MATH 104 MID-TERM EXAM SOLUTIONS

CLAY SHONKWILER

(1) Find the area of the region enclosed by the curves y = v/ — 1 and

—1
y="55.
Answer: First, we find the points of intersection by setting the
two functions equal to eachother: /o —1 = %1 Squaring both

sides yields x — 1 = , so, multiplying by 4 and moving it all

to one side

z2—2z+1
4

0=a2?—62+5=(z—5)(x—1),

so z = 1 and = 5. Therefore, the desired area is given by

I

~(3®-1)-0-0

16
=2y

5

1

(2) Which grows faster, logs x or log;y 107
Answer: To answer this question, we consider the limit

logs x o % ~ i lnl()' Inx
v—00logyg 10z w—oo Wlle  2mco In3  Inl0x

By L’Hoépital’s Rule, this, in turn, is equal to
In10 1 102 In10

a0 In3 'ﬁ-lozxingo In3z In3’

Since this limit is finite and non-zero, logs; x and log;y; 10z grow at
the same rate.
(3) Find the arc length of the curve y = —v/1 — 22 from z = /6 to
x=m7/2.
Answer: We use the arc length formula

w/2 2
L:/ ”1+<dy> dz
/6 dx

1
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Now,
dy -1 x

= — (—27) = ——,
dr 21— 2 ( ) V1—2z2
. Thus,

dy )\~ _
so( )
/ ”/2\/1—362 x2
/ 1—x2 /7r 1—x2+1—x2d$
/ \/1—;1:2

/Tr/ﬁ \/ﬁ

w/2
w/6 "

= sin~! :c]

Now, I made a mistake in writing this problem; sin~!(7/2) doesn’t
even make sense and sin~!(7/6) isn’t exactly easy to figure out.
Anyway, I gave full credit for getting to this stage.

(4) Let f(z) = sec (sin™* £). Evaluate the integral

/0 f(x)dx

Answer: Let o = sin™! &+ Then we can draw a reference triangle
with a side of length x opposite the angle a and a hypotenuse of
length 6. Then the adjacent side is v62 — 22 = /36 — 22. Thus,
V36—x2

6

cosa = , SO

.1 6
SeC @ = SsecC | s1n — | =

6/  V36—27

——dx
/ I /0 36 — 22

B / dzx

B 0 62 — 2

x13
= 6si —17]
sin 6lo

1
= 6sin ! i 6sin~ 10

Hence,

(5) Find
lim 2% csc?z
z—0t
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Answer:

2
lim z?csc?z = lim —
z—0+ z—0+ sin

2,
Now, sin0 = 0, so we can apply L’Hopital’s Rule to see that this
limit is equal to
) 2x
lim ————.
z—0t 2sinx cos x

Again, we have %, so we apply L’Hopital’s Rule again to get

2 . 1
im 5 —— = lim ————— =1,
z—0t 2cos*x — 28in“x  z—0t+ cos*x — sin“x

since cos(0 = 1.
(6) Solve the initial value problem
dy 2xy
- =— >1 1)=1.
dr Iny’ v=1 y(l)
Answer: This is a separable differential equation; we multiply
both sides by l%’dx to separate the variables:

1
Mdy = 2xdzx.
Yy

Now, we integrate: [ 2xdx = z2+C1. On the other hand, to compute
i lrlTydy, let v =Iny. Then du = %dy, SI)

1 2 | 2
nydy:/udu:u—i-(?g: (Inz) + Cs.

Y 2 2
Thus, if we let C' = C1 — (3 and equate both sides, we see that
1 2
(ny) =2+ C.
2
Then (Iny)? = 222 + 2C, so Iny = v/222 + 2C, meaning that
y = e\/2m2+20'

Now, using our initial condition
1= y(l) _ e\/2(1)2+2C’ _ 6\/2—|-2C7

so, since 1 = €%, 2 — 2C = 0, meaning that C = —1. Therefore,

y = e\/2:r:2—2.

(7) Solve the initial value problem

d
x2d—y +ay=122% x>0 y(1) =4
x
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Answer: This is a linear first order differential equation; we di-

vide by z? to put it into standard form:
d 1
ad + —y = 1222
de =

Here P(z) = 1 and Q(z) = 1222, Hence,

/P(w)d:c = /;dx = In |z|.

Since x > 0, we can leave off the absolute values, so we have
U(:B) _ efP(z)dx _ elnx —

Hence,

y= U(lx)/v(%)Q(x)d:c = i/x - 122%dw

1
= — / 1223dx
x
1 4
=— [3x + C’]
x
C
=323 4+ =
x
Now, using our initial condition,

C
4:y(1):3(1)3+T:3+C,

so C' = 1. Therefore,
1

Yy = 3z3 4+ =,

x

(8) Find the volume of the solid obtained by rotating the region bounded

by y = \/117, x =1 and the z- and y-axes about the x-axis.

Answer: Using the disc method,

1
V:/ mridz.
0

. . . . o 1
Now, the radius of the disc is given by y = TiraE 50
\%4 /1 <1 >2d /1 b d
= T T =T xr
0 V142 o 1422
= 7 tan ! x](l)
7
—(Z-0)
i (4

7T2

T



(9)
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Find the volume obtained by rotating the region described in prob-
lem 8 about the y-axis.
Answer: Here, we use the shell method

1
V:/ 2nrhdx.
0

Now,r:xandh:y:ﬁ,so

1 1 2z
V = 2M————=dr =7 ——dx
V1+ x2 0 V1422

Now, let u = 1 + 2. Then du = 2zdz, so
_Tr/f m[2va)? = n(2V2 - 2) = 2n(V2 - 1).
Let f(z) = tan~! (Z82). Find

ar!
dx

rz=m/3

Answer: The easiest way to see this is probably just to solve for
f~(z), which we do by switching the variables and solving for y:

9 .
y+1

Then tanxz = %5, so

y=2tanz — 1.
Hence, f~!(z) = 2tanz — 1, so

art
dx

= 2sec? z.

Hence,

df =1
dx

= 2(secm/3)* = 2(2)? = 8.

r=m/3
Alternatively, we could use the fact that

df 1 1
dx

o=@ f

Now,
df 1 I 1

o)’ 2 2 B



(11)

(12)
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Now, note that tan~'(v/3) = /3. Hence, if “t = /3, then f(a) =
7/3. Solving for a, we see that a = 2¢/3 — 1. Therefore,

af _ 1 11
dz|,—9./3_1 2+((2\/§+)+1)2 2+% 5
Thus,
dfl: = df; = % = 8.
s dz |, 931 8
Prove that

/sec@taanG =secl + C.

Proof. Note that

1 sin 0 sin @
/secGtanGdQ = / sl cosﬂda = /cosQOde'

If we let u = cos 6, then du = — sin #d0, so

/Smedé?—— diuz_;1+C:L+C:seCH+C.

cos2f u? U cos @

O

Let S be a solid whose base is the ellipse % +y? = 1 and whose

cross-sections perpindicular to the z-axis are right isosceles triangles

with one of the equal (i.e. non-hypotenuse) sides determined by the

ellipse (meaning the other equal side is vertical). Find the volume
of S.

Answer: First, let’s re-write the equation for the ellipse; solving

for y, we see that
2
x
=+4/1—-—.
O

Hence, the length of the non-hypotenuse sides of the cross-sectional
triangles is 24/1 — %. Therefore, the area of each cross-sectional

triangle is given by

A(x)=;<2m>2:2<1—f>:2—f.
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The volume of the solid is thus given by

V:/iA@Mm:/zP—iﬂdx

372
:255—33]
-2

(13) Find the volume of the solid obtained by rotating the region bounded
by y = 22, = 0 and y = 4 about the line z = 2.
Answer: Using the shell method,

2
V:/ 2nrhdzx.
0

Now, since the axis of rotation is = 2, r = 2 — z, while h = 4 — 2.2
(since we want the height of the region between y = 4 and y = 22).
Thus,

2 2
V:/ 27T(2—33)(4—x2)dx:27r/ [8—430—2362—1—333] dx
0 0

— 42
=27 833—2332—23334—3L
L 3 4 0

=27 16—8—1364-4}

16
—or|12- 2
| 3]

120
—or | =
ﬂ_g]
_aom
-4

(14) Suppose you invested $1000 in an account in which interest is contin-
uously compounded. After 1 year, the amount now in your account
is $1100. Assuming you never withdraw any money from it, in how
many years will you have accumulated $10,000 in the account?



(15)
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Answer: We know that continuously compounding interest is
modeled by the formula
A(t) = Pe™.
Now, since you start the account with $1000, P = 1000. Now, after
1 year, the scenario is that
1100 = A(t) = 1000e™™ = 1000¢" .
Dividing both sides by 1000, we see that
1
10
Taking the natural log of both sides tells us that

e’.

11
rzlnl—():lnll—lnlo.

Now we're ready to answer the question: the account will have
$10,000 in it when
10,000 = A(t) — 10006(1n 11-In10)t

Dividing by 1000,
10 = 6(ln 11—In 10)t'

Taking the natural log of both sides, we see that
In10 = (In11 — In 10)¢,

SO

B In10

~ In1l1—-1n10
which is option (d).
Find the surface area of the solid generated by rotating the region
enclosed by the curves y = 2/x, y = 0 and x = 3 about the z-axis.

Answer: Note that if 0 = y = 2y/x, then & = 0, so the surface

area is given by

3 / 2
SA :/ 2myq |1+ <dy> dx.
0 dx

~ 24.16 years,

3
1
dx:47r/\/5 1+ —dx
0 X
3
:471/ v+ ldz.
0
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Now, if we let v = = + 1, then du = dzx, so we can re-write the
integral as

4 2 t8 56
SA:47T/ \/ﬂduzélwfug/? Z—W[8—1]:i.
1 3 3 3

1
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