Math 617 HW #3
Due 1:00 PM Friday, March 4

. Suppose f € L'(R, £, m) and define F(x) := f(_oo ] f(t)dm(t). Prove that F' is continuous.

. Let (X, Mx, u) be a measure space, let (Y, My) be a measurable space, and let ¢ : X — Y be
a map such that ¢~ }(E) € Mx for all E € My (such maps are sometimes called measurable
morphisms). Define the pushforward measure ¢.p : My — [0, 4+00] by

G ti(E) = (¢~ (E)).

(a) Show that ¢,u is a measure on (Y, My ).
(b) If f:Y — [0, +00] is ¢spu-measurable, show that

/deqb*u:/x(foqﬁ)du-

(c) If m™is Lebesgue measure on R™ and 7" : R™ — R" is an invertible linear transformation,

show that 1
T.m" = ",
" | det T'| "

. Let (X, M, ) be a measure space, and let fi, fa,... : X — [0,+00] be a sequence of non-
negative integrable functions that converge pointwise to an absolutely integrable function f.
Show that

/fndu—/ Fap—If = full et — 0
X X

as n — oo. (Hint: Consider min(fy, f).) (This is telling us that the difference between left
and right sides of the inequality in Fatou’s Lemma can be estimated by [|f — full£1(x M p)-)

. Let (X, M, u) be a measure space with u(X) < oo, let (f,) be a sequence of measurable
functions, and let f be measurable. Show that if f, converges to f in L® norm, then f,
converges to f in L' norm. (Notice that, as in Egorov’s Theorem, the assumption u(X) < oo
is essential, as our example %X[O,n] gives a counterexample on R.)

. The assumption that f € L'(X x Y, Mx ® My, pz X p) is necessary. To see this, consider
X =N =Y with ux = py being counting measure, and let

1 ife=y
flzyy) =< -1 ifz=y+1
0 else.

Show that the integrals

/ f(z.y) duy(y) and / £ ) dux ()
Y X

exist as absolutely integrable functions for all x € X and y € Y, respectively, and so that

/){(/Yf(:c,y)dw(y)> dpx(z) and /}/(/Xf(x,y)dux(xo duy (v)

exist as absolutely integrable integrals, but are not equal.



6. Let (X, M, ) be a o-finite measure space and let f : X — [0, 400] be measurable. Recall
that Bg is the Borel g-algebra on R and m is Lebesgue measure on R. Show that

(a) the set A= {(z,t) € X xR:0<t< f(zr)} is measurable on M ® Br and
e m)(4) = [ f@)dn(o)

(b) we have
/ f(x) du(z) = / u(F (N oo))) dm(h),
X [0,4o0]

(When p is a probability measure, the function inside the right hand side integral is
called the complementary cumulative distribution function.)

Bonus Problem The example in Problem 5 might seem a bit artificial: after all, maybe the
discreteness of the setting is what’s causing the problem. In fact, similar examples always
exist. Give an example of a Borel measurable function f : [0,1] x [0,1] — R so that the
integrals

f(z,y)dm(y) and f(@,y) dm(z)
[0,1] [0,1]

exist as absolutely integrable functions for all z € [0,1] and y € [0, 1], respectively, and so
that

/ ( f<x,y>dm<y>> dm(z) and / ( f(:c,y>dm<m>> dm(y)
[0,1] [0,1] [0,1] [0,1]

exist as absolutely integrable integrals, but are not equal.



