
Math 474 : Week 8
.

Differentials

For a rgdr safe -2 4 paahizthx ,
be lit A =Ygu××*ey be the unit home vector to E

.

The tagutpke

to E at a point FEE B dented Tp Z .

Now
,
if we hare a differentiable

mp f : E
,

Ez
,
then we get a corresponding liver mp

dfpo : TIE , Tap, Ez

Ahslnetfth } is a her mp fan He plane to the plane ,
so we skld be able to write it as a 2×2 matrix .

Of course
,
to do so we need bases far T§E ,

& for Tf# Ez .

But its easy
to gt bus fan on parameterizations late

.
a.
, local coordinates ) . If a nhd f PEE , B pvanetned

by I ;UER
'

E ,
4 1unu ,) ward irks an the domain

,

then

Tf E ,
= span {In ,

In} shitted to piss thh § .

so In
,

& I
, gie ntl words . on T§ E ,

:

WTETPZ
,

= W
,Flu,twz%,

+ F

fu some hunters W
,
& wz .

In ppdie ,
smuuwt to think f Is E ,

as a liner space , we will first alt shifty g § & just think f

In
,

& I
.

as determining a by ,) fr IsE. .

So now
,
if we time lot loads .

( u , ,vD an E
,
& (uz

,
VD on Ez ( induced hy a pan memtkr I

,
: UEIR

'

Ez )

1hm we on write f in local cards . as flu , ,uD = ( udu " vi ) , Klm ,
v
,)) & then

,
w . at .

the (www.d & lw . " ww )

loads . an T§E , & TttpEz , respeetwf ,
he have

dtp =
¥ . 2¥

,l¥¥t .

( of oath spoil entries west in th mtix depend on the chief to al coordinates ,
bit it can be sham tht the

underlying liar mp is independent fthsechiy )



Geometry of Regular Surfaces

re new defined regular sorties
,
target planes

,
& local coordinates

.

~ The panmhitk gibes or loalcowb . u & v

#E¥rne=z
an the Sutu E . Now

,
we knew has to dou=€u=,

Fo goody in the plane
,
& the goal B to use4=2 U = - 1

f
" 3Ian -2

tht hnwl edge to allow is to measure length , axes,
NV

and areas with respect to the curved image Ef- u of the plane .

This will require some algebraic idly thtnyrt be so fmtiv ,
so we pause fw a

. . .

Brief Review if ( or Into duck to) Quadratic Forms
.

First
,
will all sane liner algebra

.

For th } will use the nth LT
,
6) for the inner poht f to nets IEEIR

"

(a.k.a. the Atp aht:C T
,
E) = T . e)

.

then it B nt
my
had to see tht.fr ay

nxnmtix A
,
we here < AT

, e) =L 8
,
Ate ) Hf , KH Bu aeahtlmpoxs)

How
,
if A is a symmetric mtix

, meaning A- AT, then we on define a { udrtc fm assailed to A :

Qaluiw ) = < IAN

Now
,
this form B a felt on Pais of rectus which is

0 symmetric : QACT ,
a) = Qatwiv) lbk A = At )

�2� bilinear : QA ( AT ,
HE

,
w ) = a Qaltrw ) + b Qntunw)



Future
,
if all the mtnes

µ
] ] |

.

.

.

|
have positk determinant

,
then QA B

�3� positive
- definite : QAKI ) 20 w/ quality T -6

.

Here D one use f a qaadrk from : Given vectors T = v
,
5

,
+ . . .

+ vn%

To = WE, + . .
.tw

. I

written in tens f an arbiter glass To
, . . In for a subspace R

"

f Rh, how an wecapte t.ws ?

By live.be '

, .== ftp.viwjlbi?bj )

or
,
if A is the Gram mhix [ji?fii.,53k¥ ,

then
1 h

T.io = Ey
,

vi If,
Aijwj

 = ( T
,
Ani >

.

This B ref the geometric interpret tin of the mkix A :

Aij  = inner product of ii & Ej aaordiy to the QA inner product .

Et : A- [ t 5) ,

T =L 'D ,
T 4 :] .

Then QACT ,
6) = ( 1

,
2) ' Al 41) = ( 1,2) . 1 3

, 7) = 17

:
new

. wl quadratic forms in or tool by ,
bak to the geometry of Surtees .

If I
.

.
ueR2 1123 is a para netted Surface,

then at
ay point po=

luo
, uo) in the uv - plane we here

the quadratic from determined by

Apo = ELIE Hu?gu } = { FEE ] % 's " Then people write th .} mtix
.



Def : The first fundamental form (of the paranetizthx ) al p Hu . , a) B the quadrate fm

Ip Kii ) ( or sometimes ( e
,
to } .

to ephsizetht its an inner padt an the last space at p)

determined by the mfix [ YEto ) .

(Note : the I B supposed to erohe a Roman numnl 1
because this is the first fundamental fm )

Of Course
,
since I & I (and hence E

,
F
, G) depend m p ,

this mtix Argy fm port to port .

Prgf : Ip is positive - admit
.

proof .

We knew tht Ip Kit ) = ( w , Kut wixv ) . ( wixutwixd
.

Bt th } 3 just a standard let

product f vectors in R3
,
so Iple ,

wtzo with Ip kid =0# E- E .

#

-
which try pramefizalimxlu , D= ( cos a

, s.nu , v )Ee : censor He YW

Man,
* . fans;] & of :D ,

so name

he

E = In Eu = stint coin = 1
,
E- in . Iv = 0 & 6 = # Eu = 1

,
so the mtix B just

[ to, ) & the first fdamhlfm is just the usnldtprodmt an the uv - plane .

F¥ : The xy - plane / sitting inside 1123) B parametrized J Hu , v) = ( u , no) .

The Ii [ b ) & I = { f) ,
so E =L

.

Fao
, 6=1

,

the same ask cylinder HHB turns at not to be a

-

coincidence)
Computing with Ip

.

We no need to mike an iprtnt (but Subtle)

distinct,
Too R : the tensest plane to kit po ,

where Alpo )=§aR3
poftuo , :

a Parameter space 1122
mgs into R3 by K .



The tangent plane Tpok
' to the uv

- Plane is a vector space an white we put the inner product Ip .

We can obviously measure the length fuedws TETPDR
2 with Ip : 11011 p=VIpwT

NW the issue , tut the uu - plane itself does not have a
useful inner product .

. . only the spaces Tpo R
'
do

.

So we need to measure length by htgrtm . If alt ) : [ 0 , l ] - R
'

is Sim J alt ) HUH
,
VH )) is a parametrized

curve in R
' (and hence

, by composing wl A ,
on our surf e)

,
then

hengkklf ! Vtpktthxhtstdt =fVElu'5+2Fu'it6÷ dt
,

sometimes written
' '
ds

'
= Edu 2 +2 Fdudvt bduii

We can also define the axe 0 between A , ,BzETpoR2 by

cos -0 =
Ip ( T ,,÷
-Ipku, it , ) Ipluiz it )

Consequently ,
the pamnettatim basis voters In TXETPZ are orthogonal # F =Ip( ( 1 , 01,1 on ) = 0

.

F¥ : let

AH
,

A
= ( Sino us 4,

Sino sin 6
,
cos of parametric the sphere . Find the queen of a are in the ( a a) plane

1 & here a the sphere) which makes a constant angle with the curves 4 = anstnt (the lines of longitude) :

(#µ)
a

"

loxodrome
:

We need to compute E= Ee ' Ee ,
E % ' %

,
& G- Lio , %) :

- sin As mye=xj%=(shooosce) .(5i¥os'%) = siio

t.no#=EEsan9y.eEEog=o6=**YEFEYiEEEEG
.



tniuaophelhp :* "

• t.BA#iu;÷
NN

, asp = IN9ohc#
IMHHP 11191114 ,

=

Idiot.[¥E)#1ha :O 's . [ EE )[ F)

#nifong
sorehetht ( costs) lsii 0-(6112+1012)=10 't

lasts )
165=10741-3*206'

or

€Fs=±s9÷o
Integrating both sides with respect to t gives

⇐.
+C=±Htanl%D or y=IHnp)( In Hanlon + C

where C is determined Zte starkly point .

(the Mkgratm canes frank half - angle formula

sina.sn/20E)=2s.n0#cosloE

)
,

so

S2F¥Y÷%.IS#usudu=SuEu.oHudu=SEeIudu=lnttanu)=HtulaH )



.

Finally ,
Consider

area on surfaces
.

In 1123
,
the area spanned by T & J B ltxwl

. Using th } yields :

1¥ . If RE U B a bounded region in He parameter Plane of a regular surface given by I : U±lR2 1R3
,
then

Area IECRD : = A realR) = § lxixxvldudv
Now

,
we use He very handy identity

htuxxut + Linens = Hell ; Help

to
write

Ahl RI =f{ VEGI dudv

where Eu gets called the element of area . Notice tht th
, } quantity B the square root of the

determinant f the matrix [ FEE] which maps TµR2 To E:


