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Random Polygons (and Polymer Physics)

Physics Question
What is the average shape of a polymer in solution?

Physics Answer
Modern polymer physics is based on the analogy

between a polymer chain and a random walk.
—Alexander Grosberg, NYU.



Random Polygons (and Mathematics)

Math Question
How can we construct random samples drawn from the space
of closed space n-gons? More generally, how should we
(numerically) integrate over the space of closed polygons?
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DNA MECHANICS 39

Figure 3 Trial motions employed in the Monte Carlo method of Vologodskii et al.
(adapted from Reference 72). A. Crankshaft move. A section of the chain is rotated
through a random angle, !, about an axis connecting two randomly chosen vertices, v1

and v2. The new configuration of the affected segments is represented by a dashed line.
B. Reptation move. The angles "1–"5 are modified so that the two randomly chosen
sections of the chain bounded by [v1 !3, v1] and [v2, v2 +4] can be exchanged. Again
the alteration is represented by dashes.

pairs of subchains in which each member can fit into the gap left by the other
can be exchanged. Starting in any state, one chooses the pairs of subchains to be
exchanged randomly and with equal probability from among all possibilities.

If any subchain could be moved to any other position, reptation (if carefully
implemented) would satisfy detailed balance because every state would have the
same number of possible choices. Because this is not the case, this reptation move
violates detailed balance. To see this, consider the two states shown in Figure 4,
where a 4-chain is exchanged with a 3-chain. The essence of the problem is that
not all 4-chains may be possible choices. If the gap created by removing a 4-chain
is greater than 3L (L is the length of a segment) then no 3-chain can span it. So
the possible choices are only those 4-chains whose end-to-end distances do not
exceed 3L , the number of which can vary from one state to another. In state A of
Figure 4 there is exactly one 4-chain whose gap is small enough to be spanned by
a 3-chain. If there are N segments in this molecule, then there are N ! 6 choices
of 3-chain, and one 4-chain, that can be exchanged. If each choice has equal
probability of selection, then p(B|A) = 1/(N ! 6), where state B is shown in the
figure. In state B, however, there are four different choices of 4-chain whose ends
are close enough to be spanned by a 3-chain, and for each of these there are N ! 6
different 3-chains that could be selected. So if each choice has equal probability
then p(A|B) = 1/[4(N ! 6)]. As p(A|B) "= p(B|A), this reptation move violates
detailed balance. Therefore, this implementation of the Monte Carlo method cannot
be regarded as converging to the equilibrium distribution.

A
nn

u.
 R

ev
. B

io
m

ed
. E

ng
. 2

00
5.

7:
21

-5
3.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 o
n 

10
/1

1/
12

. F
or

 p
er

so
na

l u
se

 o
nl

y.

Illustration of crankshaft algorithm of Vologoskii et. al.
Benham/Mielke



Goal

Exploit the (symplectic) geometric structure of polygon space to
find good sampling algorithms for random polygons, to compute
expected values, and to establish a framework for proving
theorems.



Fixed Edgelength Space

Let ˜Pol(n;~r) be the moduli space of closed polygons in R3 with
edgelengths given by the vector ~r = (r1, . . . , rn) up to
translation.

Proposition
˜Pol(n;~r) is the codimension-three submanifold of
˜Arm(n,~r) =

∏n
i=1 S2(ri) determined by the linear equation

n∑

i=1

~ei = ~0

where ~ei is the ith edge of the polygon.

The geometry of this space seems difficult to get our hands on.



Symplectic Geometry to the Rescue!

Theorem (Kapovich–Millson, 1996)
Pol(n;~r) is the symplectic reduction of

∏n
i=1 S2(ri) by the

(Hamiltonian) diagonal SO(3) action.

In particular, Pol(n;~r) is a (2n − 6)-dimensional symplectic
manifold.

Moreover, the Liouville measure induced by the symplectic
structure agrees with standard measure.



Symplectic Geometry Review

Recall that a symplectic manifold (M2n, ω) consists of an
even-dimensional manifold together with a closed 2-form ω
such that ωn 6= 0. A symplectomorphism is a diffeomorphism
which preserves the symplectic form.

A torus T k which acts by symplectomorphisms on M so that the
action is Hamiltonian induces a moment map µ : M → Rk

where the action preserves the fibers.

Theorem (Atiyah, Guillemin–Sternberg, 1982)
The image of µ is a convex polytope in Rk called the moment
polytope.

Theorem (Duistermaat–Heckman, 1982)
The pushforward of Liouville measure to the moment polytope
is piecewise polynomial. If k = n the manifold is called a toric
symplectic manifold and the pushforward measure is a constant
multiple of Lebesgue measure.
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A Down-to-Earth Example

Let (M, ω) be the 2-sphere with the standard area form. Let
T 1 = S1 act by rotation around the z-axis. Then the moment
polytope is the interval [−1,1].

Theorem (Archimedes, Duistermaat–Heckman)
The pushforward of the standard measure on the sphere to the
interval is 2π times Lebesgue measure.

Examples

Illustration by Holm.

We can sample uniformly on S2 by choosing z and θ
coordinates independently and uniformly.
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Numerical cubature from Archimedes’ hat-box theorem

Greg Kuperberg!
Department of Mathematics, University of California, Davis, CA 95616

Dedicated to Krystyna Kuperberg on the occasion of her 60th birthday

Archimedes’ hat-box theorem states that uniform measure on a sphere projects to uniform measure on an
interval. This fact can be used to derive Simpson’s rule. We present various constructions of, and lower bounds
for, numerical cubature formulas using moment maps as a generalization of Archimedes’ theorem. We realize
some well-known cubature formulas on simplices as projections of spherical designs. We combine cubature
formulas on simplices and tori to make new formulas on spheres. In particular Sn admits a 7-cubature formula
(sometimes a 7-design) with O(n4) points. We establish a local lower bound on the density of a PI cubature
formula on a simplex using the moment map.

Along the way we establish other quadrature and cubature results of independent interest. For each t, we
construct a lattice trigonometric (2t + 1)-cubature formula in n dimensions with O(nt) points. We derive a
variant of the Möller lower bound using vector bundles. And we show that Gaussian quadrature is very sharply
locally optimal among positive quadrature formulas.

1. INTRODUCTION

Let µ be a measure on Rn with finite moments. A cubature
formula of degree t for µ is a set of points F = {!pa} " Rn and
a weight function !pa #$ wa % R such that

!
P(!x)dµ = P(F)

def
=

N

∑
a=1

waP(!pa)

for polynomials P of degree at most t. (If n= 1, then F is also
called a quadrature formula.) The formula F is equal-weight
if all wa are equal; positive if all wa are positive; and negative
if at least one wa is negative. Let X be the support of µ . The
formula F is interior if every point !pa is in the interior of X ;
it is boundary if every !pa is in X and some !pa is in ∂X ; and
otherwise it is exterior. We will mainly consider positive, in-
terior (PI) and positive, boundary (PB) cubature formulas, and
we will also assume that µ is normalized so that total measure
is 1. PI formulas are the most useful in numerical analysis
[28, Ch. 1]. This application also motivates the main question
of cubature formulas, which is to determine how many points
are needed for a given formula and a given degree t. Equal-
weight formulas that are either interior or boundary (EI or EB)
are important for other applications, in which context they are
also called t-designs.

Our starting point is a connection between quadrature on
the interval [&1,1] and cubature on the unit sphere S2, both
with uniform measure. By Archimedes’ hat-box theorem [2],
the orthogonal projection π from S2 to the z coordinate pre-
serves normalized uniform measure. In plainer terms, for any
interval I " [a,b] or other measurable set, the area of π&1(I)
is proportional to the length of I; see Figure 1. (It is called the
hat-box theorem because the surface area of a hemispherical
hat equals the area of the side of a cylindrical box containing

!Electronic address: greg@math.ucdavis.edu; Supported by NSF grant DMS
#0306681

it.) Therefore if F is a t-cubature formula on S2, its projection
π(F) is a t-cubature formula on [&1,1].

π

Figure 1: Archimedes’ hat-box theorem.

The 2-sphere S2 has 5 especially nice cubature formulas
given by the vertices of the Platonic solids. Their cuba-
ture properties follow purely from a symmetry argument of
Sobolev [25]. Suppose that G is the group of common sym-
metries of a putative cubature formula F and its measure µ . If
P(!x) is a polynomial and PG(!x) is the average of its G-orbit,
then

!
PG(!x)dµ =

!
P(!x)dµ PG(F) = P(F).

Therefore it suffices to check F for G-invariant polynomials.
In particular, if every G-invariant polynomial of degree ' t is
constant, then any G-orbit is a t-design.

By Sobolev’s theorem, the vertices of a regular octahe-
dron form a 3-design on S2. If we project this formula using
Archimedes’ theorem, the result is Simpson’s rule. Another
projection of the same 6 points yields 2-point Gauss-Legendre
quadrature. Figure 2 shows both projections. The 8 vertices
of a cube are also a 3-design. One projection is again 2-point
Gauss-Legendre quadrature; another is Simpson’s 3

8 rule. Fi-
nally the 12 vertices of a regular icosahedron form a 5-design

Illustration by Kuperberg.

We can sample uniformly on S2 by choosing z and θ
coordinates independently and uniformly.
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A Sampling Algorithm for Toric Symplectic Manifolds

More generally, if M2n is a toric symplectic manifold with
moment polytope P ⊂ Rn, then the inverse image of each point
in P is an n-torus. This yields

α : P × T n → M

which parametrizes a full-measure subset of M by so-called
“action-angle coordinates”.

Proposition
The map α : P × T n → M is measure-preserving.

Therefore, we can sample M with respect to Liouville measure
by sampling P and T n independently and uniformly.
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A Toric Structure on the Space of Arms

The torus T n acts on ˜Arm(n;~r) =
∏n

i=1 S2(ri), the space of
open polygons in space up to translation, by spinning each
factor around the z-axis. This action is Hamiltonian, with
moment polytope the hypercube

n∏

i=1

[−ri , ri ]

which records the z-coordinate zi of each edge ~ei .



End-to-End pdf

Proposition (with Cantarella)
Let p ∈ ˜Arm(n;~r). Then the length ` ∈ [0,

∑
ri ] of the

failure-to-close vector ~e1 + . . .+ ~en has pdf

φ(`) = −2`f ′n(`),

where
fn(x) =

1∏n
i=1 2ri

1√
n

SA(x , r1, . . . , rn)

is the pdf of the sum of uniform random variates z1 + . . .+ zn.
Here SA(x , r1, . . . , rn) is the volume of the slice of the
hypercube Πn

i=1[−ri , ri ] by the plane
∑n

i=1 xi = x.

Corollary (Pólya, 1912)

φ(`) =
2`
π

∫ ∞

0
y sin `y sincn y dy
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Slab-Confined Arms

Proposition (with Cantarella)

A polygon p ∈ ˜Arm(n;~1) is confined to a slab of width h if and
only if the vector ~z = (z1, . . . , zn) of action variables lies in the
parallelotope determined by the inequalities

−1 ≤ 〈~z, ~xi〉 ≤ 1, −h ≤ 〈~z, ~wij〉 ≤ h

where ~wij =
∑j

k=1 ~ek . Hence, such arms can be uniformly
sampled using the sampling algorithm for toric manifolds.

h = 2 h = 3
2 h = 1 h = 1

2



A Toric Structure on Polygon Space

Theorem (Kapovich and Millson, 1996)
Any triangulation T of the standard n-gon yields a Hamiltonian
action of T n−3 on Pol(n;~r) where the angle θi acts by folding
the polygon around the ith diagonal of the triangulation.

The moment map µ : Pol(n;~r)→ Rn−3 records the lengths di of
the diagonals of the triangulation.

The portion of Pol(n;~r) in the inverse image of the interior of
the moment polytope is an (open) toric symplectic manifold.



A Toric Structure on Polygon Space

Theorem (Kapovich and Millson, 1996)
Any triangulation T of the standard n-gon yields a Hamiltonian
action of T n−3 on Pol(n;~r) where the angle θi acts by folding
the polygon around the ith diagonal of the triangulation.

The moment map µ : Pol(n;~r)→ Rn−3 records the lengths di of
the diagonals of the triangulation.

The portion of Pol(n;~r) in the inverse image of the interior of
the moment polytope is an (open) toric symplectic manifold.



Moment Polytopes

The moment polytope corresponding to a fan triangulation is
determined by the “fan triangulation inequalities”

0 ≤ d1 ≤ r1 + r2
ri+2 ≤ di + di+1
|di − di+1| ≤ ri+2

0 ≤ dn−3 ≤ rn + rn−1

Moment polytope for Pol(5;~1) Moment polytope for Pol(6;~1)



The Volume of the Moment Polytope

Theorem (Takakura, 2001, Khoi, 2005)
The fan triangulation polytope for Pol(n;~r) has volume

−1
2(n − 3)!

∑

I

(−1)n−|I|


∑

i∈I

ri −
∑

j /∈I

rj




n−3

,

where the outer sum is over all multindices I = (i1, . . . , ip) for
p ≤ n so that the term in parentheses is positive.

Corollary
The fan triangulation polytope for Pol(n;~1) has volume

−1
2(n − 3)!

bn/2c∑

k=0

(−1)k
(

n
k

)
(n − 2k)n−3.



Sampling Fixed Edgelength Pentagons

Proposition (with Cantarella)
Polygons in Pol(n;~r) are sampled according to the standard
measure if and only if the diagonal lengths (d1, . . . ,dn−3) are
uniformly sampled from the moment polytope and the dihedral
angles are sampled independently and uniformly in [0,2π).

Polygons in the fiber over (d1,d2) = (1.15,0.75) in the moment
polytope. The middle and right pentagons correspond to
bending angles (0,2.2) and (2.15,2.2), respectively.



Sampling Fixed Edgelength Pentagons

Proposition (with Cantarella)
Polygons in Pol(n;~r) are sampled according to the standard
measure if and only if the diagonal lengths (d1, . . . ,dn−3) are
uniformly sampled from the moment polytope and the dihedral
angles are sampled independently and uniformly in [0,2π).

Note: This gives criteria for evaluating the quality of polygon
sampling algorithms!



Confined Polygons

Definition
A polygon p ∈ Pol(n;~r) is in rooted spherical confinement of
radius r if each diagonal length di ≤ r . Such a polygon is
contained in a sphere of radius r centered at the first vertex.J. Phys. A: Math. Theor. 44 (2011) 405202 Y Diao et al

Figure 9. Left: two 20-segment polygons that are basically identical in the confinement sphere of
radius 3. Right: the same two polygons with the confinement sphere. The exact computation is
shown as a polygon with a tube radius of 1/50 while the approximate polygon is shown with a tube
radius of 1/20. We can clearly see that the bigger radius tubes contain the smaller radius tubes.

keep the error small and to push the values of k up, while keeping the amount of precomputed
data manageable. It is an open question if decreasing this error further has an effect on the
sampled polygons that can actually be measured by some geometric quantity.

To estimate the error of the overall procedure we have computed a 20-step polygon in a
confinement sphere of radius 3 in two different ways, see figure 9. Choosing exactly the same
value of u for each vertex and the same angle to choose the actual vertex Xk on the circle of
potential positions, we computed a polygon using two different approaches. One approach
used the averaging procedure described here and the other used an exact integral computation
(which only introduces a rounding error that is the default machine precision of about 10!16).
In figure 3 on the right, we show the actual distances between corresponding vertices which
are quite small. As can be seen, the errors made when selecting the individual rk for each step
do not add up, but tend to cancel each other. While this is only one relatively short polygon
(due to the difficulty of the exact calculation), it provides further evidence that our procedure
yields polygons that are very close to the actual polygons that are computed with the correct
probability distribution with no rounding errors.

6. Ending remarks

We end this paper with several remarks concerning some possible future studies that may stem
from this paper.

Remark 1. A more realistic model for confined DNA, of course, has to consider restricting
factors such as the volume exclusion effect, the bending angle and torsional rigidity restrictions.
In some cases, such as the bending angle and torsional rigidity restrictions, different weights
may be placed on the probability distribution functions in our algorithm to achieve the desired
restriction conditions, at least in the average sense. Such an approach would be fairly easy to
implement. However, in some other cases such as the volume exclusion effect case, the above
approach does not apply. Of course, if one considers the sampling space for such a restricted
random polygon being a subset of the configuration space of all confined equilateral polygons
satisfying the restriction condition, it is conceivable that an acceptance/rejection approach can

15

Illustration by Diao et al.



Sampling Confined Polygons

Proposition (with Cantarella)
Polygons in Pol(n;~r) are sampled according to the standard
measure on rooted sphere-confined polygons in a sphere of
radius r if and only if the diagonal lengths (d1, . . . ,dn−3) are
uniformly sampled from the polytope determined by both the
fan triangulation inequalities

0 ≤ d1 ≤ r1 + r2
ri+2 ≤ di + di+1
|di − di+1| ≤ ri+2

0 ≤ dn−3 ≤ rn + rn−1

and the additional linear inequalities

di ≤ r

and the dihedral angles around those diagonals are sampled
independently and uniformly in [0,2π).



Chord Lengths

Definition
Let ChordLength(k ,n;~r) be the length of the chord skipping the
first k edges in a polygon sampled according to the standard
measure on Pol(n;~r).

Proposition (with Cantarella and Deguchi, Millett and
Zirbel, 2012)
The second moment of the random variable
ChordLength(k ,n;~1) is k(n−k)

n−1 . This implies the expected
squared radius of gyration of an equilateral n-gon is n+1

12 .

Proposition (with Cantarella)
The pth moment of ChordLength(k ,n;~1) is given by the
(k − 1)st coordinate of the pth center of mass of the equilateral
fan polytope.



ChordLength(k ,n;~1) for Small n

Expected Value of ChordLength(k ,n;~1) for various values of n
and k computed using polymake

n k

2 3 4 5 6 7 8

4 1

5 17
15

17
15

6 7
6

5
4

7
6

7 461
385

46
35

46
35

461
385

8 73
60

1,307
960

7
5

1,307
960

73
60

9 112,121
91,035

42,353
30345

133,337
91,035

133,337
91,035

42,353
30,345

112,121
91,035

10 6,091
4,900

111,499
78,400

1,059
700

24,197
15,680

1,059
700

111,499
78,400

6,091
4,900



Hit-and-Run Sampling for Convex Polytopes

Suppose P ⊂ Rn is a convex polytope given as the intersection
of a collection of linear inequalities. The hit-and-run algorithm
for sampling P is the following:
• Given ~pi ∈ P, choose a random line ` through ~pi .
• Sample ` ∩ P uniformly to find ~pi+1.
• Iterate.

Proposition (Lovász, 1999)
After appropriate preprocessing, hit-and-run produces an
approximately uniformly distributed sample point on an arbitrary
convex polytope in time O∗(n3). The constant depends on the
square of the ratio of the inradius and circumradius.



A Moment Polytope Sampling Algorithm

To sample fixed edgelength (confined or not) n-gons, we can

• Generate points in the (n − 3)-dimensional moment
polytope using hit-and-run.

• Pair each such point with n − 3 independent uniform
dihedral angles and construct the associated polygon.

Optimizations are probably possible. For example, permuting
edges between steps of hit-and-run seems to speed things up
a lot.
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50-confined 100-gons
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20-confined 100-gons
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1.1-confined 100-gons



Questions

• Can we find bounds on the volume of the space of
slab-confined arms? Does this give bounds on the energy
required to confine a polymer?

• Can we find bounds on the volume of the space of
confined closed polygons? Can such bounds be used to
bound the probability of rare knots?

• Is there a combinatorial description of the fan triangulation
polytope? This would give a direct sampling algorithm for
fixed edgelength polygons.

• Can we compute expected values of the sedimentation
coefficient or of other quantities related to moments of
chordlengths?



Equilateral 8-edge 52



Equilateral 8-edge 52



Equilateral 8-edge 52



Equilateral 8-edge 52



Equilateral 8-edge 62



Questions

• Can we find bounds on the volume of the space of
slab-confined arms? Does this give bounds on the energy
required to confine a polymer?

• Can we find bounds on the volume of the space of
confined closed polygons? Can such bounds be used to
bound the probability of rare knots?

• Is there a combinatorial description of the fan triangulation
polytope? This would give a direct sampling algorithm for
fixed edgelength polygons.

• Can we compute expected values of the sedimentation
coefficient or of other quantities related to moments of
chordlengths?



Thank you!

Thank you for inviting me!
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