MATH 104 HW 4

CLAY SHONKWILER

§6.1

13. Let f(z) =22 + 1, 2 > 0. Find a formula for f~!.

Answer: To find f~!, we let y = f(z) = 22 + 1 and switch = and y,
yielding z = 32 + 1. Now, solve for y. Hence, 4> =2 — 1, so y = +v/x — 1.
Since we're only dealing with x > 0, we’re only interested in the positive
square root, so f~1(z) = vz — 1.

16. Let f(z) = 22 — 22+ 1, > 1. Find a formula for f~1.

Answer: Again, we let y = f(z) = 22 — 22 + 1. Switch = and y to get
xr = y?> — 2y + 1 and solve for y. Factoring the righthand side, we see that

r = (y — 1), Hence,
Yy — 1= iﬁ?

so y = £/ + 1. Since we’re only concerned with 2 > 1, we're dealing with
the positive square root, so f~1(z) = \/z + 1.
26. Let f(x) =(1/5)x+ 7, a = —1.
(a): Find f~!(z).
(b): Graph f and f~! together.
(c): Evaluate df /dz at © = a and df ~!/dx at © = f(a) to show that
at these points df ~! /dx = 1/(df /dz).

Answer:

(a): Let y = f(xz) = (1/5)x + 7. Then, switching x and y yields x =
(1/5)y+7, which reduces to (1/5)y = x—Tory = 5(x—7) = 5z —35.
Hence, f~!(z) = 5z — 35.

(b): This is a straight line with slope 5 and y-intercept at —35.

(c): Using the above formulas for f and f~!, we see that df /dz = 1/5
and df ~!/dx = 5. Hence, df ~1/dx = 1/(df /dx).

33. Suppose that the differentiable function y = f(z) has an inverse and
that the graph of f passes through the point (2,4) and has a slope of 1/3
there. Find the value of df ~!/dz at = = 4.

Answer: Since y = f(x) passes through (2,4), we know that f(2) = 4.
Hence, f~1(4) = 2. Now,

af!
dzx

4 @

=3.

C»J\»—A‘ —

r=

z=f"1(4)=2

Thus, the value of df ~!/dx at = = 4 is 3.
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§6.2

5. Let y = In3x and find the derivative of y with respect to x.
Answer: By the chain rule,

dy 1 d 1 1
dx 32 q ==

16. Let y = tvInt and find the derivative of y with respect to t.
Answer: By the product rule,

dy d d d
i a[t]vlnt—i—t- 7 [vlnt} = \/lnt—i—t-% [\/lnt] .

Now, using the power rule and the chain rule,

d 1 d 1 1 1
ZVInt] = =(Int)"2. Znt] = - = .
dt{ } 2( ) dt[ ] 2vInt t  2ty/Int

Therefore, we see that

dy Vint d 1 1
YW Vit +t2 [Vint] = V1 t+t< >:\/1 fy
dt RET R [ . } . 2tv/Int T VInt

38. Let y = /(22 + 1)(z — 1)2. Use logarithmic differentiation to find
the derivative of y with respect to .

Answer: To use logarithmic differentiation, we take the natural log of
both sides:

Iny=Iny/(22 +1)(z —1)2 =In ((2* + 1)(z — 1)2)1/2
=Zln ((ac2 +1)(z — 1)2)
[In(2* 4+ 1) + In(z — 1)?]

N RN~ DN

[In(z* 4+ 1) + 2In(z — 1)] .

Now, differentiating both sides with respect to x, we see that

Tdy 17 1 i Vo2 1
ydr 2 |22+1 x—1 24+1 x-1
z(x —1) 22 +1
T @+ D)@-1) @+ z-1)
202 —x+1

(@24 1) (z—1)
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Therefore,

% - <<x2+ I)?;—ll))
VD17

(r—1)222 -z +1)

CVE D@ -2
54. Evaluate the integral
8rdr
=

Answer: Let v = 47> — 5. Then du = 8rdr, so we can re-write the
integral as

202 —x+1
@+ 1w - 1>>

du = In|u| = In|4r? — 5|.
u

w/2
/ cot tdt.
w/4

Answer: Recall that cott = gfrff Let u = sint. Then du = costdt, so
we can re-write the integral as

w/2 1
/ COStdt:/ d—u:ln|u|]i/§/2zlnl—ln\/§/2:—ln\/§/2.

/4 sint V22 U

64. Evaluate the integral

§6.3

18. Let y = ¢2*/3. Find the derivative of y with respect to .
Answer: Using the chain rule,
d d 2
% = eQx/?’%(Qx/B) = 562”3/3.
38. Suppose Inzy = *™¥. Find dy/dz.
Answer: To find this derivative, we must use implicit differentiation. If
we take the derivative of the left side, then we get, by the chain rule and

product rule,
1 dy\ 1 ldy
xy <y+xdac> a7 ydz’
Differentiating the right side yields

STV (14 @ = %Y ex-&-y@.
dx dx

Therefore, if we differentiate both sides simultaneously, we see that
1 + ldiy — 65[3""?4 + 61’4‘9@
r  ydx dx
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Now, solving for dy/dx, we have
Y TR
Y dx T

dy _ “ s
dz %#—exﬂ/'

0
/ e *dx
—1n2

Answer: Let u = —z. Then du = —dz, so we can re-write the integral

and so

44. Evaluate the integral

as

0 0
—/ e ¥ (—dx) = —/ e'du = — [e“}?nz =—el4eh?=_142=1.
—In2 In2

55. Evaluate the integral

/4
/ (1 + e'an%) sec? Adb.
0

Answer: Let u = tanf. Then du = sec? df. Hence, we can re-write the
integral as

/01(1+eu)du:[u+eU]g:<1+e)—(o+1):e.

64. Suppose % = e tsec?(met) and that y(In4) = 2/7. Solve this initial
value problem for y.

Answer: If we let u = me™¢, then du/dt = —we™t, so we can re-write the
expression for dy/dt as
-1 -1 du
—(—me ) sec?(me™t) = — sec® u—.
s s dt

Therefore, integrating with respect to u, we see that

y=—tanu+ C = — tan(re™t) + C.
™ T
Using the initial value, we know that

2 -1 _1 1
Z —y(n4) = — tan(re ") + C = —tan(n/4) + C = LC.
T e T T

- 2,1_3
Hence, C = £ + - = <. Therefore,

-1 3
y = — tan(me ") 4+ =.
T T
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§6.4
13. Let y = 5V5. Find the derivative of y with respect to s.

Answer: Using the chain rule,

25 =0V 5 [Vs] =5 ln52\[

18. Let y = (In#)™. Find the derivative of y with respect to 6.
Answer: Using the generalized power rule and the chain rule,

-1
Zg je[lne] = m(ind)" 5 = (mz)
25. Let y = log, = + log, 2%. Find the derivative of y with respect to .
Answer: Using the chain rule
dy 11 d 11d_1 2¢ 1 23
dr  Indz dm[ ]+ln4x2 dx[ 1= xln4+x21n4 N xln4+xln4 ~ zln4d’
40. Let y = 2**!. Use logarithmic differentiation to find the derivative

of y with respect to x.
Answer: First, take the logarithm of both sides:

Iny=I("")=(z+1)lhr=zhz+nz

(1 9)# 1

Differentiating, we see that

1d 1 1 1
y-m( )—i—l-lnm—i——l—i—lnx—i——lnx—i—
ydz x x x

z+1

Therefore,

1 1
dy (lJrlner )zx“’l <1n1:+$+ >
x

de
58. Evaluate the integral
/ V2 g,
Answer: This is just the power rule in reverse:
/ Valgy — 22 + C.
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