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Fourier series

One of the oldest and most far-reaching problems of modern
mathematics is the question of expanding functions into linear
combinations of sines and cosines.

”Fourier’s theorem has all the simplicity and yet more power
than other familiar explanations in science. Stated simply, any
complex patterns, whether in time or space, can be described
as a series of overlapping sine waves of multiple frequencies and
various amplitudes - Bruce Hood (clinical psychologist)
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Basic questions

Given a bounded domain Ω ⊂ Rd , does L2(Ω) possess an orthogonal
(or Riesz) exponential basis, i.e a basis of the form

{e2πix ·λ}λ∈Λ,

where Λ is a discrete set that shall be referred to as a spectrum.

More generally, given a compactly supported Borel measure µ, does
L2(µ) possess and an orthogonal (or Riesz) exponential basis, or even
a frame of exponentials?

In this context, a frame means that there exist c ,C > 0 such that

c ||f ||2L2(µ) ≤
∑
λ∈Λ

|f̂ µ(λ)|
2
≤ C ||f ||2L2(µ).
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Basic questions-Gabor

Given g ∈ L2(Rd), does there exist S ⊂ R2d such that

{g(x − a)e2πix ·b}(a,b)∈S

is an orthogonal (or Riesz) basis or a frame for L2(Rd)?

The basis (or frame) above is called the Gabor basis, named after
Denes Gabor, a Nobel laureate in physics who developed this concept
in the middle of the 20th century.
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Orthogonal exponential bases

For a long time, the study of orthogonal exponential bases revolved
around the Fuglede Conjecture (1974-2003).

Fuglede Conjecture: If Ω ⊂ Rd bounded domain, then L2(Ω) has an
orthogonal basis of exponentials iff Ω tiles Rd by translation.

Fuglede proved that this conjecture holds if either the tiling set for Ω
or the spectrum (that generates the orthogonal exponential basis) is
a lattice.

The Fuglede Conjecture was disproved by Terry Tao in 2003, yet it
holds in many cases and continues to inspire compelling research
combining combinatorial, arithmetic and analytic techniques.
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Orthogonal exponential bases: what is known?

The Fuglede Conjecture holds for unions of intervals under a variety
of assumptions ( Laba and others).

The Fuglede Conjecture holds for convex sets in Rd (A.I.-Katz-Tao
2003 for d = 2 and Lev-Matolcsi 2019 for d ≥ 3. The conjecture was
established for convex polytopes in R3 (2017) by Greenfeld and Lev.

The Fuglede Conjecture does not in general hold in Zd
p , d ≥ 4, for

any prime p (initial result by Tao, followed by results by Farkas,
Kolountzakis, Matolcsi, Ferguson, Southanaphan and others).

The Fuglede Conjecture holds for Z2
p, p prime (A.I., Mayeli and

Pakianathan 2017) and Tiling → Spectral is known in Z3
p. Some

partial results are available in the opposite direction (Birklbauer,
Fallon, Mayeli, Villani).
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Gabor bases: a key (mostly) open question

The following question is largely unresolved: for which sets E ⊂ Rd

does there exist S ⊂ R2d such that {χE (x − a)e2πix ·b}(a,b)∈S is an

orthogonal basis for L2(Rd)?

Theorem

(Iosevich-Mayeli (Discrete Analysis 2018)) Let g(x) = χK (x), K ⊂ Rd ,
d 6= 1 mod 4, is a bounded symmetric convex set with a smooth
boundary and everywhere non-vanishing Gaussian curvature. Then there
does not exist S ⊂ R2d such that {g(x − a)e2πix ·b}(a,b)∈S is an

orthogonal basis for L2(Rd).

If K is a non-symmetric convex polytope, the existence of an
orthogonal Gabor basis with χK as the window function was
previously ruled out by Chung and Lai (2018).
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Connections with other interesting problems

A.I.-Katz-Pedersen (MRL 2001) proved that L2(Bd), d ≥ 2, Bd the
unit ball, does not possess an orthogonal basis of exponentials,
answering a question posed by Bent Fuglede in 1974.

If {e2πix ·λ}λ∈Λ is an orthonormal basis for L2(Bd), then Λ is separated
and has density |Bd | by the classical Beurling density theorem.

Orthogonality implies that for any λ 6= λ′ ∈ Λ,

2π|λ− λ′|−
d
2 J d

2
(2π|λ− λ′|) = χ̂Bd

(λ− λ′) = 0.

Since zeroes of J d
2

are uniformly separated, we use the density of Λ to

conclude that #{Λ ∩ [−R,R]d} ≈ Rd , while

#{|λ− λ′| : λ, λ′ ∈ Λ ∩ [−R,R]d} ≤ CR.
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Connections with the Erdős Distance Problem

Conjecture

(Erdős, 1945) The set of size Rd in Rd , d ≥ 2, determines ' R2 distinct
distances.

This is only known in R2 (Guth-Katz Ann. of Math. 2011), but the
fact that the number of distinct distances is ≥ CRα for some α > 1
was established back in 1953 by Leo Moser.

This gives us a contradiction and proves that Bd , d ≥ 2, does not
possess an orthogonal basis of exponentials.
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The Erdős Integer Distance Principle

We have seen how the Erdős Distance Problem enters the world of
exponential bases. But this is not the only problem Erdős invented!

The Erdős Integer Distance Principle: Let A ⊂ Rd such that
∆(A) ≡ {|x − y | : x , y ∈ A} ⊂ Z. Then A is a subset of a line.

Theorem

(A.I. and M. Rudnev, IMRN (2003)) Let K be a bounded convex
symmetric body with a smooth boundary and everywhere non-vanishing
Gaussian curvature and let {e2πix ·a}a∈A denote a set of orthogonal
exponentials in L2(K ). If d 6= 1 mod 4, then A is finite. If d = 1 mod 4,
A may be infinite. If A is infinite, it is a subset of a line.
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The Erdős Integer Distance Principle-the point

If K is a symmetric with a C∞ boundary and non-vanishing
curvature, then χ̂K (ξ) is equal to

Cκ−
1
2

(
ξ

|ξ|

)
sin

(
2π

(
ρ∗(ξ)− d − 1

8

))
|ξ|−

d+1
2 + O(|ξ|−

d+3
2 ),

where κ is the Gaussian curvature at the point on ∂K where ξ
|ξ| is the

unit normal, K = {x : ρ(x) = 1} and ρ∗(ξ) = supx∈∂K x · ξ.

From this formula we deduce that if e2πix ·a and e2πix ·a′ are orthogonal
in L2(K ), then ρ∗(a− a′) is, up to a small error, a shifted integer.

It turns out that the Erdős Integer Distance Principle still applies in
this approximate setting, with the Euclidean norm replaced by a more
general (smooth) norm.
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The Erdős Integer Distance Principle-the point

If K is a symmetric with a C∞ boundary and non-vanishing
curvature, then χ̂K (ξ) is equal to

Cκ−
1
2

(
ξ

|ξ|

)
sin

(
2π

(
ρ∗(ξ)− d − 1

8

))
|ξ|−

d+1
2 + O(|ξ|−

d+3
2 ),
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It turns out that the Erdős Integer Distance Principle still applies in
this approximate setting, with the Euclidean norm replaced by a more
general (smooth) norm.

Alex Iosevich (University of Rochester ) On point configurations and frame theory CodEx, June 2020 12 / 30



Sets of positive upper Lebesgue density

Another approach to the study of orthogonal bases is via the following
problem introduced by Furstenberg, Katznelson and Weiss.

Theorem

(Furstenberg, Katznelson and Weiss (1986)) Let E ⊂ Rd be a set of
positive upper Lebesgue density, in the sense that
lim supR→∞

|E∩B(x ,r)|
|B(x ,r)| = c > 0. Then there exists a threshold l(E ) such

that for all l ′ > l , there exist x , y ∈ E such that |x − y | = l ′. In other
words, every sufficiently large distance is realized.
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Sets of positive upper Lebesgue density

The most general known form of the Furstenberg, Katznelson, Weiss
result is the following far-reaching theorem due to Tamar Ziegler.

Theorem

(Ziegler (2006)) Let d ≥ 2, k ≥ 2. Suppose E ⊂ Rd is of positive upper
Lebesgue density, and let E δ denote the δ-neighborhood of E . Let
V = {0, v1, v2, . . . , vk} ⊂ Rd . Then there exists r0 > 0 such that, for all
r > r0 and any δ > 0, there exists {x1, . . . , xk+1} ⊂ E δ similar to
{0, v1, . . . , vk} via scaling r .
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Applying positive density results to frame theory

Here is the basic idea illustrated in the case of the unit ball in Rd ,
d ≥ 2. As we noted above, if {e2πix ·λ}λ∈Λ is an orthonormal basis for
L2(Bd), then Λ is separated and has density |Bd | by the classical
Beurling density theorem.

Thicken each point of Λ by a small δ > 0. The resulting set has
positive upper (and lower) Lebesgue density, so by the result above
due to Furstenberg-Katznelson-Weiss every sufficiently large distance
is realized.

But this cannot be true because as we saw before, the distances
between the elements of Λ are zeroes of J d

2
(2π·), which implies that

they are asymtotically close to half integers shifted by d−1
8 .

Consequently, distances between the elements of Λ thickened by δ are
Cδ close to half integers shifted by d−1

8 , so it is impossible to recover
every sufficiently large distance.
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A stronger formulation

Definition

We say that E(Λ) = {e2πix ·λ}λ∈Λ is a φ-approximate orthogonal basis for
L2(Ω), Ω a bounded domain in Rd , if E(Λ) is a basis and

|χ̂Ω(λ− λ′)| ≤ φ(|λ− λ′|),

where φ : [0,∞)→ [0,∞) is a C (R) function that vanishes at ∞.

Theorem

(A. Iosevich and A. Mayeli (2020)) Let φ be a any function such that

lim
t→∞

(1 + t)
d+1

2 φ(t) = 0.

Then there does not exist a set Λ such that L2(Bd) possesses a
φ-approximate orthogonal basis E(Λ).
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Exponential Riesz basis for the ball

The following problem was posed in the 70s (and possibly earlier) and
remains wide open to this day:

Does there exist a Riesz basis of exponentials for L2(Bd), d ≥ 2?

Lubarskii and Rashkovski (2001) proved that L2(K ) has a Riesz basis
of exponentials if K is a symmetric polygon inscribed in the disk.

In contrast, Iosevich, Katz and Tao (2003) proved that if K ⊂ R2 is
convex, then L2(K ) has an orthogonal basis of exponentials if and
only if K is a square or a hexagon.

There are no known examples of sets E of positive Lebesgue measure
such that L2(E ) does not possess a Riesz basis of exponentials.
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Kadison-Singer conjecture

The following question, formulated by Kadison and Singer in the late
1950s, arose out of Paul Dirac’s work on foundations of quantum
mechanics in the 1940s.

Consider the separable Hilbert space l2 and two related C ∗-algebras:
the algebra B of all continuous linear operators from l2 to l2, and the
algebra D of all diagonal continuous linear operators from l2 to l2.
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Kadison-Singer conjecture-continued

A state on a C ∗-algebra A is a continuous linear functional ϕ : A→ C
such that ϕ(I ) = 1 (where I denotes the algebra’s multiplicative
identity) and ϕ(T ) ≥ 0 for every T ≥ 0. Such a state is called pure
if it is an extremal point in the set of all states on A.

By the Hahn-Banach theorem, any functional on D can be extended
to B. Kadison and Singer conjectured that, for the case of pure
states, this extension is unique.
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Kadison-Singer conjecture: alternate formulation

Theorem

(Marcus, Spielman and Srivastava) Let ε > 0 and u1, . . . , um ∈ Cn such
that ||ui ||2 ≤ ε for all i = 1, 2 . . . ,m and

m∑
i=1

| < w , ui > |2 = ||w ||2 ∀w ∈ Cn.

Then there exists a partition of {1, 2, . . .m} into S1,S2 such that for
j = 1, 2,

∑
i∈Sj

| < w , ui > |2 ≤
(1 +

√
2ε)

2

2
||w ||2 ∀w ∈ Cn.
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From Kadison-Singer to universal frame constants

Theorem

(Nitzan-Olevskii-Ulanovskii) There are positive constants c ,C such that
for every set S ⊂ Rd of finite measure there is a discrete set Λ ⊂ Rd such
that {e2πix ·λ}λ∈Λ is a frame in L2(S) with frame bounds c|S | and C |S |.

Let µδ denote δ−1 times the indicator function of the annulus of
radius 1 and width δ. By the Nitzan-Olevskii-Ulanovskii theorem,
there exist C , c > 0 such that for every δ < 0 there exists a frame
{e2πix ·λ}λ∈Λδ

with

c ||f ||2L2(µδ) ≤
∑
λ∈Λδ

|f̂ µδ(λ)|
2
≤ C ||f ||2L2(µδ).

Since µδ → σ, the surface measure on Sd−1, it is reasonable to ask
whether L2(σ) possesses a frame of exponentials. This question was
posed by Nir Lev.
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Spheres vs polytopes

Theorem

(Iosevich, Lai, Liu and Wyman (2019)) The Hilbert space L2(σ) does not
possess a frame of exponentials.

In contrast, we have the following result for polytopes.

Theorem

(Iosevich, Lai, Liu and Wyman (2019)) Let K be a (not necessarily
convex) polytope on Rd and let σK be the surface measure supported on
∂K. Then L2(σK ) possesses a frame of exponentials.
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Fourier decay and frames: lower bound

Our approach to proving that L2(σ) does not possess a frame of
exponentials rests on the following results which sets up a rather
general framework for these types of problems.

Theorem

Let µ be a compactly supported Borel measure and suppose that L2(µ)
possesses a frame of exponentials with the frame spectrum Λ ⊂ Rd .
Suppose that there exists constant C > 0 and 0 < γ ≤ d such that

|µ̂(ξ)| ≤ C |ξ|−
γ
2 , ∀ξ ∈ Rd .

Then ∑
λ∈Λ\{0}

1

|λ|γ
=∞.
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Fourier decay and frames: upper bound

Theorem

Let µ be a finite Borel measure that admits a Bessel sequence E (Λ) for
some countable set Λ ⊂ Rd . Suppose that there exists and L > 0 and
γ > 0 such that

sup
R>0

inf
|λ|>L

|λ|γ
∫
BR(λ)

|µ̂(ξ)|2dξ > 0.

Then ∑
λ∈Λ\{0}

1

|λ|γ
<∞.

The result about the sphere is obtained by showing that the
assumptions of the two theorems above are satisfied if µ = σ and
γ = d−1

2 . The resulting contradiction establishes the claim.
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Proof of the upper bound

By assumption, there exists R > 0 such that

c := inf
|λ|>L

|λ|γ
∫
BR(λ)

|µ̂(ξ)|2dξ > 0.

Also, by assumption, ∑
λ∈Λ,|λ|>L

|µ̂(ξ + λ)|2 ≤ C .

Integrating both sides we obtain∑
λ∈Λ,|λ|>L

∫
BR(−λ)

|µ̂(ξ)|2dξ
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Proof of the upper bound (conclusion)

=
∑

λ∈Λ,|λ|>L

∫
BR(0)

|µ̂(ξ + λ)|2 . Rd .

Invoking the definition of c , we have

c ·
∑

λ∈Λ,|λ|>L

1

|λ|γ
. Rd ,

which shows that ∑
λ∈Λ\{0}

1

|λ|γ
<∞.
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Proof of the lower bound

Suppose for contradiction that the conclusion is false. Then∑
λ∈Λ\{0}

1

|λ|γ
<∞.

Since Λ is a frame spectrum for µ, we have

c ≤
∑
λ∈Λ

|µ̂(λ+ ξ)|2 ≤ C

for all ξ ∈ Rd .

Fixing R > 1, for all |λ| > 2R and |ξ| ≤ R, we have

|λ+ ξ| > |λ|
2
.
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Proof of the lower bound (continued)

It follows that∑
|λ|>2R

|µ̂(λ+ ξ)|2 .
∑
|λ|>2R

|λ+ ξ|−γ .
∑
|λ|>2R

|λ|−γ .

Since the sum is finite, we can take R large enough so that∑
|λ|>2R

|µ̂(λ+ ξ)|2 < c

2
.

Therefore for R large enough and all |ξ| ≤ R,

c

2
≤
∑
|λ|≤2R

|µ̂(λ+ ξ)|2.
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Proof of the lower bound (continued some more)

Integrating this inequality over the ball of radius R centered at the
origin, we obtain

Rd .
∑
|λ|≤2R

∫
|ξ|≤R

|µ̂(λ+ ξ)|2dξ =
∑
|λ|≤2R

∫
BR(−λ)

|µ̂(ξ)|2dξ

≤
∑
|λ|≤2R

∫
B3R(0)

|µ̂(ξ)|2dξ (because BR(−λ) ⊂ B3R(0))

=#{Λ ∩ B2R(0)} ·
∫
B3R(0)

|µ̂(ξ)|2dξ.

Applying the Fourier decay condition, we obtain∫
B3R(0)

|µ̂(ξ)|2dξ .
∫ 3R

1
r−γrd−1dr .

{
Rd−γ if γ < d
logR if γ = d
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Proof of the lower bound (conclusion)

We conclude that

#{Λ ∩ B2R(0)} ≥ Rγ if γ < d ,

and

#{Λ ∩ B2R(0)} ≥ Rd

log(R)
if γ = d .

The desired contradiction follows.
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