1.2.3 The Material Derivative

Characteristics of the motion (as density, velocity, pressure ete), denoted here generically by
F. can be represented using both Eulerian and Lagrangian descriptions,

FF(x,t) = F"(xo,1). (113)
The rate of change of F, as attached to the particle xg, 18

dFL  dp’ ( 1:14)
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The rate of change of ', as seen by an observer sitting in P{x) is

daFt  dFf, -5
s (119)
But

FE(xq,t) = FE(x (x0,1),1) (l-[c;)

and, using the chain rule,

dF*t _ai?jf”* drl OFF dal +8F’3@
at ot orf dt | ozf at | dxk di’ (H})

We observe that

L
d;:; =1, +==1...3, CI'g)

where ©;, i = 1...3, are the coordinates of the velocity v, thercfore we can write (1.17) as

dFt 9F® oI ok dFE
o s N ey —— 3
dt at T Oy v Jro v &Lg (l rq)
or, equivalently,
dFL OrF B :
where P 3 5
V- — .
a$111+dT312+8T313 (l ?'l)
We finally obtain the material derivative formula
DF  OF :
= +(v-V)F. (l 22.)
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1.3 Cauchy’s Principle. Stress tensor.

Cauchy enunciated the principle that, within a body, the forces that an enclosed volume
imposes on the remainder of the material must be in equilibrium with the forces upon it from
the remainder of the body.

Consider the subsystem P of the material system M, and denote by D the support of
P (see Figure 2). As a part of M, P will interact with M — P. In mechanics the action
is modelled by force. The action of M — P on P is a contact action on 2, the separation
surface between M — P and P.

Cauchy’s Principle. There exists a distribution t = t{x,t) of forces on the surface L,
absolutely continuous of the area, such that the action of t on P is equivalent to the aciion

of M—P onP

We call t the force density. The total contact action R° and momentum M° are

RY(P) :/;)t_af.a, Me(P) :/Da: X t da.

Cauchy’s Postulate., t is the same for all surfoces heving the same orientation and tangent
plane af x.

We therefore can write

t = t(n,x,7),

where n is the cutward normal to £ at /7(x). t is also called the stress vector at time £, point
P{x) and corresponding to the surface element with outward normal n.

Remark: The total action of the external forces can be written as
RY(P) = [ of 4,
D

where the superscript d stands for distance, f is the external force density (force per mass
unit); pf is the force per volume unit, as dm = pdV. Generically,

f=1f(x7?).

If f = fi(x) the forces are called steady; if f = const., they are called homogeneous, like f = g,
the gravitational forces.

Cauchy’s Lemma. Ift is continuous with respect to x, then

t(n, x,t) = —t(—n, x,t},
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