Math 115 HW #10 Solutions
1. Suppose yi1(t) and y2(t) are both solutions of the differential equation
P(t)y" + Qt)y' + R(t)y = 0.
Show that, for any constants C; and C5, the function
Ciy(t) + Caya(?)

is also a solution of this differential equation.

Proof. Let y = C1y; + Cays. Then
y' = Ciyy + Cay

and
y" = Cry{ + Cays.

Therefore,

P(t)y" +Qt)y + R(t)y = P(t)(Cryi + Cayy) + Q(t)(Cryy + Cays) + R(t)(Cry1 + Cayz)
= (P(t)Ciy] + Q(t)Cryy + R(t)Ciy1) + (P(t)Cays + Q(t)Cays + R(t)Cays)
= C1(P(t)y) + Q(t)yy + R(t)y1) + Co(P(t)yy + Q(t)ys + R(t)ya).

However, both terms in the bottom line are zero, for the following reason: since y; is a solution
of the given differential equation,

P(t)yi + Q(t)yh + R(t)y1 = 0;
likewise, since ¥ is a solution,

P(t)ys + Q(t)yy + R(t)y2 = 0.

Therefore, we see that y = C1y; + Cays is indeed a solution of the given differential equation
for any constants C7 and Cs. O]

2. Solve the differential equation
6y" — Ty — 12y = 0.

Answer: The characteristic equation is
6r* — Tr — 12 = 0;

solutions of this equation are:

CTEV(-7)2-4(6)(-12) 749+ 288  T+£/337
B 2(6) B 12 12

r

Therefore, solutions of the given differential equation are of the form

74++/337 7—\/337
y=Cle 12 t-|-C’26 1 ¢,




3. Solve the initial-value problem

2" + 6y +17y =0, y(0) =1,4'(0) = 5.

Answer: The characteristic equation is
2r® + 6r + 17 = 0;

solutions are

6=/ —4)(17) _ —6+v36-136 _ 3,5
- 2(2) - 1 B

Therefore, solutions of the given differential equation are of the form
5 5
Y= C’le_3/2t cos (2t> + 026_3/2t sin (275) .

Plugging in t = 0, we have that

1 = y(0) = C1€° cos(0) + Cae’ sin(0) = C1,

y = e 3/ cos §15 + Che 3% sin §t .
2 2
Hence,

y’ = —2673/21‘/ cos (;t) — 3673/2'5 sin (2t) — 202673/21: sin (;t) + 202673/% cos <;t>

P (P 3 32t s (Pr) _ (243 32t (D
y—<2C2 5 e CoS 2t 2+202 e sin 2t .

Therefore, plugging in ¢t = 0 yields

so C; =1 and

5= y/(()) = <ZC — 2) €% cos (0) — <; 4 ;C2> O sin (0) = 202 B g

Therefore,

5 3 13

32=5+5 =5
w 213 13

“=33-%
Thus, we conclude that
1
y = 6_3/2t cos <5t) + ;6_3/2t SiIl <Zt>



4. A spring-mass-dashpot system (like the door-closing mechanism in many doors) can be mod-
eled by the differential equation

ma” + e’ + kx =0

where x is the displacement of the object, m is the mass of the object, ¢ is the damping
constant for the dashpot, and k is the spring constant. Suppose we have such a system with
a mass m = 20 kg, a spring with £ = 5, and a dashpot whose damping constant ¢ we can
adjust. What value of ¢ should we pick to get critical damping?

Answer: Critical damping occurs when there is a single root (of multiplicity 2) of the
characteristic equation. Plugging in the values for m and k we have the differential equation
202" + cx’ + 5x =0,

so the characteristic equation is
20r? + cr + 5 = 0.
Solutions are of the form

—cE /2 —4(20)(5) —c+Vc?—400
2(20) B 40 '

r =

There is a single root of multiplicity 2 when the discriminant ¢ — 400 = 0, meaning that
c = £20.

The value ¢ = —20 is physically meaningless, so we should pick ¢ = 20 to get critical damping.

5. Solve the differential equation

y// o y/ — 6y = 6296.

Answer: First, we solve the homogeneous equation
y,/_y/_6y:0.

This has characteristic equation
r2—r—6=0;

The left side factors as (r — 3)(r + 2), so the roots are r; = 3 and rp = —2. Hence, the
complementary solution (i.e. solution to the homogeneous equation) is

Ye = C1e%* + Cye 2",
Now, we need to find a particular solutions to the given equation
y// _ y/ — 6y = 6296.

Using the method of undetermined coefficients, guess that

Yp = Ae?®,



Then

yl') = 24"
and
yg = 44",

Therefore, if y, really is a solution, we should have that
e = Yy — Yy — Byp = 4Ae* —2Ae* — 6(Ae®™) = —4Ae*.

Therefore, it must be the case that

1=—4A,
so A= —i and
1 2x
yp = Ze .

Thus, the general solution of the given non-homogeneous equation is

1
y:yc+yp201631’+02e—2z_ 1€2z.

. Solve the differential equation
y// _ 4y/ _|_4y — €2£E'

Answer: First, solve the homogeneous equation
y" — 4y + 4y = 0.
This has characteristic equation
r’—4dr+4=0

and the left side factors as (r—2)2, so the single solution (of multiplicity 2) is » = 2. Therefore,
the complementary solution is

Ye = C1e** + Coze®®.
Now, to find a particular solution to the given equation, we would like to guess that y, is e,
However, this is already a solution to the homogeneous equation, so it can’t be a particular
solution. Multiplying by z yields xze?*, which is also a solution to the homogeneous equation.
Therefore, we need to multiply by x again and guess

Yp = Az?e®.

Then
Yy = 2Aze* + 2Ax? e

and

Yy, = 2Ae*® + 4Azxe® + 4Axe® + 4Ax% e
= 24e*® + 8Axe™ + 4Az%e®.



Therefore, since y, is a solution of the equation,

¥ =y — 4y, + 4y,

= (24 4 8Axe® + 4Ax%e*) — 4(2A2e™ 4 2A2%™) + 4Ax?e*®

= (4A — 8A + 4A)x%e** + (8A — 8A)we®™ + 2Ae™
= 24e%",

Therefore, 2A = 1 and so A = 1/2. Hence,

1
*$2€2I

yp:2

and so the solution of the differential equation is
2x 2x 1 2 2z
Y=Y+ yp = Cre™ + Coxe +§JJ e,
. Solve the initial-value problem
y" + 9y = cos 3z +sin3z, y(0) =2,4(0) = 1.
Answer: First, solve the homogeneous equation
y" 4+ 9y = 0.

This equation has characteristic equation

which has solutions r = £3i. Therefore, the complementary solution is

ye = C1€% cos 3z + Cae’® sin 3z
= (4 cos3x + Cysin 3.

Now, we would like to guess that the particular solution is A cos 3z + B sin 3z, but both cos 3z
and sin 3z are solutions to the homogeneous equation. Hence, we multiply by = and guess

that
yp = Az cos 3z 4+ Bxsin 3x.
Then
yI', = Acos3zr — 3Axsin3x + Bsin3x + 3Bx cos 3z
= (A+3Bz)cos3z + (B — 3Ax) sin 3z
and so

yg = —3Asin 3z + 3B cos3x — 9Bz sin 3z + 3B cos 3x — 3Asin 3z — 9Ax cos 3z

= (6B — 9Ax) cos 3x — (6A + 9Bx) sin 3z.



Therefore, since y, solves the differential equation,

cos 3x + sin 3x = y;,/ + 9yp
= [(6B — 9Az) cos 3z — (6A + 9Bx) sin 3z] + 9 [Ax cos 3x + Bz sin 3x]
= 6B cos 3z — 6Asin 3z

Therefore

so B=1/6 and A = —1/6, meaning that
3z + L 3
= ——zcos 3z + —xsin 3z.
NG 6

Hence,

. 1 T .
Y =Ye+yp = Crcos 3z + Cysin 3z — 69;(:03330 + 633311133:.
Now, plugging in x = 0 yields
. 1 1 .
2 =y(0) = Cy cos(0) + Cysin(0) — 6(0) cos(0) + 6(0) sin(0) = C1,

so C; = 2 and

1 1
y = 2cos 3z + Cysin 3z — 6% cos 3x + 5% sin 3.

Our other initial value is y'(0) = 1, so we need to find the derivative of y:

/

1 1 1 1
y = —6sin3x + 3C5 cos 3z — 6C0831’+ ixsin?):z—k gsin3m+ §xcos3$

1 1 1 1 .
= (36’2 ~ % + 295) cos 3z + <—6 + 5 + 2:6) sin 3.

Plugging in z = 0 yields

1 1 1 1
1=4¢'(0) = (302 ~ % + 2(0)) cos(0) + <—6 + 6 + 2(0)> sin(0)
1
Hence,
7
3C2 - 6
so Cy = %.

Therefore, finally, we see that

7
y = 2cos3x + Esin?)x— %cos?;x%—%sin?)x.



