Math 670 HW #3
Due 11:00 AM Friday, March 6

. Let V be an n-dimensional inner product space and, as in Problem 5 from HW 2, extend the
inner product to the exterior powers of V. Let v : A¥*1(V) — A*(V) be the adjoint of left
exterior multiplication by v € V', meaning that

(v(w)m) = {w,vAm)
for any w € A¥*1(V) and n € A¥(V). Prove that

Y(w) = (=)™ % (v A ().

. (Cartan Lemma) Let k < n and let wy ...,w, € Q1(M™) so that the w; are linearly inde-
pendent pointwise. Let 61, ...,0, € Q'(M) so that

k
Z@Z Aw; = 0.
=1

Prove that there exist smooth functions A;; € C*°(M) with A;; = Aj; so that

k
ei:ZAijwj for all ¢ € {1,,k‘}
j=1

(Note that this is trivially true when k& = n and only interesting [and surprising!] when
k< n.)

. Let w € QY(R3) be given by
zdy +zydz

and let f : R2 — R3 be defined by f(z,y) = (22, z, 2y). We know from class that d(f*w) = f*dw,
but show this explicitly by computing both sides.

. A differential form w € QF(M) is called closed if it is in the kernel of the exterior derivative,
meaning that dw = 0. Such a form is called exact if it is in the image of the exterior derivative,
meaning that w = dn for some n € QF~1(M).

Show that the 1-form w on R? — {0} given by

_ xdy—ydx
o x24 g2
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el W) is curl-free but is not

is closed but not exact. (Equivalently, the vector field (

the gradient of any function.)

. Let M™ be a closed manifold (i.e., a compact manifold without boundary) and let w € Q' (M)
so that w, # 0 for all p € M. Show that w is not exact.



