MATH 104 SAMPLE FINAL SOLUTIONS

CLAY SHONKWILER

(1) Evaluate the integral
/ e~?/? cos xd.

Answer: We integrate by parts. Let u = e=*/2 and dv = cos zdz.
Then du = —%e‘x/de and v = sinx. Then the above integral is
equal to

1
e 2 sing + B /6_36/2 sin zdz.

To compute this integral, again let u = e=%/2 and let dv = sin zdx.
Then du = —%e*‘”/z and v = — cosxz. Hence

1
/e_“"j/2 coszdr = e */?sing + B /e_””/2 sin xdx
—z/2 1 —z/2 1 —x/2
=e s1nm+§ —e cos:z:—§ e cos rdx

1 1
= e " ging — ie*x/Q Ccos T — 1 /e"’“ﬂ/2 cos rd.

Therefore,
5

1
1 / e 2 cosxdr = e ?sinz — 56_30/2 cos T,

SO

4 2
/61/2 cosxdr = 567‘”/2 sinx — 567‘/”/2 Cos .

(2) Consider the series

i 12n
6n2 +1Inn’
n=1

Does this series converge or diverge?
Answer: Since Inn grows significantly slower than both n and
n?, we suspect that it won’t much affect whether the series converges

or diverges. Therefore, let’s do a limit comparison with the series

S (15272 = %, which we know diverges:
12n 2
lim Sl o

n—o0 % T nSoo 1212 +2lnn’
1
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By two applications of L’Ho6pital’s Rule, this limit is equal to

. 24n . 24
lim ——— = lim > =1
n—oo 24n 4+ = n—oo 24 — o
Therefore, since Z% diverges, the series ) 6n21J2:fnn also diverges.

Consider the sequence {a,} with

()™= 5

an = 2n

Does this sequence converge or diverge? If it converges, what does

it converge to?
5" 5\"
T <7r2> '

Answer: Note that

n(n+1)

(-1 % 5"

2n
Since % < 1, the sequence {(%)n} converges to zero. Therefore, by
the sandwich theorem, the given sequence converges to zero.
Consider the curve y = y/z. Find the surface area of the surface
obtained by rotating the portion of the curve between z = 3/4 and
x = 15/4 about the z-axis.

Answer: Recall the surface area formula

15/4 2
SA —/ 2y 1+ <dy> dx.
3/4 dx

2
d 1 d 1
NOW, ﬁ = ﬁ, SO (%) = Iz* Hence,

15/4 1 15/4 1
SA:27T/ Nz 1+dx:27r/ \/T+ —dx.
3/4 4z 3/4 4

Letting u =z + %, du = dz and so the above integral becomes

4 2 359" 2 2 287
277/1 Vudu =27 [3u ]1 =27 [3(8) 3(1)} =5
Suppose you invest $1000 in an account earning 8% interest com-
pounded continuously. After how many years will you quadruple
your money (use the approximation In4 =~ 1.6).
Answer Remember that the amount of money in your account is
modeled by

A(t) = Pe™.
Since the initial amount in the account is $1000, P = 1000. Also,
r = 0.08. You will quadruple your money when
4000 = A(t) = 1000e%%%,

SO
4 = e0.0St
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Solving for ¢,
In4 = 0.08t,

SO

nd4 1.
_ 4 16160 o0
0.08 008 8

Therefore, you will quadruple your money in approximately 20 years.

(6) Consider the series
oo

4qn
2n+1"°

e

n=1

Does this series converge or diverge? If it converges, to what sum
does it converge?
Answer: Note that

U -0 I L B R A A
YamrLm-2lz) Xrals)

n=1 n=1 n=1 n=1
This is a geometric series with @ = % and r = 5 < 1. Hence, the

series converges to

4 4
3 3 4

(7) Does the series

converge or diverge?
Answer: Use the Ratio Test:
(2(n+1))!

. (g1 _ (2n+2)!  2"n! . (2n+2)(2n+1)
lim —————* = lim . = lim = lim
n—oo (0l n—oo 21+l (n + 1)1 (2n)!  n—oo 2(n+1) n—0o
nnl

By L’Hoépital’s Rule, this limit is equal to
. 8n+5
lim =

n—00 2 ’

so the series diverges.
(8) Find the interval of convergence of the power series
n?

n=0

For what values of z does the series converge absolutely? For what
values does it converge conditionally?
Answer: Using the Ratio Test,

(2z)"+1 nt1 2 2
i | D7 g |G e ] 2an”
n—oo | (2z)" n—00 (7’L—|—1)2 (2.1‘)” n—00 (n+1)2 '

an? 4+ 5n + 2

2n+1



(10)
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By two applications of L’Ho6pital’s Rule, this limit is equal to

. dx
= lim
n—oo

—| =|2z|.
2

. 4xn
lim |[———
n—oo Q(n + 1)

1

Now, |2z| < 1 when |z| < 3, so the radius of convergence of the

power series is % Now, we need to check the endpoints, x = i%.
When z = —%, the series becomes
ZOO (=1)"
2 )
n=1 n

which converges, by the alternating series test. In fact,

DI B P
n=1 n=1

which is a convergent p-series. On the other hand, when =z = %, the

series becomes
o0

>
9
n=1 n
which is a convergent p-series. Therefore, the interval of convergence
of the power series is [—%, %] The series converges absolutely for
p<a<)
Consider the region contained by y = H%’ the z- and y-axes and
x = 1. What is the volume of the solid obtained by rotating this
region about the y-axis?

Answer: Using the shell method, the volume is equal to

1
/ 2nrhdzx.
0

Now, r =x and h = ——

1 1
1 2zd
V:/27r:r 2dac:7r/ rar
0 1+ 0 1+{E2

Letting u = 1 + 22, du = 2xdx, so we can re-write this integral as
2
d
T —u:w[ln\u|]?:7r[ln2—ln1]:ﬂln2.
1 u

Evaluate the integral

/ 2dzx
(20 —2)V4x2 — 8z + 1
Answer: We complete the square:

4a® —8x+1=(42® =8z +4)+1—4= (22 —2)* - 3.
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Hence, letting v = 2x — 2, du = 2dx and so we can re-write the
integral as
20 — 2

V3

u

V3

1
+C = ——sec !

V3

1

/du = L sec™
uvuz -3 /3
(11) Evaluate the integral

/ 2x+ 3 d
2 —T7x+12 v

Answer: Note that 22 — 7z + 12 = (z — 3)(x — 4). Thus, we set
B

up the partial fraction % = xA%s +
B:

e

| and solve for A and

2 +3=A(x —4) + B(z — 3).
Letting = 4,
2(4) +3 = A(0) + B(1) = B,
so B = 11. Now, letting = = 3,
2(3)+3) = A(—1)+ B(0) = — A,
so A = —9. Therefore,

2z + 3 -9 11
—————dz = — dr=—-9In|x—3|+11ln |x—4|+C.
/x2—1233+7$ /[w—3+x—4] v nfe—3l+1lInfe—4i+

(12) Solve the initial value problem

d 2
x—y+y:sin:v+cos:v, x>0, y(m) = —.
dx s
Answer: Re-write in standard form:
dy =1  sinz+cosw
de  z° x ’
so P(z) = 1 and Q(z) = SBLEOSE Hence,
1
/P(w)d:v = /dm =In|z| =Inz,
x
since z > 0. Thus,
U(:L’) _ efP(z)dx _ ez _
Therefore,
1 1 i 1
Y= /v(m)Q(m)dﬂc = /xsmzn + 8L e = = / [sin z + cos x| dx
v(z) T T T

1
= —[—cosz +sinz + (]
x

sinz —cosx +C
. )
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Using the initial value,

2 sinm —cost+C 1+C
;:y(ﬂ'): = 9

T T
so C = 1. Therefore,

sinx —cosxz + 1

x
(13) Evaluate the integral

xr

Answer: Let x = v/3tanf. Then dz = v/3sec? 0df, so we can
re-write the integral as

V3 tan 6 9 3 tan 0 sec2 Hdb
3 0d = | ————
/ (3tan? 6 + 3)3/2 Vasec / (3sec? )3/2

B / 3 tan 0 sec? Hdo
N 3v/3sec3 0

B 1/tan0d0
V3 secd
1

1
= —ECOSH-FC

Now, § = tan™! %, so cosf = \/% Hence, the integral is equal

to

1 V3 1
VBVBT a2 VBha?
(14) Consider the sequence {ay} where
In
In(n+1)°
Does the sequence converge or diverge? If it converges, what does it

converge to?
Answer: Using ’Hopital’s Rule,

Ay =

1
In o 32 .ontl
im ——— = lim 1 = m —-—.
n—00 ln(n + 1) nooo g n—oo 3n2/3

Using L’Hopital again, this is equal to

3
lim —— = lim @:oo.
n—oo 2n—1/3 n—oo 2

Therefore, the sequence diverges.
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(15) Does the series

>
= n(ln n)?
converge or diverge?

Answer: Using the Integral Test,

/OO 1 J . b dx
———dzx = lim —.
1 z(lnzx)? b—oo J; z(lnx)?
Now, letting v = Inx, du = %da:, SO
dx du 1 1
— = ==——4+C=——+4+C.
/a:(lnx)2 / u? u e
Hence,
[ I g + L
— = ——| =lm |-——+—| =x
b0o 1 z(lnz)? booo | Ina , booco| Inb  Inl
since In 1 = 0. Therefore, by the Integral Test, > W diverges.
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