MATH 104 HW 9

CLAY SHONKWILER

§7.3

/ 2z +1 d
22— Tz 412
Answer: Note that 22 — 7o + 12 = (x — 4)(z — 3), so we set P% =

% + % and solve for A and B:

12. Evaluate

20+ 1= A(x —4) + B(z — 3).

Letting x = 4, we see that
so B =9. Letting = = 3,

so A = —7. Hence,

2+ 1 -7 9
/ac2—7$+12d$_/a:—3d$+/x—4d$

=—Tln|z—3|+9In|z — 4| + C.

1
+4
/ y2 dy.
129 +Yy
. 2 _ y+4 _ A B
Answer: Note that y* +y = y(y + 1), so we set oy = 5 Ty and
solve for A and B:

14. Evaluate

y+4=A(y+1)+ By.
Letting y = 0, we see that
4=A(1) = A
Letting y = —1, we see that

—1+44=DB(-1) = -B,
1
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so B = —3. Hence,

1 y+4 1 4 1 3
sy = o Y
129+ y 129 Jipy+l

= 4lny| — 3|y + 1]y,
=(4In1-3In2)— (4In1/2—-3In3/2)
=3In3/2 —3In2—4In1/2.

/0 z3dx
g x2—2r+1

Answer: Using the division algorithm (which I don’t reproduce here),

a3 Loy 3z —2
—_— =z —_
2 —2x+1 2 —2rx+1

18. Evaluate

Note that 2% — 2z + 1 = (z — 1), so we set —*2—2— 3252;2“ = % + _(xf’l) and
solve for A and B:

32 —2=A(z—1) + B.
Letting z = 1,

so B =1. Letting z = 2,
3(2) —2=A(1)+ B=A+2,

so A = 2. Hence,

/0 3z —2 dm_/o 2 v 1.
g2+ 1 "7 J |z—1 (v—1)2

0
=2In|z—1])°, + x—]
—ila

= (2ln1-2In2) + <1 - 1)

—2In2.

1
2
Therefore,




MATH 104 HW 9 3

24. Evaluate

/83:2 + 8x + 2
dx.

(422 4 1)?
Answer: Note that (43:2 + 1)2 is already factored, so we let _8(214555:532 -

fgﬁ + (46;951113)2 and solve for A, B,C, D:

82248242 = (Azx+B) (42 +1)+(Cx+D) = 4Ax3+4Ba* +(A+C)z+B+D.
Hence, A=0,4B=8,s0 B=2,8=A+C=Cand2=B+D=2+D,
so D = 0. Hence,

/8:U2—|—8;r+2dx_/ 8 & "
(422 +1)2 B 42 +1 (42?2 +1)2]

/ 8 d 8/d7$ = 8- tan '(2z) + C.

122117 %) wmrya
On the other hand, if v = 422 + 1, then du = 8zdx, so

8x du -1 —1
/(4x2+1)2dx:/§:7+02:4x2+1+02’

Therefore, if C' = Cq + Cs,

/ 822 + 8z + 2
(422 +1)2

/ 1623 p
———Aax.
422 —4x + 1

Answer: Using the division algorithm,
1623 122 —4

T =4 4 - .
P B N ey e |

Note that 422 — 42 +1 = (22 —1)?, so we set 4x122f4;i1 = 2;1_1 + (21,]31)2 and
solve for A and B:
120 —4=A(2x—1)+ B=2Ax+ B - A.

Hence, 12 = 2A, so A =6, meaning —4 =B — A= B — 6, so B=2. Thus,

/ 122 — 4 dx_/ 6 . _ 2 "
422 —dx+1 7 ) [22-1 (22 —1)2

Now,

1
_ -1
dr = 8tan (21’)—m+0

32. Evaluate

=3In|2z — 1| — C.
nf2r—1l-gr =g+
Hence,
1623 122 — 4
——dx = 4 4+ ————|d
/4332—43:+1 o /[m—{— +4m2—4$+1} o
1

+C.

=222 +4x +3In |22 — 1| —
vt dr 32 1] - o
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87.4
8. Evaluate

/ V1 —9t2dt.

Answer: Let 3t = sinfl. Then 3dt = cosfdf, so dt = %cos 0df. Note

that # = sin~! 3t, so cos® = v/1 — 9¢2. Hence, we can re-write the integral
as

1 1
5/\/1—Sin290089d9:g/\/COSQQCOSHdQ

1
= 3 /(3082 0do

1 26
_ / +(:20s 40

sin 20
0
o+

2sin 6 cos 6
—+ C
12 +

]
sinT+ 3t 3tv/1 — 9¢2
= 5 + G + C.

|+c

1
3
1
6
0
6

12. Evaluate

/ V2 — 25dy

Yy > 5.
Y3
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Answer: Let y = 5secl. Then dy = 5secOtanfdf, 6 = SeC_l% and

sinf = 7”’2_25 Hence, we can re-write the integral as
V25sec2 6 — 25 V25tan? 0
-5secftan0df = [ ———— tan 6df
/ 125sec? 6 secttan / 2%seczf
5tanf
= | ———— tan6df
/ 2sec2f 0

1 [ tan®6
_3/8e029d0

1 29 -1
:_/Secid@

5 sec2 0

1 1
= - 1——|df
5/[ Sec29]

1

:g/[l—cos20]d0
1 1+ cos 20
_5/{1_#]619

:1/[1_60820} &0
5 2 2

502 4
— L 0—sinbcost] +C
=10 sin @ cos
1 VY2 —2
10 5) Y Y
1 /02 _
= — sec_lg—M +C.
10 5 Y2
26. Evaluate
/ 6dt
(9¢2 +1)%°
Answer: Let 3t = tanf. Then 3dt = sec?0df, so dt = £ sec?0dh. Also,
3
0 = tan~' 3¢, sinf = \/ﬁfw and cosf = ﬁ. Therefore, we can re-write



6 CLAY SHONKWILER

the integral as
/ 2sec? 0db B / 2sec? 0do
(tan?60 +1)2 sect 0
B / 2d6
) sec?6
= 2/0082 0do

:2/1+C20$29d0

= /(1 + cos 260)d0

in 26
=0+SH; +C

=0 +sinfcosf +C
3t 1
. +C
V1492 1 +982

3t
C.
1+ 9¢2 +

= tan" '3t +

= tan" '3t +

36. Evaluate

dx
[ 7=
Answer: Let x = sinfl. Then dz = cos6dfl, . Thus, we can re-write the
integral as

cos 0d0 cos 0df
/ V1 —sin?6 - Vecos26
~ [ as
=0+C
=sin~tz 4+ C.
40. Solve the initial value problem

ydy _

(2 +1) . 22 +1, y(0)=1.

Answer: Dividing by (22 + 1)2, we see that

dy

— (22 4+ 1)73/2
i (z*+1)

Hence,

y= /(3:2 +1)732dx.
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Let « = tan 6. Then dx = sec? §df, so we can re-write the integral as

Y= /(tam2 0+ 1)7%/2 sec? 06
B / sec2 0dp
/] (sec29)3/2
B / sec? 0d6
N sec3 0
B / df
/) sech
= /cos 0do

=sinf + C.
: _ —1 : _ T
Now, since § = tan™" x, sinf = g 50
x
=——+4C.
Y 22+ 1

Using the initial value,

so we conclude that

S —
Y 241

42. Find the volume of the solid generated by revolving about the z-axis
the region in the first quadrant enclosed by the coordinate axes, the curve
y=2/(1+ 2?), and the line z = 1.

Answer: Using the disc method, the volume is given by

1
V:/ ride.
0

Now, r=y = SO

_2
1+x2>

1 4
Vv :/0 ﬂ7(1+$2)2d$.
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Let = tan . Then dz = sec? 0d#, so

w/4 1
V =4n / — _sec’0db
o (1+tan?6)?

w/4 1
= 477/ 1 sec 0do
o sec*f

—db

§7.6

/2 2dz
o T2+ 4
Answer: By definition,

2 9dx . 2 2dx
PRt v S e
oo T*+4  a——oco f, =+ 4

1
= lim 2|=tan"' (E)
a——0o0 2 2 a

= lim [tan_1 1—tan~! (g)}

10. Evaluate

2

a——00
o -7
()
3w
T4

16. Evaluate



MATH 104 HW 9 9

Answer: By definition

/2 s+1 J i /” s+1 p
——as = 1IN S
0 V4 —s2 b—2= Jo V4 — 52

I [ s 1 ]d
= lim S
b—2- Vi —s2 \4-—s2

b
= lim [— 4— 52 +sin~! (g)]

b—2— 0
= blim [(— 4— b2 +sin~? (g)) — (—\/4 —0+sin! 0)
—27
T
= — +2.
5 +

24. Evaluate

Answer: By definition,

C

oo 2 0 2 o0 2 0 2 2
/ 2zxe " dx :/ 2xe " +/ 2z ¥ dr = lim 2zxe” " dx+ lim 2zxe " dx.
—c0 —0 0 b——oo Jy, c—oo Jg

Now, let u = —2. Then du = —2xdx, so
/er_zzdx =— /eudu ="+ C=—" 1 (.

Thus,

C

e’ 0
/ oze~ dr = lim 2a:e_x2d:17+ lim 2re " d

—00 b——oco Jp, c—00 J

0
= lim [—e_ﬁ} + lim [—e_IQK

b——o00 b c—00
= lim [—1 + e_bQ] + lim |:—6_62 + 1}
b——00 c—00
=—-1404+0+1
=0.

32. Evaluate

/2 dx
0 \/\:I:—ll‘
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Answer: Note that ——— is discontinuous at = 1, so, by definition,

2 dx B 1 dx 2 dx
/0 m‘/o m*[ N
B 1 dx 2 dx

-, m*fl V1
= lim /bdim—l—lim 2d7$.
b—1-Jo /—(x—1) e-1v)o Vo—1

In the first integral, let u = —(x — 1), so du = —dz, and in the second let
u=1x—1so du=dx. Then

/%_D:_/%:_mwz_gmw

and
dx du
2 [ s u+C=2vz—1+C.
Vet v !
Hence,
2
d b
~ Y lim [—2 —(x—l)] + lim [2\/33—1]2
0 |gj — 1’ b—1— 0 c—1t ¢
= lm [-2y/=0-1)+2| + lim [2-2vc—1]
—1— c—1
—0+2+2-0
= 4.

36. Determine whether the integral converges or diverges:
w/2
/ cot 6d6.
0
Answer: Note that cot 6 is discontinuous at x = 0. By definition, then,

/2 w/2
/ cot0df = lim cot 68d6
0 b—0t Jp

— ] in w/2
i [In [ sin O],

= lim [In1—In(sinb
b_1>1(1)1+[n n(sinb)]

= —OC)’

so the integral diverges.
51. Determine whether the integral converges or diverges:

/°° dz
1 \/:UG—l—l'
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Answer: (Note that I've changed the lower limit of integration from 0
to 1; I think 0 was a typo) As x — oo, V25 + 1 should act like 23. In fact,

: 6 3 1 1 :
since for all x > 1, vab® + 1 > x°, T < 5. Now, since

converges, the direct comparison test implies that floo \/jgﬁ also converges.

52. Determine whether the integral converges or diverges:

/°° dx
2 22— 1

Answer: As © — 0o, V22 — 1 should act like z. Let’s do a limit com-
parison:

dx

Now, since f;o d% diverges, the limit comparison test tells us that f; T T

diverges as well.
66. As Example 8 shows, the integral [(dz/x) diverges. This means

that the integral
* 1/ 1
/ 2m—/1+ —dz,
1 X x

which measures the surface area of the solid of revolution traced out by
revolving the curve y = 1/z, 1 < z, about the z-axis, diverges also. by
comparing the two integrals, we see that, for every finite value b > 1,

b b
1 1 1
/ 271—\/1+—4da:>27r/ —dzx.
1 X X 1 X

However, the integral

for the volume of the solid converges.

(a): Calculate it.
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Answer: By definition,

/ 7 <—> dr = lim T <l> dzx
1 x b—oo Jq x

. b dx
= lim 7 —
b—oo 1 T
~11%
= lim 7 [—]
b—oo x 1
-1
= lim 7 [— + 1]
b—oo b
= T.

(b): This solid of revolution is sometimes described as a can that does
not hold enough paint to cover its own interior. Think about that for
a moment. It is common sense that a finite amount of paint cannot
cover an infinite surface. But if we fill the horn with pain (a finite
amount), then we will have covered an infinite surface. Explain the
apparent contradiction.

Answer: The correspondence between amount of paint and sur-
face area is slightly spurious. The unspoken assumption in the above
apparent contradiction is that a layer of paint has no thickness. How-
ever, if this is true, then there’s no problem with a finite volume of
paint covering an infinite surface; since the layer of paint has no
thickness, it also has no volume.
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