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The Bracket

For f , g P L2pRdq,

rf , g spxq “
ÿ

kPZd

f px ` kqgpx ` kq, x P Rd .

rf , f spxq ě 0 a. e. x P Rd and rf , f s ” 0 ðñ f ” 0.

r¨, ¨s is a sesquilinear hermitian symmetric map.

rf , g s is Zd -periodic and

ż

r0,1qd
|rf , g spxq|dx ď }f }2}g}2 .

The bracket defines and L1pr0, 1qdq-valued inner product in the Hilbert
space L2pRdq.

Jia, Michelli (1991); de Boor, DeVore, Ron (1994).
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Results with the bracket

With Tkgpxq “ gpx ` kq

xf ,Tkgy2 “

ż

Rd

pf pωqpgpωqe´2πik¨ωdω “

ż

r0,1qd
rpf , pg spωqe´2πik¨ωdω .

(1)

Denote by xf yZd :“ spantTk f : k P Zdu the shift-invariant space generated
by f P L2pRdq,

xf yZd K xgyZd ðñ rpf , pg spωq “ 0 a.e. ω P r0, 1qd .

For f P L2pRdq denote by Mf the space of all m : Rd Ñ C that are
Zd -periodic and

}m}Mf
:“

˜

ż

r0,1qd
|mpωq|2rpf ,pf spωqdω

¸1{2

ă 8 .
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Results with the bracket

Let f P L2pRdq. The map Jf defined by Jf pmq “ pmpf qq is an
isometric isomorphism from Mf onto xf yZd .

Corollary: g P xf yZd if and only if there exists m PMf such that
pg “ mpf .

Denote by Pxf yZd the orthogonal projection of L2pRdq onto xf yZd .
Then,

pPxf yZd pgqqp“
rpg ,pf s

rpf ,pf s
1
trpf ,pf są0u

pf .
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Reproducing properties of Opf q “ tTk f : k P Zdu

(a) Opf q is an orthonormal basis for xf yZd ðñ rpf ,pf s “ 1 a.e.

(b) Opf q is a Riesz basis for xf yZd with bounds 0 ă A ď B ă 8
ðñ A ď rpf ,pf s ď B a.e.

(c) Opf q is a frame for xf yZd with bounds 0 ă A ď B ă 8
ðñ A1

trpf ,pf są0u
ď rpf ,pf s ď B1

trpf ,pf są0u
a.e.

(a) appears in a paper of R. P. Gosselin (1963) dedicated to the study of
cardinal series.
Earliest reference to (c) is due to J. Benedetto and S. Li (1993/1998).
This result follows from the representation of the Frame operator of Opf q,

Ff pgq :“
ÿ

kPZd

xg ,Tk f yTk f , g P xf yZd ,

in terms of the bracket: Ff pgqp“ rpf ,pf spg .

Eugenio Hernández (UAM) Invariant Spaces and the Bracket February 9, 2021 5 / 21



Other results for Opf q “ tTk f : k P Zdu

(a) Opf q has a biorthogonal system of the form Oprf q with rf P xf yZd

ðñ
1

rpf ,pf s
P L1pr0, 1qdq. In this case

p

rf “
1

rpf ,pf s
pf .

(b) (d=1) Opf q is `2-linearly independent in L2pRq(*) ðñ rpf ,pf s ą 0
a.e.
(c) (d=1) Opf q is a Schauder basis for xf yZ ðñ rpf ,pf s is a
Muckenhoupt A2 weight in r0, 1q.

(*) A sequence pxnq
8
n“1 in a Hilbert space H is `2-linearly independent if

whenever pcnq
8
n“1 P `

2pNq and lim
nÑ8

}

n
ÿ

k“1

cnxn} “ 0, then cn “ 0 for all

n P N.
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Group von Neumann algebras

Let Γ be a discrete countable group.

The right regular representation of Γ is ρ : Γ Ñ Up`2pΓqq given by
pρpγqaqpγ1q “ apγ1γq or equivalently ρpγqδγ1 “ δγ1γ´1 .

The right von Neumann algebra of Γ is

RpΓq :“ span tρpγq : γ P Γu
WOT

.

The trace of F P RpΓq is given by τpF q “ xF δe , δey`2pΓq.

For 1 ď p ă 8, and F P RpΓq, let }F }p :“ pτp|F |pqq1{p, where
|F | “

?
F ˚F .

The left regular representation of Γ is λ : Γ Ñ Up`2pΓqq given by
pλpγqaqpγ1q “ apγ´1γ1q or equivalently λpγqδγ1 “ δγγ1 .
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Non commutative Lebesgue spaces

Non commutative Lebesgue spaces over Γ: For 1 ď p ă 8,

LppRpΓqq :“ span tρpγq : γ P Γu
} }p

.

and L8pRpΓqq :“ RpΓq with the operator norm.

The trace can be defined for any element of LppRpΓqq, 1 ď p ď 8
and

L8pRpΓqq Ă LppRpΓqq Ă L1pRpΓqq .

L2pRpΓqq is a Hilbert space with

xF1,F2y2 “ τpF ˚2 F1q

and tρpγq : γ P Γu is an orthonormal basis of L2pRpΓqq.
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Plancherel Theorem

For F P L1pRpΓqq its Fourier coefficients are defined by

pF pγq “ τpFρpγqq , γ P Γ.

For a P `2pΓq its Fourier series is defined by

FΓpaq “
ÿ

γPΓ

apγqρpγq˚ .

Plancherel Theorem:

(a) For F P L2pRpΓqq, pF :“ ppF pγqqγPΓ P `
2pΓq and }F }2 “ }pF }`2pΓq.

(b) For a “ papγqqγPΓ P `
2pΓq, the series

ÿ

γPΓ

apγqρpγq˚ converges in the

L2pRpΓqq norm to an operator F :“ FΓpaq P L
2pRpΓqq such that

pF pγq “ apγq and
}FΓpaq}2 “ }a}`2pΓq.
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The support of a selfadjoint operator

For F P L1pRpΓqq selfadjoint, the support of F is the minimal
orthogonal projection sF of `2pΓq such that

F “ sFF “ FsF .

It holds that sF P RpΓq and

sF “ PpkerpF qqK “ P
RanpF q

.
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Dual integrable representations

Let Π : Γ ÝÑ UpHq be a unitary representation of countable discrete
group Γ on the Hilbert space H.

Definition. The unitary representation Π is said to be dual
integrable if there exists a function, called bracket,
r¨, ¨sΠ : HˆH ÞÑ L1pRpΓqq such that

xf ,ΠpγqgyH “ τprf , g sΠ ρpγqq, f , g P H, γ P Γ. (2)

The bracket of a dual integrable representation is sesquilinear map
that satisfies

(I) rf , g s˚Π “ rg , f sΠ

(II) rf ,Πpγqg sΠ “ ρpγqrf , g sΠ and rΠpγqf , g sΠ “ rf , g sΠρpγq
˚

(III) rf , f sΠ is nonnegative, and }rf , f sΠ}1 “ }f }
2
H.
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Equivalent conditions

The following conditions are equivalent for a unitary representation Π of a
discrete countable group Γ on a Hilbert space H:

Π is dual integrable

Π is unitary equivalent to a subrepresentation of a direct sum of
countable many copies of the right regular representation.

Π is square integrable, that is, there exists a dense subspace D Ă H
such that for each f P D,

ÿ

γPΓ

|xg ,Πpγqf y|2 ă 8 for all g P H.

Π admits a Helson map, that is, there exists a σ-finite measure space
pM, νq and a linear isometry H : H ÝÑ L2pM, L2pRpΓqqq such that

HrΠpγqf spxq “ Hrf spxqρpγq˚, x P M, γ P Γ, f P H.
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Example of Helson maps

If H is a Helson map for a dual integrable representation Π, the
bracket is given by

rf , g sΠ “

ż

M
Hrg spxq˚Hrf spxqdνpxq, f , g P H.

Example 1: A Helson map for the left regular representation
pλpγqaqpγ1q “ apγ´1γ1q is the group Fourier series
FΓ : `2pΓq Ñ L2pRpΓqq since it is a linear (surjective) isometry that
satisfies

FΓpλpγqaq “ FΓpaqρpγq
˚ .

Therefore.

ra, bsλ “ pFΓpbqq
˚FΓpaq, a, b P `2pΓq .
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Example 2: The Gabor representation (abelian)

The Gabor representation G : Zd ˆ Zd ÞÑ UpL2pRdqq is given by

Gpk , `qf pxq “ TkM`f pxqq “ e2πix ¨`f px ` kq , x P Rd .

A Helson map for G is the Zak transform
Z : L2pRdq ÝÑ L2pr0, 1qd ˆ r0, 1qdq given by

Zf px , ωq :“
ÿ

`PZd

f px ` `qe´2πi`¨ω

Therefore G is dual integrable and

rf , g sG “ Zg ¨ Zf , on r0, 1qd ˆ r0, 1qd .
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Group actions on L2pX , µq

σ : Γˆ X Ñ X is an action if the map x Ñ σγpxq :“ σpγ, xq is
µ-measurable, σpe, xq “ x for all x P X , and

σpγ1, ρpγ2, xqq “ σpγ1γ2, xq , γ1, γ2 P Γ, x P X .

The action σ is regular if for each γ P Γ the measure
µγpE q “ µpσγpE qq,E Ă X , is absolutely continuous with respect to µ
with positive Radon-Nikodym derivative Jσ : Γˆ X Ñ R` so that

dµpσγpxqq “ Jσpγ, xqdµpxq .

The action σ has the tiling property if there exists a µ-measurable set
C Ă X such that tσγpC quγPΓ is a µ-almost disjoint covering of X .
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Example 3

Πσ : Γ Ñ UpL2pX qq given by

pΠσpγqf qpxq “ Jσpγ, xq
´1{2f pσpγ´1, xqq

is a unitary representation of Γ in L2pX q.

A Helson map for the representation Πσ is the non commutative Zak
transform Zσ : L2pX , µq Ñ L2pC , L2pRqq (isometric isomorphism)
given by

Zσrf spxq “
ÿ

γPΓ

pΠσpγqf qpxqρpγq , x P C .

Therefore, the representation Πσ is dual integrable and

rf , g sΠσ “

ż

C
pZσrg sqpxq

˚pZσrf sqpxqdµpxq .
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Π-invariant spaces

Let Π : Γ ÝÑ UpHq be a unitary representation of a countable discrete
group Γ on the separable Hilbert space H.

A closed subspace V of H is Π-invariant if ΠpγqpV q Ă V for all γ P Γ.

If A is a subset of H, the Π-invariant space generated by A is

xAyΠ :“ span tΠpγqf : f P A, γ P Γu
H
.

Every Π-invariant space V Ă H is of the form V “ xAyΠ for some
countable set A Ă H.
When A “ tf u we write xAyΠ “ xf yΠ and the space is called
principal.

Proposition 1. For every Π-invariant spaces V Ă H, there exist a
countable set A “ tfiuiPI such that xfiyΠ K xfjyΠ for i ‰ j and

V “
à

iPI

xfiyΠ.
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Results with the bracket

Let Π : Γ ÝÑ UpHq be a dual integrable representation of a countable
discrete group pΓ,`q on the separable Hilbert space H with Helson map H.

xf yΠ K xgyΠ ô rf , g s “ 0

Proposition 2. Let f P H. The map

Sf p
ÿ

γPΓ

apγqΠpγqf q “ srf ,f s
ÿ

γPΓ

apγqρpγq˚

defined on span tΠpγqf : γ P Γu is well defined and can be extended to a
linear surjective isometry Sf : xf yΠ Ñ L2pRpΓq, rf , f sΠq satifying

Sf pΠpγqgq “ Sf pgqρpγq
˚ .

Proposition 3. Let f P H. g P xf yΠ if and only if there exists
G P L2pRpΓq, rf , f sΠq such that Hrg s “ Hrf sG . In this case

rf , g sΠ “ rf , f sΠG .
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Reproducing properties of orbits

The orbit generated by A “ tφiuiPI Ă H is

OΠpAq “ tΠpγqφi : i P I , γ P Γu.

OΠpAq is an orthonormal basis for xAyΠ ðñ rφi , φj s “ δi ,jI`2pΓq.

Theorem 4. TFAE:
(a) OΠpAq is a frame for xAyΠ with frame bounds 0 ă A ď B ă 8.

(b) Arf , f sΠ ď
ÿ

iPI

|rf , φi sΠ|
2 ď Brf , f sΠ for all f P xAyΠ.

Proposition 5. Let φ P H. TFAE:
(a) OΠpφq is a frame for xφyΠ with frame bounds 0 ă A ď B ă 8.
(b) Asrφ,φsΠ ď rφ, φsΠ ď Bsrφ,φsΠ .

Recall: srφ,φsΠ “ Ppkerprφ,φsΠqK .

Eugenio Hernández (UAM) Invariant Spaces and the Bracket February 9, 2021 19 / 21



Parseval frame of orbits

Theorem 6. Let V Ă H be a Π-invariant space. There exists a countable
set A such that OΠpAq is a Parseval frame for V .
Proof

(1) By Proposition 1 there exist a countable set A “ tfiuiPI such that
V “

à

iPI

xfiyΠ. (orthogonal)

(2) For each i P I , let Fi :“ srfi ,fi sΠrfi , fi s
´1{2
Π P L2pRpΓq, rfi , fi sΠq. By

Proposition 2 there exists φi P H such that Hrφi spxq “ Hrfi spxqFi .
(3) Proposition 3 proves that xφiyΠ “ xfiyΠ.

(4) By Proposition 5 and (2), OΠpφi q is a Parseval frame for xfiyΠ :

rφi , φi sΠ “

ż

M
Hrφi spxq˚Hrφi spxqdx “ Fi rfi , fi sΠFi “ srfi ,fi sΠ .

The resut follows from (1) and (4).
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