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Def: A smooth parametrized cane in R3 LNR
'

,
or genmlf R " ) is a smooth ( i.e. , infinitely difference ) mp a. la ,

b) → 1123

the a ,b ER .

we using write Ntt = ( xlttylttzttl ) & the velocity vectr ar tart veetr B 2
' HKIIH

, y
'HI

,
EHI )

.

by : NH = la cost
,

a sntibt )

ff hf : The aknay It ,
Cash EKD

y

a

The image of at ) is a helix an¥
-

3 Z

go.tk cubic HH = Hit )

*
We nsulf art to exclude this lost example by assn my regularity "

Def : A smooth parametrized are NA B regular if a
' IH to for all t in the domain

.

Df.

The ardength f a are alt ) blw to & t is depid to be

stttftolalulldu

If la ' lull = 1 H n
,
then we oboe tht SHI = t - to & usya 13 parametrized by wdength .

It turns at to be thereHalf convenient to assume any are paaetrrol by adyth,
so we'll usnlfmhettassptm oh

proving
themes

. Homer
,
its aynktmf iprdical to get canes to be parametrized by rckyth

,
so we'll also needlo be able to

Capote 4 otherparametrized
Nw

,
to start Whig abut curvature

,
a need to thnkchtwht curvature shld men .

How can he dwadvize a stnisht fine in tens of its paametrizth ?



Well
,

if the the is parametrized by HH
,
the the tangent Mets a ' th shld all be pointy in the some dircoth .

Whereas if alt ) is not a straight the
,
then the trot vats d ' H shld be charging ; of a use , a

" It) is telling us how

the target reek B chngy .

Def : let a. Is R3 be a curve ponnetrized } ackngth .

the la ' ' GX B called the curvature at xls )
, of denoted

KID

Now
, of come a

" lskk " '$1 ' Tft¥y= KG ) kls) whe 5 Is) = 95¥, ,
B a unit MEN

,
called He stdrdneml

.

Obviously ,
its ) is of well - defined if KH to ash

,
a ↳)

P# : Als ) B pgadiclr to ad
. →

n Is)

Prof : It suffices to show tht kls) . Its ) =0
.

To pme th . 3
,

we'll diffrukte 24 ) . ails ) = 1 :

O = ads ( a
' G) a

' 's) ) = 2M$ ' d
' 4) + a

' 1st . a
" 6) = 2 a

' G) . d
' 'G) = 2 a

' g) . Mls ) in 1$) = 2 Kk ) ( jls ) . h ÷B

So tony as KG ) to ,
this has tht EG) : =L ' 's) & oils ) gne an othononlbs . 3 for a plane canting KD

,
called the

oscukty plane
.

Of case , gun an 1oriented) plane
,
the a unique pgmdialr reed

.
In those he call Hit vutr Els) the b: normal

vectr; of course I ↳) = EG ) xrils )
.

)
Now

,
the drink fthebnoml B tdtyu the rte at Nih Ns ) is pulling at to the oxwttiy plane

.

So carpet : b 'G) = dates) xi Is) ) = Els) xnts) + Elslxri '

↳) = EH x Rs ) since E ' 's) = Hs) its )
.

Hence
,

bus) . to Is) =o I sine bls) is unit )

Bks) . ts ) = IEISKKGD . EIS) = o
,

so it must be the gethtbls ) B a saw mulhpk f KIS )
.

Df: The team f a ↳) is the pmttz LTD gin by

To ' G) = Tls ) oils)
.

Now obviously phe any he zrotosim the the bin 'd is ogtut) kg ( me 4 muanishy ( wntwe &

vanishing to sin must be a plane are ( an Yan think f a contra ph uhn curvature is dud to vanish ?)



The triple IEH
,
nts)

,
Bls)) is an ON bsb ( or fad at eh port f Ns)

,
called the Feet fne . Sae tds :

E ' 's) = Kls ) Kls ) on 'H=ofybT$×ElsD= Rs ) XEG) tblslx E ' 'D

rills ) = - Hskts) - As ) Hs) ← = Ipnilslx EH tbsk KHHSD

bills) = Tls ) Hs) = - Tls ) Hs ) - KHEG )

I 't 's omen to write th as a matrix dittalhlqwtn : htFISK( I¥¥¥ ) hhih B an arthogalmtrix )
.

Th Fils ) = fkoHe-oz ) FLD K tt ,
the ambgasstht is he whn F . ] any othgal 3×3 mnix ! )

Askew - symmetric

Now
,

the soaht amity ft B tht bending ( Hs )) & twisty ( Tls)) shld nude all possible defwnkb of ones .

Fnrdnmntl Thoren of Local they f Cues : Gin smooth fats Hs ) > 0 & TG ) defid an anmtml I
,

there exsb a

regular parametrized Cure a
'

.
I → R 3

so tht :

li ) s B the ackgth of &

Iii ) Kls ) is the curvature f a

I ; ii ) Is ) D the tv sin of a
.

Further
, ay

other ( we Ils ) 4 the same curate & twsin p retiled to als ) by a rigid moth lie ,
the traces of a & I

are congruent )
,

The proof of existed folks fm the stood they of ODES /see Appendix 3 for more detib)
.

we will prove uniqueness :

Poffunigwet : Ardyth ,
cwhtue

,
&torsin are all obiigf invariant est rigid moths .

Now
, smne xls ) & I 4) he the Sae )< Is ) & TG )

.
After applying a rigid moth

, non any tht

No ) = I (0¥El o )

n ( o ) = 510)
b ( o ) = 56 )

So new consider a sort of dike blw this

dls ) : = I Hsl - Its ) I
'

+1ns ) - 51312+1 bbl - hits) It
.

1h d '
cs) =a¥ ( last - FISH tttsl - EGD) + htsl ( nls) . rim . ( nls ) - nts))) total HH . EHI . 1641 - hits ) ) )

= 2 It ' Is) - E 'G) ) . I HSI - Ek)) +2 ( n
' H - a

' Is) ) . lnls ) - nts) ) +2lb 'H - Ek )) ( Hsl - hits ) )



Using the Feet qulms ,thank
Is) ( nls ) - nts)) . IHS) - Els) ) - 2k Is) 1 Hsl - Els) ) . lnlsl - 541) - 2 Ils ) ( blsl - hits ) ) . In 1st - nts ))

+2 Tls ) In H - Hs ) ) . ( Hs ) - 51s ) )

= 0
,

so d Is) = cast =D 1 o ) = o ⇒ 1 Hs)
,
nls)

,
bls) ) = 1 Els)

,
Hs)

,
54 ) )

.

In pork N
,

2
' Is) = tls ) = Els ) = I ' Is ) # ¥ ( Ns ) - Its ) ) = 0

,

meajtht µ=£ls ) to
.

Be
Bt she al o ) = Ilo )

,
this on of he the if E = 8

,
caplet if the proof

.

Now
,

we've been
assuming or awes are parametrized } odgtl ,

bit W5 she tht Bit a restate asupth :

Psf : Gim a rglr smooth cure x : I → R3
,
the exits p : J→R3 parametrized by arckyth with the same trace as 2

.

Prof : ht SH ) = Seto la ' HH dt
.

Then sin L 3 9h , 15HH = 12 '

H ) 1 > 0
,

so the fan shs . diffmtrble

muse Fls) by the Inverse Froth Theorem
.
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& D 6
' '

1 61 F) ) = [ DGIPD
'

!

She FISH ) = t
,

he how 1 = FYSHI ) s
' It )

.

Now
,

if we define p by pls) = al FGD
,
then

|pYs)l= I kskl Hs ) ) 1=12 't FHH - F 'G) = SYFG) ) FK ) = 1
,

so p is parametrized } mlgth .

Df : if alt ) is ay rglr pra netted one
,

we define 1h cwntne & tvs in tract ) at t y :

. Ht ) = the cunt we f the repoa met .tk f a f ackyth att.TN= the tosh f the repoametnath for barley that t
.


