2K% < 9* - 3Kg-d—6,

hence
2+3Kg @< P* <1
thus K ¢ - ® < 0, which is a contradiction.

Assume next that F' - ® = 2, so that F'2 = 2. Then |F| is base point free and | F'| cuts
out on the general curve F' € |F| the canonical g;. Then ¢p : X — P?is a double
cover with a branch curve D of degree 6. Since p, = 0, then D cannot have only irrelevant
singularities, hence D must have either a point of multiplicity (at least) 4 or a triple point
with an infinitely near triple point (a so called [3, 3]-point). Hence X is rational (see [8,
§8.4], and —K 3 is effective. But this gives a contradiction, since C'- Ky = 1 and C'is
nef.

So we have proved that, if the general curve F' € |F'| has genus 2, ® = 0 and there-
fore F'?2 = 3. The system |F| can have at most one simple base point and, by Bertini’s
theorem, the general curve in |F'| is smooth and, as we know, irreducible. Moreover
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h'(X,0%(F)) = 0 and since K 3 - F' = —1, the Kodaira dimension of X is —oco and
therefore X is rational. Then, by [5, Prop. 10.10, Rem. 10.11], up to a Cremona trans-
formation |F| can be identified with one of these systems: |6;28, 1| and |4;2,1°|. Since
F ~ K ¢ +C, these two cases give rise to cases (i) and (ii) of the statement of the theorem.

To finish we need to analyze the two cases in which the curves of | F'| have genus one
and genus zero.

First we assume that the general curve F' € |F| has genus 1. Then F- K y = —F? <0,
which implies that X is rational. Then, up to a Cremona transformation, we have that |F|
can be identified with the linear system |3; 17|; hence F?2 = 2, so that F - K ¢ = —2. Thus

1+K%2 =Kg (C+Kg)=Kg F+Kg-®=Kg - ®-2, ie, Kg &=K2%+3.

Going back to the sequence (12), recall that the map r in (13) is injective because ® — K ¢
is not effective. In this case we have h'(F, Or(C)) = 4 and h'(F,Or(C)) = 0. Since
hY(X,0%(C)) = 1 and h?(X,0%(C)) = 0, we have that h' (X, 04 (® — Kg)) = 2
and h?(X,04(® — Kg)) = 0, so that x(O 5 (® — K 3)) = —2. Hence we have

~6=90"-3K3 - ®+2K% =0 - K¢ -6,
giving
(14) Kg ® =02

Since, as we saw above, K ¢ - ® < 0 is not possible, but if ® # 0 then ®2 < 0; hence we
have ® = 0 and K?”( = —3. Then we are in case (iii).

Finally, suppose that the general curve in |F| is rational. Then, up to a Cremona trans-
formation, we have that | F| can be identified with the linear system of lines in the plane,
so that F2 = 1 and Ky - F = —3. In this case we have

1+K2 =K¢ (C+Kg)=Kg F+Kg ®=Kg-®-3, ie, Kg®=K2%+4,

and x(O4(® — K¢)) = —3. An easy computation as before shows that (14) still holds
and as above this implies that & = 0. Then we are in case (iv). O

Remark 40. At the beginning of the proof of Proposition 36 we saw that h' (X, O ¢ (C)) =
1. This implies that for the linear systems listed in the statement of Proposition 36 the base
points cannot be general, since otherwise the systems in question would have dimension 1
rather than 2. However there are points in special position so that these linear systems do
have dimension 2.

Let us look more closely at case (i). In this case the map X — P2 cannot be the finite
triple cover map: X is different from X . Suppose to the contrary that this is the triple cover
map. Then by Enriques’ Lemma ([19], page 984), we deduce that the geometric genus of
the branch curve is 16. However if this is the triple cover map, then the branch curve has in
general only cusps, and the number of cusps is computed by Enriques to be 24 (see again
[19], same page). However a curve of degree 10 with 24 cusps has genus 12, not 16.

We conclude that the branch curve must have further singularities besides cusps, and
there must be some curve D contracted by the linear system. For any such irreducible
curve, one concludes readily (using the restriction sequence to D) that D has genus at
most one. In fact we can construct such examples as follows.

Suppose the linear system [9; 38,2, 12| has the first 10 base points on an irreducible
cubic curve. Then the proper transform of the cubic on the blow—up has zero intersection
with the system [9;3%,2, 12| and it splits off the system with one condition. The residual
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system is |6; 2%, 12| that is a pencil. This proves that in this case |9; 3%, 2, 12| has dimension
2 as desired. The cubic is contracted to an elliptic singularity on X.

Notice that in this case the linear system |9; 3%, 2, 1| has dimension 3 and it determines
a rational map of P2 to P? whose image is a quartic with an isolated genus 1 singularity
corresponding to the contraction of the cubic curve. This is a so—called Noether quartic
(see [11, p. 204]). The triple plane is determined by the projection of the Noether quartic
to P? from a smooth point on it.

In case (ii) the situation is quite similar. With the same considerations as above, one
sees that there must be some curve D on X contracted by the linear system. Again any
such a curve has genus at most one. In fact we can construct such examples as follows.

Suppose the linear system |7; 3, 2%, 1| has the first 10 base points on an irreducible cubic
curve. Then the proper transform of the cubic on the blow—up has zero intersection with
the system |7; 3,2, 1| and it splits off the system with one condition. The residual system
is |4; 2, 1'°| which is a pencil. This proves that in this case |7; 3,27, 1| has dimension 2 as
desired. The cubic is contracted to an elliptic singularity on X.

Again in this case the linear system |7; 3, 2°| has dimension 3 and it determines a rational
map of P? to P2 whose image is a quartic with an isolated genus 1 singularity (a so—called
tacnode) corresponding to the contraction of the cubic curve. The triple plane is determined
by the projection of this quartic to P2 from a smooth point on it.

Also in case (iii) the situation is similar. With the same considerations as above, one
sees that there must be some curve D on X contracted by the linear system. Again any
such a curve has genus at most one. We can construct such examples as follows.

Suppose the linear system |6; 27, 1°| has the first 11 base points on an irreducible cubic
curve. Then the proper transform of the cubic on the blow—up has zero intersection with
the system |6; 27, 15| and it splits off the system with one condition. The residual system is
|3; 18| which is a pencil. This proves that in this case |6; 27, 15| has dimension 2 as desired.
The cubic is contracted to an elliptic singularity on X.

Again in this case the linear system |6;27, 14| has dimension 3 and it determines a
rational map of P2 to P> whose image is a quartic with an isolated genus 1 singularity
corresponding to the contraction of the cubic curve. The triple plane is determined by the
projection of this quartic to P? from a smooth point on it.

A second example with genus zero may be obtained as follows. Take a nodal cubic
curve D, and choose 8 additional simple points on it. Fix six of these, and choose a
general pencil of cubics through those six. These will meet in three additional points. Now
take the linear system of sextics which are double at the node of D, also at the chosen six
points, and pass simply through the two additional points of D and the three further base
points of the cubic pencil. The proper transform D of the cubic is contracted by the linear
system, and is a rational curve of self-intersection —3 on X.

Similarly, another example with a contracted genus one curve may be given as follows,
with the other case (iv). Suppose that the linear system |4; 113| has its first 12 base points
on a smooth cubic curve. Then the proper transform of the cubic on the blow—up has zero
intersection with the system |4; 113| and it splits off the system with one condition. The
residual system is |1; 012, 1| which is a pencil. This proves that in this case |4; 13| has
dimension 2 as desired. It is immediate that this triple plane can be obtained by projecting
to IP? a quartic with an isolated triple point from a smooth point on it.

One more example is to take four points on a line, and 9 points which are the intersection
of two cubics. The system of quartics through these 13 points give an example where the
line is contracted.
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We do see constructions without contracted curves in case (iv). Take a smooth quartic
curve C' and a line ¢ meeting C' in four points. Choose one of these points, and consider
another quartic C' passing through the other three points. This quartic intersects C' in
13 additional points, and the linear system of quartics through these 13 points gives an
example of the case (iv) without having any contracted curves.

In case (iv) of Proposition 36, where there is no contraction, the Tschirnhausen vector
bundle is Qﬂl,)z (—1) (see [21, p. 1158]). Since this bundle is not split, it is not easy to give
explicit equations for the structure constants of the triple cover map. Since this bundle has
¢y = 7, the branch curve of degree 10 has in general 21 cusps (see [21, Lemma 10.1]).

Example 41. It is enlightening to look at the two cases (iii) and (iv) in Proposition 36 and
at the content of Remark 40 for an even more geometric point of view.

First of all one can consider quintic surfaces .S with three non—planar double lines con-
curring at a triple point. These surfaces are rational, and it is proven in [11, §33] that
they are the image in P of the plane blown up at 9 points via a linear system of the type
|6;27,13|. Now take a general point 2 on one of the double lines r and make the projection
of S from x. This determines a triple plane that falls in case (i) of Proposition 36. This
projection contracts 7 to a point according to what we observed in Remark 40.

One can also consider quintic surfaces S with a rational normal cubic curve I of double
points. These surfaces are rational, and it is proven in [11, §33] that they are the image
in P2 of the plane blown up at 11 points via a linear system of the type |4;1'!|. Now
take a general point x € I' and make the projection of S from x. This determines a triple
plane that falls in case (iv) of Proposition 36. In this projection in general there are no
contractions. However, the double curve I' can specialize to a conic plus a line r and if we
take € r general and project down from =z, the line  will be contracted to a point. Again
this agrees with the content of Remark 40.

8. BRANCH CURVE OF DEGREE 12 AND HIGHER

As we saw, if the branch curve has degree 10 or lower, a triple plane has Kodaira dimen-
sion —oo, unless the branch curve has degree 10, in which case it could be either properly
elliptic or a K 3 quartic surface blown up at a smooth point (and we are not sure that the
elliptic case exists). If the branch curve has degree 12 or higher, the Kodaira dimension
can get higher as well, and it becomes difficult to come up with a classification. We give
here some examples, in particular with branch curves of degree 12.

Example 42. Consider a surface X of general type with p, = K2 = 3 and with base point
free canonical system |K|. If f : X — P? is the canonical map, this is a triple plane and
the Tschirnhausen vector bundle is Op2 (—2) & Op2(—4) (see [21, Cor. 10.4]). The branch
curve has degree 12 and in general has 24 cusps (see [21, Lemma 10.1]). These surfaces
have been studied in [17, Sect. 2].

Example 43. If the Tschirnhausen vector bundle is Op2(—3) @ Op2(—3) then we have a
triple plane 7 : X — P? which is an elliptic surface over P! (the elliptic structure being
given by the canonical map, so p;, = 2, K 2 = 0) and the triple covering is defined by
a linear system of genus 4 trisections of the elliptic structure (see [21, Table 10.5]). The
branch curve has degree 12 and in general has 27 cusps (see [21, Lemma 10.1]).

Example 44. Consider a sextic surface S in P? which is double along the edges of a
tetrahedron and has no other singularities. Its normalization S’ is an Enriques surface.
The projection of S to a plane from a vertex of the tetrahedron determines a triple plane
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7 : X — P? where X is the blow—up of S’ at the three points that are mapped to the
vertex of the tetrahedron. The branch curve of this triple plane has degree 12 because
the curves C' € L have genus 4. Taking into account [21, Cor. 10.4], we think that the
Tschirnahusen vector bundle does not split in this case.

Example 45. Let S be a smooth surface of degree 6 in P4 that is the complete intersection
of a quadric and a cubic hypersufaces. This is a K3 surface. There are proper trisecant lines
to S, precisely all lines in the quadric and not contained in .S. One can project S down to
IP? from any such proper trisecant line. This determines a triple plane that has a branch
curve of degree 12. The Tschirnausen bundle here is not split but it is somehow very close
to being split, i.e., it is a quotient of a split rank three vector bundle by a line bundle (see
[18, Table 1]).

Of course one can consider special cases in which .S becomes singular, in particular it
becomes rational (e.g., if S acquires a triple point).

Example 46. Infinitely many examples can be obtained by considering the exceptional
examples (see Section 2.1) and the triple planes with a pencil composed with the triple
plane map (see Section 2.2 and (2)). In particular, if in (2) we have that I' = P! and
f : P2 ——s P! is given by a pencil of curves of degree d, the branch curve consists of 4d
curves in the pencil. For d = 3 we have a branch curve of degree 12 and X is an elliptic
surface.

9. APPENDIX: TRIPLE COVER FORMULAE

In this appendix we review how to obtain the structure parameters a, b, ¢, d (in the nota-
tion of [21]) from the coefficients e; of a monic cubic equation

X3+€2X2+61X+€0:0 or X3:—60—61X—62X2.

The algebra is generated by 1, X, X2 as a module, but the structure constants that we seek
require us to find the trace zero generators. Note that

X=X —e1 X? — e X3
= —eoX — 61X2 — 62(—60 — 61X — 62X2)
= egen + (e1e2 — eg) X + (€2 — 1) X2

Since
0 0 —€o
TI‘(X) =Tr|1 O —e1 = —€3
0 1 —€9
and
0 —€p €p€2

Tr(Xz) =Tr |0 —e1 (ere2—eg) | = 6% —2e;
1 —ey (€3 —en)

we therefore have that
z=X4ey/3 and w=X?—(e3—2¢)/3

are the trace zero generators of the module. Using the notation of [21], we seek the struc-
ture constants a, b, ¢, d for multiplication in the rank three algebra in terms of the generators
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1, z and w, which are
22 =2A+az+bw
(15) zw=—B —dz— aw
w? = 2C + cz + dw
where
A=a?>—-bd, B=ad—be, C=d*—ac.
We then compute these as:
= (X +e2/3)" = X* + (22/3)X + (¢3/9)
= (w+ 62—261)/3 + (2e2/3)(z — e2/3) + (€3/9)
= (2€3/9 — 2e1/3) + (2e2/3)z + w,
2w = (X +e3/3)(X? — (€5 — 2¢1)/3)
= X3+ (ea/3) X% — ((e2 —2¢1)/3)X — (e3 — 2e1€2)/9
= —eaX? —e1X —ep+ (e2/3)X? — ((e2 —2¢1)/3)X — (€5 —2e1e2)/9
= (—2e2/3)X? + ((—€2 —€1)/3)X — e — (€3 — 2e1€2)/9
= (—2e2/3)(w + (€5 — 2e1)/3) + ((—€3 — €1)/3)(z — e2/3) — eo — (€3 — 2e1€2)/9
= (—eg — 2€3/9+ Tere2/9) + ((—e3 — €1)/3)z + (—2e2/3)w
= (X? — (€3 — 2e1)/3)°
= X* —2(e3 —2¢1)/3) X2 + (€2 — 2¢1)%/9
=(e2 —e)) X%+ (6162 —e0)X + egea — 2(e5 — 2e1)/3) X% + (e3 — 2¢1)?/9
((e3+€1)/3)X? + (erea — e0) X + egea + (€3 — 2¢1)%/9
= ((e3 +e1)/3)(w + (€3 — 21)/3) + (e1e2 — e0) (2 — e2/3) + epea + (€3 — 21)%/9
= (2¢5 — 8ere3 + 22 + 12epe2)/9 + (e1e2 — ep)z + ((€3 + e1)/3)w

Therefore:
Proposition 47. If a rank three algebra is defined by an equation
X%+ eaX? +e1X +eo=0,

then the structure constants for the algebra using trace zero generators z = X + ea /3 and
w= X2~ (2 — 2e1)/3 as in (15) are given by

a=2e/3, b=1, c=ejes—ey, d=(e2+e1)/3
A= 6%/9 - 61/3
B =eo+2e3/9—Teiez/9
C = (e5 — 4e1e2 + €2 + 6eges) /9
using the notation of [21].

It is elementary but onerous to check that we have the necessary relations among these
seven quantities (A = a? —bd, B = ad — be, and C = d? — ac).
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