
Math 8250 HW #9
Due 11:15 AM Friday, April 12

1. For any topological space X, let C(X) be the space of continuous (real- or complex-valued)
functions on X. Recall that if X is a compact Hausdorff space, then C(X) forms a Banach
algebra with respect to the sup norm

‖u‖ = sup
x∈X
|f(x)|.

Now, we specialize to the unit circle S1. Define C1(S1) to be the subset of C(S1) consisting
of all continuously-differentiable functions. Define the norm

‖u‖1 := ‖u‖+

∥∥∥∥dudθ
∥∥∥∥

on C1(S1). Show that the obvious injection C1(S1)→ C(S1) is a compact operator. (This is
a sort of analogue of the Rellich Lemma).

2. Recall that for f, g ∈ L2(S1), the convolution f ∗ g is defined to be

(f ∗ g)(y) =

∫
S1

f(x)g(y − x) dx.

(a) Expanding f and g as Fourier series, write the Fourier series of f ∗ g.

(b) Conclude that convolution is commutative and associative whenever it is defined and
that

d

dθ
(f ∗ g) =

df

dθ
∗ g = f ∗ dg

dθ
.

(c) By part (a), we can extend the definition of convolution to arbitrary Fourier series.
In particular, we can convolve a function and a distribution. Now, for any elliptic
differential operator L we can, in principle, define the fundamental solution of L to be
the distribution ϕ which satisfies

∆(f ∗ ϕ) = f

for all continuous f in the image of ∆ (in other words, all f so that
∫
S1 f = 0). Find

the fundamental solution of the scalar Laplacian as a Fourier series.

(d) Show that (in the distributional sense)

∆ϕ(θ) = δ(θ)− 1

2π

where δ is the Dirac delta function on S1. (The factor −1/2π is there to ensure that the
right hand side integrates to zero.)

(e) (Bonus) It turns out that ϕ can be written as an elementary continuous (in fact, C∞

except for a corner at 0) function. Can you determine the function?
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3. Similarly, we can define the convolution of functions (or of a function and a distribution) on

the d-dimensional torus T d =
(
S1
)d

by

(f ∗ g)(~y) =

∫
T d

f(~x)g(~y − ~x)d~x.

On the 3-torus:

(a) Find the Fourier series of f ∗ g.

(b) Find the fundamental solution ϕ of the scalar Laplacian.

(c) If β = b1dt1 + b2dt2 + b3dt3 ∈ Ω1(T 3), we can define the convolution of β with a function
(or distribution) f by

f ∗ β = (f ∗ b1)dt1 + (f ∗ b2)dt2 + (f ∗ b3)dt3.

Show that if β ∈ im ∆, then ∆(ϕ ∗ β) = β (you don’t need to show this, but this
obviously works for 2-forms as well).

(d) Show that if β ∈ Ω1(T 3) is exact, then δ(ϕ∗β) is the unique primitive for β with smallest
L2-norm.
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