
Math 474 Exam #2
Due November 20, 2015 at 2:00 PM.

Instructions: This take-home exam covers the material covered in class through November 13, 2015
(roughly corresponding to Chapter 2 from Shifrin).
You may use: Maple/Mathematica/MATLAB, a calculator, Shifrin, your notes, notes posted on the
website, your brain.
You may not use: The internet, other books, other people’s notes, other people’s brains.

1. Consider the surface parametrized by

⇀
x(u, v) =

(
u, v,

1

a
ln

(
cos(av)

cos(au)

))
.

What is the mean curvature of this surface?

2. Consider the surface with parametrization

⇀
x(u, v) = (u cos v, u sin v, 0)

for u > 0 (notice that this is just the plane minus the origin, written in polar coordinates). Compute
the Christoffel symbols of this parametrization, and use those Christoffel symbols to compute the
Gaussian curvature of the surface.

3. Generalizing the previous problem (where α was the unit circle), suppose α(s) is a regular curve, and
consider the cone surface

⇀
x(u, v) = uα(v)

for u > 0. What conditions on α will guarantee that the surface is regular? What are the Gaussian and
mean curvatures of this surface (in terms of α and its derivatives)? Feel free to assume α is parametrized
by arc length. In the previous problem you had to use the Christoffel symbols to compute the Gaussian
curvature, but in this problem you can compute the Gaussian and mean curvatures any way you want.

4. Let Σ be a compact surface without boundary (compact means it is closed and bounded as a subset
of R3). Is it true that Σ must have an elliptic point? Prove or give an explicit counterexample. (Hint :
it’s very helpful to think carefully about what it means geometrically to be elliptic.)
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