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ABSTRACT. A finite, normal cover f : X −→ P2 of degree m ⩾ 3 (the case m = 2 is
well known and we do not consider it in this paper) is called simple, if there is a pencil P
of rational curves of P2 such that the pull back via f of P is a pencil of rational curves on
X . Up to Cremona equivalence P can be assumed to be the pencil of lines through a fixed
point p ∈ P2. If B is the branch curve of such a multiple plane, the general line through p

has to intersect B in 2m− 2 branch points (counted with multiplicities). If p is not one of
these branch points, then the multiple plane is said to be simpler. In that case the branch
curve will have a point of multiplicity deg(B)− 2m+ 2 at p.

In this paper we classify, under suitable generality conditions for the branch curve, sim-
pler triple planes up to Cremona equivalence (they belong to infinitely many non–Cremona
equivalent families) and we give examples of infinitely many non–Cremona equivalent
families of simpler multiple planes of degree m ⩾ 4.
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INTRODUCTION

The study of finite, normal, multiple covers of the plane is a classical subject in algebraic
geometry. A problem that is still widely open is the one of classifying, up to Cremona
transformations of the plane, the multiple covers f : X −→ P2 as above such that X is
rational. The first contribution to this subject goes back to the paper [4] of 1900 by G.
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Castelnuovo and F. Enriques. There the authors claimed to classify rational double covers
of the plane up to Cremona transformations. The arguments in [4] were not complete
and a full treatment of the subject has been given only more recently by L. Bayle and A.
Beauville [1] in 2000 and by A. Calabri in his PhD thesis published in 2006 (see [3]). In
Calabri’s thesis there is also the classification, up to Cremona transformations, of rational
cyclic triple covers of the plane.

Besides these results, not too much is known on this subject. In principle, using the
results in J. Blanc’s thesis [2] (i.e, the classification, up to conjugation, of the finite abelian
subgroups of the Cremona group of the plane) and in R. Pardini’s paper [8] (i.e, the descrip-
tion of the structure of finite, abelian covers of algebraic varieties), it would be possible
to classify, up to Cremona transformations, the rational abelian covers of the plane. For
instance in the recent preprint [5] there is the classification of Galois rational covers of the
plane with Galois group of the type Zr

2, with r ⩾ 3. However, for example, the classifica-
tion, up to Cremona transformation of the plane, of rational non–cyclic triple planes is still
unknown.

In general the problem of classifying rational multiple covers of the plane seems to be
extremely hard. Since the case of double covers is relatively easy, here we deal exclusively
with covers of degree m ⩾ 3. In this paper we focus on a special family of rational multiple
planes of degree m ⩾ 3. Namely we consider multiple planes f : X −→ P2 such that
there is a pencil P of rational curves of P2 such that the pull–back of the general member
of P is an irreducible rational curve on the cover. Let us call these multiple planes simple
multiple planes.

Up to Cremona equivalence, any such pencil of rational curves of P2 is equivalent to a
pencil of lines through a fixed point (see [3, Prop. 5.3.5]); hence we may assume that P is
the pencil of lines through a point p ∈ P2.

Since in principle, as we said, the cyclic case can be dealt with using [2, 8], we will
focus on the non–cyclic case.

Let f : X −→ P2 be a simple multiple plane of degree m ⩾ 3 as above in which P is
the pencil of lines through a point p ∈ P2. Let B ⊂ P2 be the branch curve of the multiple
plane, which has even degree. Since the pull–back to X of a general line r through p
is irreducible of genus 0, the number of branch points on r, given by Riemann–Hurwitz
formula, must be 2m − 2, if we count each of them with the appropriate multiplicity. If
p does not count as one of these branch points and if the branch curve is reduced, we will
say that the simple multiple plane is simpler. In that case the branch curve B has to meet
the general curve through p in 2m − 2 points off p, so it must have a point of multiplicity
deg(B) − 2m + 2 at p. A first step in the classification would be to classify (non–cyclic)
simpler multiple planes of degree m ⩾ 3.

Note that the consideration of simpler multiple planes f : X −→ P2 of degree m is
equivalent to the consideration of multiple covers π : S −→ F1 of degree m such that the
branch curve B is reduced and does not contain the (−1)–curve E on F1 and intersects the
general fibre F of the structure morphism F1 −→ P1 in 2m− 2 points. We will make the
generality hypothesis that B on F1 has only simple cusps as singularities and we will often
take this viewpoint.

In this paper we first focus on the case m = 3 and we do classify simpler triple planes,
at least under some generality assumptions (partly specified above, partly in the course
of the paper). First, in Section 1, using the general theory of triple covers as exposed in
[7], we construct infinitely many families of such rational triple planes. Then in Section
2 we give a geometric interpretation of this construction, and, using it, in Section 3 we
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prove that the simpler triple planes we constructed are the only such triple planes, thus
proving a classification theorem. In Section 4, inspired by the geometric description of the
above triple planes, we construct infinitely many families of simpler multiple planes of
any degree m ⩾ 4. Finally, in Section 5 we prove that sufficiently general multiple planes
as above with branch curves of different degree are not Cremona equivalent.

We stress that, up to our knowledge, so far even the existence of infinitely many families
of non–Cremona equivalent rational multiple planes of a given degree m ⩾ 3 was not
known.

The reader may ask about the more restrictive case where a multiple plane f : X → P2

has a rational pre-image of the general line, not just the general curves in a pencil of
rational curves. The analysis of the general situation here is rather straightforward: since
X has a net of rational curves, the complete linear system of that net maps X to a rational
scroll or a Veronese surface, and the map f is obtained as a projection of such a surface.
If the projection is general, the numerical characters (degree, singularities) are classically
computed; it is however an open question about special positions for the projection, which
could provide a list of allowable degenerations of the branch locus for such a projection.
These are not classified, except for triple covers with degree 4 branch curve, where the
branch curve is either an irreducible quartic with three ordinary cusps, or the union of a
cuspidal cubic and its (unique) flexed line; see [6].

Acknowledgements: C. Ciliberto is a member of GNSAGA of the Istituto Nazionale di
Alta Matematica.

1. CONSTRUCTING SIMPLER TRIPLE COVERS OF THE PLANE

1.1. The algebraic construction. In this section we will freely use the results in [7].
Fix strictly positive integers x, y with 2x > y and 2y > x, and set e = x + y. Let

Y = F1 be the blowup of P2 at one point, which is a ruled surface; call the exceptional
divisor E and the fiber class F . The pull–back to Y of a general line of the plane has class
H = E + F . Consider the decomposable rank two bundle on Y

(1) E = OY (−E − xF )⊕OY (−E − yF ).

The Chern classes of E are computed to be

(2) c1(E) = −2E − (x+ y)F = −2E − eF and c2(E) = x+ y − 1 = e− 1

and the standard intersection numbers are

(3) c1(E)2 = 4e− 4; c1(E) ·KY = (−2E − eF ) · (−2E − 3F ) = 2e+ 2.

We note that

S3E∗ ∼= OY (3E+3xF )⊕OY (3E+(2x+y)F )⊕OY (3E+(x+2y)F )⊕OY (3E+3yF )

and
∧2E ∼= OY (−2E − (x+ y)F ) = OY (−2E − eF )

so that

S3E∗⊗∧2E ∼= OY (E+(2x−y)F )⊕OY (E+xF )⊕OY (E+yF )⊕OY (E+(2y−x)F ).

A triple cover of Y can be built from a general section of this rank 4 bundle; our as-
sumptions on x and y imply that each of the four line bundles have smooth general movable
members, and in fact are very ample if x, y ⩾ 2.
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A section of this rank four bundle consists of four sections

a ∈ H0(OY (E + xF ));

b ∈ H0(OY (E + (2x− y)F ));

c ∈ H0(OY (E + (2y − x)F );

d ∈ H0(OY (E + yF ))

which give the structure constants of the OY -algebra defining the cover π : S → Y . If we
set

A = a2 − bd ∈ H0(2E + 2xF );

B = ad− bc ∈ H0(2E + eF ));

C = d2 − ac ∈ H0(2E + 2yF );

D = B2 − 4AC ∈ H0(4E + 2eF ),

the branch locus for the cover π is the divisor B defined by D = 0; its class is −2c1(E) =
4E + 2eF . If the above sections are general enough, B is irreducible and reduced and has
only simple cusps as singularities. The number of these cusps is 3c2(E) = 3e − 3. In the
rest of the paper we will suppose that these generality assumptions are verified.

In conclusion we have proved:

Proposition 1. Given two positive integers x, y ⩾ 2, with 2x > y and 2y > x, there are
triple covers π : S −→ Y = F1, with Tschirnhausen bundle given by (1) and branch curve
B ∈ 4E + 2eF (where e = x+ y) which is irreducible and reduced.

1.2. The pre-images of the fibers. The general curves in the linear system |F | of Y = F1

lift on S to curves C which are triple covers of P1 branched at B · F = (4E + 2eF ) ·
F = 4 points. These curves are therefore rational, by the Riemann–Hurwitz formula. We
conclude therefore that S has a rational pencil of rational curves |C| and therefore it is
rational by Noether’s theorem.

1.3. Invariants of the triple cover. Using Riemann-Roch, we see that the arithmetic
genus of B is

pa(B) =
1

2
(B2 +B ·KY ) + 1 = 6e− 9.

The genus of the ramification divisor R on X (which is smooth) is

g(R) = 2c1(E)2 − c1(E) ·KY + 1− 3c2(E) = 3e− 6

and this is also the geometric genus g(B) of B. This is consistent with the fact that g(B) =
pa(B)− (3e− 3), where 3e− 3 is the number of cusps and these are the only singularities
of B.

Using Proposition 10.3 of [7], we have the following.

χ(OS) = 3χ(OY ) +
1

2
c1(E)2 −

1

2
c1(E) ·KY − c2(E) = 1,

K2
S = 3K2

Y − 4c1(E) ·KY + 2c1(E)2 − 3c2(E) = 11− 3e,

e(S) = 3e(Y )− 2c1(E) ·KY + 4c1(E)2 − 9c2(E)− 3e+ 1.

The fact that χ(OS) = 1 agrees with the fact that S is rational. The other invariants
are consistent with S being a rational surface which is a blowup of P2 at 3e − 2 (distinct
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or infinitely near) points or the blow–up of a Hirzebruch surface Fa at 3e − 3 (distinct or
infinitely near) points.

1.4. The pre-image of E. The branch curve B meets the (−1)-curve E in (4E + 2eF ) ·
E = 2e − 4 points. We will make the further assumption that these are distinct. Then the
pre-image G of E is a smooth triple cover of E branched at 2e − 4 points, and hence has
genus satisfying the Riemann–Hurwitz formula

2g(G)− 2 = 3(−2) + (2e− 4) = 2e− 10

implying that G is a curve of geometric genus g(G) = e− 4. Since π∗(E) = G, we have
G2 = −3.

As long as e ⩾ 4, we can make a contraction ϕ : S −→ X of the curve G (and
simultaneously contract E at a point p of P2) to obtain a map f : X −→ P2 which is the
desired simpler triple plane, where X is singular (at the image of the curve G). The branch
curve B of f : X → P2 has degree 2e, has an ordinary point of multiplicity 2e − 4 at p
and in addition 3e− 3 ordinary cusps.

1.5. The pre-image of the line class H . The branch curve B meets the line class H =
E + F in (4E + 2eF ) · H = 2e points. The pre-image of a general curve in |H| is
therefore a smooth curve M which has genus g(M) satisfying 2g(M)− 2 = 3(−2) + 2e
and hence g(M) = e− 2; since H2 = 1, we have M2 = 3. Hence M ·KS = 2e− 9. By
Riemann-Roch, we see that

(4) χ(OS(M)) = 1 + (M2 −M ·KX)/2 = 1 + (3− 2e+ 9)/2 = 7− e.

Proposition 2. One has h0(OS(M)) = 3 and therefore h1(OS(M)) = e− 4.

Proof. Since H · E = 0, we have M · G = 0. Moreover since H = E + F , we have
M = G+ C. Consider the exact sequence

(5) 0 −→ OS(C) −→ OS(M) −→ OG(M) ∼= OG −→ 0.

We have h0(OS(C)) = 2, and hi(OS(C)) = 0, for 1 ⩽ i ⩽ 2. From the long exact
sequence of (5), we immediately deduce that h0(OS(M)) = 3 and

h1(OS(M)) = h1(OG) = g(G) = e− 4,

as desired. This also follows from h0(OS(M)) = 3 and (4). □

The map to P2 is of course given by the system |M |; in the next section we will give a
geometric construction for this system.

2. GEOMETRIC DESCRIPTION

In this section we are keeping all the generality assumptions we made so far on the
branch curve B.

2.1. Contraction to a Hirzebruch surface. As we saw in Section 1.2, there is a rational
pencil |C| of rational curves on S, i.e., the pull backs of curves in |F | on Y = F1. We can
blow down the ruled surface S to a minimal rational ruled surface Fh for a suitable h ⩾ 0,
obtaining a morphism g : S → Fh, by contracting (in sequence) (−1)–curves which are
components of curves in |C|. The number of contractions is 3e − 3 because, as we saw,
K2

S = 11− 3e.

Lemma 3. It is possible to make the contraction g : S −→ Fh in such a way that the
image Ḡ of G on Fh is still smooth.



6 CIRO CILIBERTO AND RICK MIRANDA

Proof. Only the reducible members of |C| are affected by the contractions. We must show
that we can achieve the reduction to the minimal surface Fh by only contracting (−1)–
curves that meet G with intersection number at most one.

For a curve C0 ∈ |C|, let F0 = π(C0). We have a morphism π|C0
: C0 −→ F0

∼= P1,
that is finite. Hence, if C0 is reducible, it consists of at most three irreducible components,
all smooth and rational.

If C0 consists of two irreducible components, one of them intersects G in one point, the
other in two points, and both are (−1)–curves. In the contraction g : S −→ Fh we can
choose to contract only the (−1)–curve that intersect G in one point.

If C0 consists of three irreducible components, each of these intersects G in one point.
Let us call C01, C02, C03 the three components of C0, with the property that C01 · C02 =
C02 · C03 = 1, C01 · C03 = 0. There are two cases:
(i) C2

01 = C2
03 = −1, C2

02 = −2;
(ii) C2

01 = C2
03 = −2, C2

02 = −1.
In case (i), we choose to contract C01 and C03. In case (ii) we choose to contract first C02

and then the image of one of the other two curves.
With these choices, the image Ḡ of G in Fh is easily seen to be smooth. □

Note that

(6) Ḡ2 = G2 + (3e− 3) = 3e− 6.

On this curve there is a (curvilinear) 0–dimensional subscheme Z of length 3e − 3 that is
the contraction of the 3e− 3 curves (−1)-curves.

Let us denote by f the class of the ruling of Fh and by e the class of the section with
e2 = −h. The classes e and f generate the Picard group of Fh. Since G · F = 3, we have
Ḡ · f = 3, hence we have a relation of the form

(7) Ḡ ∼ 3e+ ℓf,

for a suitable positive integer ℓ. From (6) and (7) we deduce that

(8) e = 2ℓ− 3h+ 2.

Moreover since 0 ⩽ Ḡ · e = ℓ− 3h we have ℓ ⩾ 3h. The solutions to the equation (8) in ℓ
and h are of the form

h = e+ 2k, ℓ = 2e− 1 + 3k, with k an integer.

However, since we have ℓ ⩾ 3h, we must have 3k + e ⩽ −1. Moreover h ⩾ 0 yields
2k ⩾ −e, so that

−e

2
⩽ k ⩽ −e+ 1

3
.

2.2. The linear system H on Fh. We denote by H the image via g : S −→ Fh of the
linear system |M | on S, where we recall that we set M = π∗(H), with H the pull back to
Y = F1 of a general line of P2. Note that

dim(H) = dim(|M |) = 2.

We will denote by H̄ the general curve in H.
Note that, since H ∼ F +E on Y , we have M ∼ G+C on S. So all (−1)–curves we

contracted in the map g : S −→ Fh, that intersect G in one point each, also intersect M in
one point each. This implies that the general curve H̄ of H is also smooth, and it cuts out
on Ḡ a divisor containing the length 3e− 3 scheme Z.
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Moreover
H̄2 = M2 + 3e− 3 = 3e.

Note next that
H̄ ∼ G+ f ∼ 3e+ (ℓ+ 1)f,

and therefore
H̄ · Ḡ = (3e+ (ℓ+ 1)f) · (3e+ ℓf) = 3e− 3

(see (8)). So Z is the complete intersection of a general curve H̄ of H and Ḡ.

Proposition 4. The linear system H defines a rational map

φH : Fh 99K P2

such that there is a commutative diagram

(9) S

g

��

π // Y

p

��
Fh

φH // P2

where p : Y = F1 −→ P2 is the obvious contraction of E.

Proof. The proof is immediate: note that g : S −→ Fh is just the blow up of Fh along the
cluster determined by Z. □

Proposition 4 gives a complete geometric description of the triple planes we constructed
in Section 1. Namely, one fixes an integer h ⩾ 0, and takes a smooth curve Ḡ in the linear
system 3e + ℓf, where ℓ ⩾ 3h. We then take a general member H̄ in the linear system
|e + (ℓ + 1)f|, and consider the complete intersection scheme Z = Ḡ ∩ H̄ . We then
consider the linear system H consisting of those members of the complete linear system
|e+(ℓ+1)f| that contain the scheme Z. That is a two-dimensional linear system and gives
the triple cover map to the plane.

3. THE CONVERSE ANALYSIS

In this section we consider a simpler triple plane f : X −→ P2, and the corresponding
triple cover π : S −→ Y = F1, such that the branch curve B is such that B · F = 4.
We will assume that B is sufficiently general, i.e., irreducible and reduced with at most
ordinary cusps as singularities, intersecting E transversally at distinct points. In this case
we will say that the simpler triple plane is also general. In that case S will be smooth. We
have

B ∼ 4E + 2eF,

for some positive integer e ⩾ 2 and B · E = 2e− 4.
The main purpose of this section is to prove the following:

Theorem 5. The construction in Section 1 gives all simpler general triple planes f :
X −→ P2.

Proof. There is a commutative diagram

(10) S

ϕ

��

π // Y

p

��
X

f // P2
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where ϕ : S −→ X is the contraction of the curve G = π∗(E).
Arguing as in §1.2 we see that the pull back to S of the pencil |F | of Y is a linear system

of rational curves |C|. Hence S is rational by Noether’s theorem.
As in §1.4, we see that (under the generality hypotheses on B) the curve G on S is a

smooth curve of genus e− 4 and self–intersection G2 = −3.
As in §1.5 we see that the pre-image of a general curve in |H| is a smooth curve M with

genus e− 2. Moreover M ∼ G+ C and dim(|M |) = 2.
Let E be the Tschirnhausen bundle of π : S −→ Y . We have

(11) c1(E) = −2B − eF.

By the formula

χ(OS) = 3χ(OS) +
1

2
c1(E)2 −

1

2
c1(E) ·KS − c2(E),

since χ(OS) = χ(OS) = 1 and by (11), we deduce that c2(E) = e− 1, so that the branch
curve B has 3c2(E) = 3e− 3 cusps. Then the computation K2

S = 11− 3e is still valid.
At this point we can proceed just as in Section 2. Namely, we can blow down exactly

3e − 3 exceptional (−1)–curves in fibres of |C| getting a morphism g : S −→ Fh, with
a suitable h ⩾ 0, and we can do this in such a way that the image Ḡ of G via g is still a
smooth curve with genus e− 4 whose self intersection is given by (6). On Ḡ there is a 0–
dimensional subscheme Z of length 3e− 3 that is the contraction of the 3e− 3 exceptional
(−1)–curves.

With the same notation as in Section 2, we still have (7) and (8). The image H linear
system of |M | on Fh is a 2–dimensional sublinear system of |3e + (ℓ + 1)f| with simple
base points at the subscheme Z of Ḡ that are the complete intersection of Ḡ with a general
curve H̄ in H. The commutative diagram (9) still holds.

In conclusion the triple cover π : S −→ Y = F1 is exactly the same that we con-
structed in Section 1, and this implies that the Tschirnhausen bundle necessarily splits as
in (1), with x+ y = e. □

4. MULTIPLE PLANES

Consider in general multiple covers π : S −→ Y = F1 of degree m ⩾ 4 (the case
m = 2 is trivial) such that the branch curve B is irreducible reduced and such that B ·F =
2m − 2. By imitating what happens for the case m = 3, in this section we are going to
show how to construct infinitely many families of such covers. Note that

B ∼ (2m− 2)E + 2eF,

for some positive integer e ⩾ m− 1, so that B · E = 2e− 2m+ 2.
There is a commutative diagram (10) where f : X −→ P2 is a simpler multiple plane

of degree m for which there is a branch curve B of degree 2e with a point of multiplicity
2e− 2m+2. The consideration of such a multiple plane is equivalent to the consideration
of the multiple cover π : S −→ Y of degree m.

Theorem 6. For every m ⩾ 2 there exist simpler multiple planes of degree m as above.

Proof. Consider a Hirzebruch surface Fh and take a smooth curve Ḡ on Fh such that

Ḡ ∼ me+ ℓf, with ℓ a positive integer.

For this it is necessary that 0 ⩽ Ḡ · e = ℓ −mh. Then consider the linear system |me +
(ℓ + 1)f| (which is very ample) and take a general curve H̄ in this system, that intersects
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Ḡ in
H̄ · Ḡ = (me+ ℓf) · (me+ (ℓ+ 1)f) = m(2ℓ+ 1−mh)

points (that in general will be distinct) forming a 0–dimensional subscheme Z of Ḡ. Con-
sider then the linear subsystem H of |H̄|, formed by all curves that contain Z.

One has dim(H) = 2 because Ḡ splits off H with one condition and the residual system
is the pencil |f|. The map φH : Fh 99K P2 gives a cover of P2 of degree m. More precisely,
there is a cartesian diagram (9) where f : S −→ Y is a degree m cover, and S is the blow–
up of Fh along Z. The cover π : S −→ Y = F1 is a desired one. □

It is conceivable that the construction in this section gives all the degree m covers f :
S −→ Y whose branch curve B is reduced and such that B ·F = 2m−2, as it happens for
m = 2 (trivial) and for m = 3 (see Section 3), or at least those for which B is sufficiently
general.

5. CREMONA EQUIVALENCE

Given two multiple planes π : X −→ P2 and π′ : X ′ −→ P2 we will say that they are
Cremona equivalent if there is a commutative diagram of the form

(12) X ′

π′

��

ϕ // X

π

��
P2 φ // P2

such that ϕ : X ′ 99K X and φ : P2 99K P2 are birational maps.

Theorem 7. Consider two multiple planes of degree m ⩾ 3 of the form π : X −→
P2 and π′ : X ′ −→ P2 of the type we constructed in Section 4, with branch curves
B and B′ respectively, of degrees 2e and 2e′ respectively, with an ordinary point p of
multiplicities 2e− 2m+ 2 and 2e′ − 2m+ 2 respectively. These two multiple planes are
Cremona equivalent if and only if they are isomorphic, i.e., if and only if φ is a projective
transformation and the diagram (12) is cartesian.

Proof. We may assume that e′ ⩾ e. Suppose there is a diagram like (12). Then φ :
P2 99K P2 has to preserve the pencil of lines with centre p, so it must be a De Jonquiéres
transformation, defined by a linear system of curves of a certain degree d ⩾ 1 with a point
of multiplicity d − 1 at p and further 2d − 2 simple base points (that can be proper or
infinitely near). We want to prove that d = 1.

The De Jonquiéres transformation contracts to p the unique rational curve ∆ of degree
d − 1, with a point of multiplicity d − 2 at p and passing through the 2d − 2 simple base
points. Then ∆ has to intersect B′ in 2e − 2m + 2 points off the aforementioned base
points. Hence we have

2e− 2m+ 2 = 2e′(d− 1)− (2e′ − 2m+ 2)(d− 2)− x, with x ⩽ 2d− 2;

therefore we deduce that

e ⩾ e′ + (m− 2)(d− 1) ⩾ e′ + d− 1.

Since e′ ⩾ e, we find d ⩽ 1, as wanted. □

Corollary 8. There exist infinitely many families of non-Cremona equivalent rational mul-
tiple planes of any given degree m ⩾ 3.
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