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Abstract – A ring polymer is a random walk whose steps obey a single linear condition; their sum
vanishes. Factoring the graph Laplacian into the product of the incidence matrix and its transpose
allows us to show that for a more complicated network, the steps must lie in a linear subspace
determined by the graph topology. This provides a useful new perspective on the James-Guth
theory of phantom elastic networks. In particular, we formulate phantom networks which are free
from the constraints of fixed crosslinks. For a given network the solution of the loop constraints
makes the partition function finite-valued in the path integral formulation without applying any
external forces or fixing any monomer positions. The resulting probability distribution on edge
displacements is rotationally invariant, which is practically quite useful for generating unbiased
random samples of edge displacements and monomer positions. Furthermore, one can exactly
calculate many physical quantities such as correlation functions with respect to this distribution.
Finally, this reformulation lends itself well to the case of non-Gaussian distributions. We illustrate
this by computing the expected radius of gyration of a ring polymer in a wide variety of models.
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Introduction. – There has been increasing interest
in polymers with topologies more complicated than the
standard linear polymer in recent years. Branched, mul-
ticyclic, “tadpole” or “lasso,” and bottlebrush polymers
have all been studied. Very recently, the Tezuka lab [1,2]
has started to synthesize polymers with even more com-
plicated topologies such as a K3,3 graph.

Polymers are traditionally modeled by random walks,
and for previous topologies, the random walk model was
relatively simple. The walk is a sum of steps which are ei-
ther independent (along a branch) or part of a collection of
steps conditioned on the hypothesis that they sum to zero
(along an isolated loop). This conditioning introduces a
small dependence between steps, but the hypothesis is a
single linear constraint which can be handled by elemen-
tary methods.
For polymers with multiple loops, the steps are condi-

tioned on a hypothesis which is much more complicated
—the sum of steps around any loop in the polymer must

(a)E-mail: clayton.shonkwiler@colostate.edu (corresponding
author)

vanish. Further, the same edge is likely part of many loops
at the same time. Understanding the dependency struc-
ture of the edges is considerably more complicated in this
case and seemed somewhat daunting. This problem was
faced in the classical theory of elasticity [3–6], in which
the vertex positions xi were assumed to have the canoni-
cal density proportional to∑

k

e−
1
2

∑
i,j joined by edge ‖xk

i −xk
j‖2

=
∑
k

e−
1
2 〈x

k,Lxk〉, (1)

where L is the graph Laplacian and xk is the vector of k-
th coordinates of the vertex positions. Here, vertices and
edges correspond to crosslinks and chains, respectively, in
polymer networks. Eichinger [7] gives an excellent sum-
mary of this theory. This formulation solves the loop
constraint problem by ignoring it; writing everything in
term of vertex positions allows one to avoid any discus-
sion of steps. The main remaining problem is that the
graph Laplacian L is not positive-definite, since the func-
tion above is invariant under translations. In the James-
Guth approach some of the monomer positions are fixed
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in order to make the partition function finite. However,
as Eichinger points out, under these extra constraints the
calculation of path integrals is quite difficult.
The graph Laplacian L can be factored as L = BBT

where B is the incidence matrix of the graph. We first

rewrite the terms in the density in (1) as e−
1
2 〈x

k,Lxk〉 =

e−
1
2 〈x

k,BBT xk〉 = e−
1
2 〈B

T xk,BT xk〉, suggesting we should
shift our attention from xk to BTxk. BT maps from a vec-
tor space of vertex position coordinates to a vector space
of edge displacement coordinates —which are called chain
vectors [4] in polymer physics— by taking differences of
vertex positions. Since BT acts like a discrete gradient,
this motivates us to recast the problem of loop constraints
as something like a vector calculus problem.
Finding edges which satisfy the constraints is analogous

to determining which vector fields on a complicated do-
main admit a scalar potential: the task is to construct a
set of chain vectors that are compatible with all the loop
constraints without assuming even the existence of the
crosslink positions. This can be done by quite straightfor-
ward linear algebra once one chooses to focus on the edge
space instead of the vertex space. This new perspective
is the primary contribution of our paper. In particular,
we observe that selecting vertex positions with center of
mass at the origin according to (1) is precisely equivalent
to selecting edge displacements from a standard Gaussian
on the column space of BT . This gives a regularization
of the partition function of a given phantom elastic net-
work. As an application, we give a simple algorithm for
sampling Gaussian random embeddings of arbitrary (con-
nected) multigraphs, including a fast algorithm for gener-
ating Gaussian ring polymers. This algorithm should be
quite useful in physical applications, since it can be used
to provide unbiased estimates of the ensemble average of
any physical quantity of polymers.
While the classical theory summarized in [7] and ex-

tended in [8] is intimately bound to the Gaussian hypoth-
esis, we have carefully separated linear algebra and prob-
ability theory. Therefore, we can build on this framework,
as more physically realistic constraints (self-avoidance, ex-
ternal fields, bending energies, and so forth) are often quite
naturally expressed in terms of the edge space. We give
an example by computing the expected radius of gyration
of the ring polymer in a general model.
In follow-up papers [9,10], we use the framework devel-

oped here to compute the exact expected radius of gyra-
tion and contraction factor of any Gaussian topological
polymer modeled on a subdivision of a multigraph G in
terms of spectral data associated to G.

The method in the manuscript is quite useful in numeri-
cal applications. Formula (5) gives a fast-sampling method
for random configurations of ideal topological polymers
with loops, as demonstrated in the density functional the-
ory for cyclic block copolymers [11]; it should practically
be of the lowest computational cost and much simpler than
previous approaches [12,13], although excluded volume is
not considered. Even the estimates of the mean-square

Fig. 1: A particular graph embedding in R
2, along with the

components of its vertex vector x ∈ (R2)4 and edge vector
w ∈ (R2)4.

radius of gyration for ideal topological polymers can be
useful for explaining the order among estimates for real
topological polymers with different architectures such as
ring and tadpoles. In simulations the order among esti-
mates of the mean-square radius of gyration for ideal topo-
logical polymers with different architectures is often the
same as those of real topological polymers with the corre-
sponding architectures but non-zero excluded volume [13].
Theoretical results in the manuscript are partially sup-

ported by recent experiments [14]. The experimental data
of hydrodynamic radius and intrinsic viscosity vs. total
molecular weight for spiro-multicyclic polymers are plot-
ted in the supplementary information of [14]. They are at
least roughly in agreement with estimates of the mean-
square radius of gyration evaluated by subdivision for-
mula [9].

Definitions and preliminaries. – Let G be a con-
nected multigraph with e edges e1, . . . , ee and v vertices
v1, . . . , vv. We assume that the graph is directed1, so that
each edge has a head vertex head(ei) and a tail vertex
tail(ei). When ei is a loop edge, head(ei) = tail(ei), and
since we allow multiple edges between vertices, it is no
problem if head(ei) = head(ej) and tail(ei) = tail(ej).

Definition 1. LetG be a connected, directed multigraph.
A vertex vector x ∈ R

dv for G is formed by stacking v
vectors xi ∈ R

d, where xi is the position of vertex vi.
We will let xk = (xk

1 , . . . , x
k
v) ∈ R

v be the vector of k-th
coordinates of all vertex positions.
An edge vector w ∈ R

de for G is formed by stacking
e vectors wj ∈ R

d, where wj is the displacement along
edge ej . We let wk = (wk

1 , . . . , w
k
e) ∈ R

e be the vector of
all k-th coordinates of the edge displacements (see fig. 1).

It will also be useful to think of xk as a (scalar) function
xk: {v1, . . . , vv} → R on the vertices of the graph. We can
similarly think of wk as a function wk: {e1, . . . , ee} → R,
which we think of as a vector field on the multigraph.
SinceG is directed, the sign of wk(ej) uniquely determines
a direction of flow along edge ej .

1The direction picked for each edge is arbitrary and will not affect
the theory. The directions just need to be consistent throughout any
particular set of calculations.
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We now recall the relationship between scalar functions
and vector fields on multigraphs. In analogy to vector
calculus, we define two linear maps between the spaces of
functions and vector fields. The gradient field grad f of a
function f : {v1, . . . , vv} → R is the vector field defined by

(grad f)(ej) = f(head(ej))− f(tail(ej)), (2)

and the divergence div u of a vector field u: {e1, . . . , ee} →
R is the function

(div u)(vi) =
e∑

j=1

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−u(ej), if vi is (only) the head of ej ,

+u(ej), if vi is (only) the tail of ej ,

0, if vi is head and tail of ej ,

0, else.

As a matrix, div = −B, where B is the v × e incidence
matrix with

Bij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
+1, if vi is (only) the head of ej ,

−1, if vi is (only) the tail of ej ,

0, if vi is head and tail of ej ,

0, else.

(3)

Loop edges contribute zero columns, and when there are
multiple edges connecting two vertices B will have re-
peated columns.
On the other hand, grad is the e×v matrix BT . We will

say that f is a potential function for u if grad f = u and
that u is a conservative vector field if it has a potential
function. If u is conservative, there is a one-dimensional
family of possible potential functions f + C where C is a
constant function on G.
As a subspace of the space of all vector fields, we can

characterize the conservative vector fields using a version
of the Helmholtz decomposition.

Theorem 1. The vector space R
e of vector fields on G is

spanned by a (v−1)-dimensional subspace of conservative
vector fields and an orthogonal (e − v + 1)-dimensional
space of divergence-free vector fields.

Proof. The divergence-free fields are by definition
nullB. Their orthogonal complement is the subspace
(nullB)⊥ = colBT = col grad. Since G is connected,
null grad is one-dimensional (only the constant functions
have no gradient), so col grad has dimension v − 1. The
dimension of null div follows.

Here nullB (also called kerB) is the subspace of edge
space Re whose elements are annihilated by B, and colBT

(also called imBT ) is the subspace of Re generated by the
column vectors of BT .
Consider the problem of finding a potential function f

given a vector field u ∈ colBT . Since null grad is not
empty, this problem is underdetermined: adding some-
thing in null grad to any particular solution f still yields a
function with grad f = BT f = u. We can define a unique

canonical potential function f for u by taking the potential
function of minimum norm (among all possible potential
functions for u).
This minimum norm potential function can be com-

puted conveniently using the Moore-Penrose pseudoin-
verse. The pseudoinverse A+ of a matrix A is “as close
as possible” to the inverse of a matrix which is not full
rank. It may be computed by taking the singular value
decomposition A = UΣV T and defining A+ = V Σ+UT ,
where Σ+ is the diagonal matrix whose non-zero entries
are the reciprocals of the corresponding non-zero entries
in S.

Equivalently, the pseudoinverse is defined to be the ma-
trix A+ satisfying the four Moore-Penrose conditions:

AA+A = A, A+AA+ = A+,
AA+ = (AA+)T , A+A = (A+A)T .

(4)

It will also be helpful to recall that AA+ is the orthog-
onal projector onto colA = (nullAT )⊥, that A+A is the
orthogonal projector onto colAT = (nullA)⊥, and that
(AT )+ = (A+)T , so there is no ambiguity in writing AT+

for the combination.

Theorem 2. The smallest x minimizing ‖Ax − b‖2 is
given by x0 = A+b. Further, x0 ∈ (nullA)⊥, and Ax0 = b
if and only if b ∈ colA.

Using the theorem, we see that if u ∈ col grad = colBT ,
then there is a unique potential function f = BT+u
in (nullBT )⊥. As noted above, nullBT is the
one-dimensional2 space of constant functions, so
f ∈ (nullBT )⊥ must have

∑
f(vi) = 0. It is help-

ful to observe that BT+u is defined for any vector field u
(whether or not u is in colBT ), though BTBT+u = u if
and only if u ∈ colBT .
The discussion above solves the embedding problem,

but seems to avoid mentioning the loops in the graph ex-
plicitly. To recover the loops, observe that every loop in
the graph has a divergence-free field that flows around it
and every vector field perpendicular to that field obeys the
corresponding loop constraint. The fields flowing around
the loops span null div (for more details, see [15]), whose
dimension e−v+1 is exactly the cycle rank of the graph.

Gaussian random embeddings. – With the lan-
guage above, we see that any collection of functions
x1, . . . , xd ∈ R

v define an embedding of G into R
d. By

contrast, a collection of vector fields w1, . . . , wd ∈ R
e can

always be interpreted as a collection of edge displacement
vectors, but these displacements define an embedding of
G only if wk ∈ col grad = colBT for each k = 1, . . . , d. In
this case, the w’s define a unique embedding xk = BT+wk

with
∑

xk
i = 0. We call such an embedding centered be-

cause its center of mass is at the origin.
In analogy to the requirement that the displacements w

of a Gaussian random walk are sampled from Gaussians

2Recall that G is assumed to be connected.
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with unit variance on R
d (that is, they areN (0, (1/d) Id)),

we make the least restrictive assumption about the distri-
bution of wk = gradxk = BTxk that we can, as stated in
the following definition.

Definition 2. A Gaussian random embedding of G
into R

d with k-th coordinates of the edge displacements
wk is defined by the assumption that wk is sampled
from N (0, (1/d) Ie) conditioned on the hypothesis that
wk ∈ col grad = colBT .

We now compute the covariance matrix of wk.

Theorem 3. If w is the edge vector of a Gaussian ran-
dom embedding of G into R

d, then the vector wk of k-
th coordinates is distributed as N

(
0, (1/d)BTBT+

)
=

N (0, (1/d)B+B).

That is, the k-th edge displacement coordinates wk
i

follow the Gaussian distribution with covariance matrix
〈wk

i , w
k
j 〉 = (B+B)ij/d for i, j = 1, 2, . . . , e.

Proof. To condition on the hypothesis that a multivariate
normal is restricted to a linear subspace, we transform the
normal by orthogonal projection to that subspace. Using
the fact that BTBT+ is the (symmetric) orthogonal pro-
jector onto colBT we can compute that the covariance
matrix of the projected variable is 1/d times

BTBT+I(BTBT+)T = BTBT+ = (B+B)T = B+B.

This completes the proof.

We can show that the probability distribution function
of edge vectors is invariant under rotation in im BT . More-
over, it is straightforward to calculate the correlation be-
tween any given pair of edges, even if they are located in
globally distant and separate regions of a network.
For an illustration, let us consider a multi-theta graph

Θm,n, which consists of two branch points with function-
ality m where each of the m branches connecting them
has n edges. We assume that each edge vector has the
same orientation from one branch point to another one
along the branches. Then, computing the orthogonal pro-
jector B+B allows us to show the result in the following
corollary.

Corollary 1. Let wi and wj be the displacement vectors
of edges ei and ej in a Gaussian embedding of Θm,n. Then

E(wT
i wj) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1− m− 1

mn
, if i = j,

−m− 1

mn
, if ei and ej on same branch,

1

mn
, otherwise.

It is easy to see that the result generalizes that of linear
and ring polymers for m = 1 and m = 2, respectively.
Given the edge displacements, it is certainly possible to

determine the vertex vector of the corresponding centered
embedding directly: for the path, the vertex positions are
just the partial sums of the displacement vectors. Strictly

speaking, this is based on a choice of (the unique) span-
ning tree for the path graph, but for more complicated
multigraph topologies one needs to find a spanning tree
before computing the partial sums. It is generally simpler
to compute BT+ and use the equation xk = BT+wk.

Corollary 2. If x is the vertex vector of a Gaussian ran-
dom embedding of G into R

d, the vector xk of k-th coordi-
nates can be constructed by taking xk = BT+yk where yk

is distributed as N (0, (1/d) Ie) on R
e.

Proof. We can construct xk by taking xk = BT+wk, where
wk is distributed as N

(
0, (1/d)BTBT+

)
on R

e. In the
proof of Theorem 3, we showed that wk = BTBT+yk,
where yk is distributed as N (0, (1/d) Ie). Thus, using (4),

xk = BT+BTBT+yk = BT+yk.

Corollary 3. If vi and vj are vertices of G connected
by a path p = e1 + . . . + en of edges and �1, . . . , �χ(G) is
an orthonormal basis for the loop space nullB, then the

expectation E(‖xi − xj‖2) = n−
∑χ(G)

i=1

(
�Ti p

)2
.

Proof. Thinking of v1, . . . , vv as standard basis vectors
for R

v, for each coordinate k, we can write xk
i − xk

j as

(xk)T (vi − vj). But then, since xk = BT+yk, we have

(xk
i − xk

j )
2 =

((
yk

)T
B+Bp

)2

.

Since yk is distributed as N (0, (1/d) Ie), the expectation

is equal to 1
d ‖B+Bp‖2. B+B is the orthogonal projector

onto (nullB)⊥, so B+Bp = p−
∑(

�Ti p
)
�i. The statement

follows from orthonormality of the �i and ‖p‖2 = n.

Returning to the example of Θm,n, let ai be the i-th arc
connecting junction vertices. Θm,n has cycle rank m− 1,
and an orthonormal basis �1, . . . , �m−1 for nullB is

�i =
1√

(m− i)(m− i− 1)
((m− i)ai − ai+1 − · · · − am) .

With this basis, p = a1 has �Ti p = 0 for i > 1, and Corol-
lary 3 implies that the expected squared distance between
junction vertices is n

m , as expected [16,17].
We now compute the covariance matrix of xk.

Theorem 4. If x is the vertex vector of a Gaussian ran-
dom embedding of G into R

d, then the vector xk of k-th
coordinates is distributed as N (0, (1/d)L+) where L is the
graph Laplacian of G. Hence xk may be constructed by

xk = (L+)1/2yk (5)

where (L+)1/2 is any symmetric square root of L+ and yk

is distributed as N (0, (1/d) Iv) on R
v.

That is, random sampling of the k-th coordinate of ver-
tex vector x (denoted by xk) is obtained by multiplying
the square root of L+ by a vertex vector yk such that each
of the v components is given by the normal distribution
of variance 1/d.
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Proof. For the first part, we know that xk = BT+yke ,
where yke is distributed as N (0, (1/d) Ie) on R

e. Therefore
xk is a multivariate normal whose covariance matrix is

BT+

(
1

d
Ie

)
(BT+)T =

1

d
BT+B+ =

1

d
(BBT )+ =

1

d
L+,

using the Moore-Penrose conditions and the fact that
(AAT )+ = AT+A+ for any A. The construction (5) is
justified by the fact that (L+)1/2yk is also a multivariate
normal with covariance matrix (1/d)L+. Note that L is
a real symmetric matrix, so it has a singular value de-
composition in the form UΣUT . This means we can let
(L+)1/2 = UT (Σ+)1/2U .

We can sample random vectors xk of vertex coordinates
in two ways: using Corollary 2 or using Theorem 4. The
latter is almost always preferable, since any multigraph
with cycles has at least as many edges as vertices and the
covariance matrix L+ only has to be computed once. This,
then, gives a powerful computational tool for estimating
arbitrary quantities using Monte Carlo integration.
We now present an example. For ring polymers, the

graph G is a cycle graph and the Laplacian is

L =

⎛
⎜⎜⎜⎜⎜⎝

2 −1 · · · · · · −1
−1 2 −1 · · · 0
0 −1 2 −1 0
...

...
. . .

. . . −1
−1 · · · · · · −1 2

⎞
⎟⎟⎟⎟⎟⎠ .

The circulant matrix L can be diagonalized as L = UΣUT

where σj = 4 sin2 πj
v . Since σj = σv−j , most eigenspaces

of L are two-dimensional and the matrix U is not uniquely
determined. Eichinger [18] uses the real matrix

Uij =
1√
v

(
cos

2πij

v
+ sin

2πij

v

)
, (6)

which is the discrete Hartley transform; the complex dis-

crete Fourier transform Ũij = 1√
v
e−

2π
√

−1
v (i−1)(j−1) also

yields L = ŨΣŨ∗.
This allows us to construct a square root (L+)1/2 whose

singular values are 1
2 csc

πj
v for 1 ≤ j < v together with

a single 0 corresponding to σv = 0. We note a similar
description for Gaussian ring polymers was also considered
by Bloomfield and Zimm [19].

Fourier-type analysis of random graph embed-
dings. – In the proof of Theorem 4, we saw that the
vertex vectors of a Gaussian random embedding could be
generated by taking

xk = UT (Σ+)1/2Uyk, yk distributed as N (0, (1/d) Iv) ,

where U is the matrix of eigenvectors of L. Since U is
orthogonal, Uyk is also distributed as N (0, (1/d) Iv), and
we may generate samples of xk efficiently by multiplying
Gaussian random variates by UT (Σ+)1/2. In the case of

ring polymers, this can be done in O(v logv) time using
the fast Hartley [20] or fast Fourier transform.
A more geometric way to look at this equation is to see

that xk is a weighted linear combination of the eigenvec-
tors with random (normal) coefficients where the weights
are given by the singular values on the diagonal of (Σ+)1/2:

xk =
∑

j∈{1,...,v}
σj �=0

yj√
σj

uj

where each yj is distributed as N (0, 1/d). It is clear that
the eigenvectors of L with small eigenvalues σj are ex-
pected to play a much larger role in determining the vertex
vector xk than those with larger eigenvalues.
We can make this observation precise by recalling a few

facts from linear algebra. An optimal rank-p approxima-
tion Ap to a matrix A with singular value decomposition
UΣV T is given by replacing Σ with another diagonal ma-
trix Σp keeping a collection3 Sp of the p largest singular
values of Σ and setting the remaining singular values to
zero. We can now define the rank-p approximation to a
Gaussian random graph embedding

xk
p = (L+)1/2p yk

and note that

xk − xk
p = ((L+)1/2 − (L+)1/2p )yk

is a Gaussian random vector. If σ+
j are the singular values

of L+, and S+
p is a collection of the p largest σ+

j , then the
expected squared norm of this difference vector is

E
(∥∥xk − xk

p

∥∥2) =
1

d
tr
(
L+ − L+

p

)
=

1

d

∑
σ+
j �∈Sp

σ+
j . (7)

For the cycle graph, we know from (6) that σ+
j = 1

4 csc
2 πj

v

for j ∈ {1, . . . ,v − 1} and σ+
v = 0. Summing the σ+

j

using the formula
∑v−1

j=1 csc
2(πj) = (1/3)(v2 − 1) ([21],

eq. 4.4.6.5) tells us that E(
∥∥xk

∥∥2) = 1
12d (v

2 − 1) and (for
p even)

E
(∥∥xk − xk

p

∥∥2) =
1

d

v−p/2−1∑
j=p/2+1

σ+
j

≈ 1

d

n− p+1
2∫

p+1
2

1

4
csc2

πt

v
dt =

v

2πd
cot

(
π

2

p+ 1

v

)
. (8)

Figure 2 shows examples of low rank approximations to
the ring polymer with v = 1000 for p ∈ {20, 50, 250, 999}.

3This collection is not always unique if the singular values of A
are not all distinct; in this case, all matrices Ap constructed in this
way are equally good rank-p approximations to A.
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Fig. 2: In these pictures, we construct a Gaussian ring polymer
x ∈ R

3 with 1000 edges by sampling y1, y2, y3 ∈ R
1000 from

N
(
0, 1

3
I1000

)
and computing xk

p = (L+)
1/2
p yk for various low-

rank approximations (L+)
1/2
p of (L+)1/2. We can see that the

low-rank approximations model the polymer rather well.

Fig. 3: In these pictures, we construct a Gaussian random
embedding x ∈ R

3 of a 1499 vertex θ-curve where each edge has
been subdivided into 500 pieces by sampling y1, y2, y3 ∈ R

1499

from N
(
0, 1

3
I1499

)
and computing xk

p = (L+)
1/2
p yk for various

low-rank approximations (L+)
1/2
p of (L+)1/2. Again, the low-

rank approximations model the polymer rather well.

We see a similar phenomenon for a θ-curve where each
edge has been subdivided 500 times. Here, we can com-
pute the spectrum of the Laplacian numerically and cal-
culate expected error estimates using (7), but we do not
have explicit formulae for these estimates as we did for the
cycle. The results are shown in fig. 3.

Non-Gaussian random graph embeddings. – This
conceptual framework extends to handle much more gen-
eral distributions, though doing so requires us to stop
treating different coordinates as independent: while a mul-
tivariate Gaussian is simply a product of scalar Gaussian
distributions on the coordinates, this is not true of general
multivariate distributions.
It follows from the properties of the Kronecker prod-

uct ⊗ that x = (BT+ ⊗ Id)w because each xk = BT+wk.
Hence, the preceding discussion is a coordinate-wise anal-
ysis of the conditional distribution of N (0, (1/d) Ide) given
that w ∈ col(BT ⊗ Id). Stated like this, it is clear how to

generalize: given any distribution on R
de, we get a distri-

bution μ on embeddings of G in R
d by conditioning on

the hypothesis that the edge vector w is in col(BT ⊗ Id).
Conditioning on this linear constraint is often relatively
simple. We may then construct the corresponding proba-
bility distribution on vertex vectors x ∈ R

dv by pushing μ
forward by the linear transformation BT+ ⊗ Id.

Proposition 1. If μ is invariant under the action of O(d)
on each edge displacement vector wi ∈ R

d, then the de×de
covariance matrix of w is given by

cov(w) = cov(wk)⊗ Id,

where cov(wk) is the e × e covariance matrix of wk; that
is, cov(wk)ij = 〈wk

i w
k
j 〉. In particular, all cov(wk) are

equal.

Proof. If A ∈ O(d), A acts on w by w �→ (Ie⊗A)(w). Since
the distribution of w is invariant under this linear map, the
covariance matrix cov(w) is invariant under conjugation
by this map:

cov(w) = cov((Ie ⊗A)w) = (Ie ⊗A) cov(w)(Ie ⊗A)T .

We may write the de× de matrix cov(w) as a e× e block
matrix of d×d matrices. Conjugation by Ie⊗A conjugates
each d×d submatrix by A. Since each of these matrices is
fixed by this conjugation, it must be a scalar multiple of Id.
In particular, selecting the k-th diagonal entry from each
block yields cov(wk) (and hence these are all equal).

Proposition 2. With μ as in Proposition 1, the expected
squared radius of gyration is given by

〈R2
g〉 =

1

v
tr cov(x)

=
d

v
tr cov(xk) =

d

v
tr(BT+ cov(wk)B+).

Proof. Since the vertex vector x has center of mass at the
origin, 〈R2

g〉 = 1
vE(‖xi‖2) = 1

v

∑
i,k E((xk

i )
2), proving the

first equality. In turn, x = (BT+ ⊗ Id)w, so Proposition 1
proves the second two equalities.

These propositions are true for virtually any model of in-
terest in polymer science. For instance, self-avoiding poly-
mers must have covariance matrices and expected radii of
gyration in this form. This allows us to prove something
quite general about models of the ring polymer where the
edges are drawn from the same distribution (subject to
the col(BT ⊗ Id) constraint).

Theorem 5. Suppose that G is a cycle graph, and μ is a
probability distribution on col(BT ⊗ Id) which is invariant
under the action of O(d) and the action of the permutation
group on edges in the graph. The variance λ2 of each
edgelength is the same, and

〈R2
g〉 =

λ2

12
(e+ 1).
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Proof. Since μ is invariant under the action of the permu-
tation group, the covariance matrix cov(w) = cov(wk)⊗Id
is unchanged when conjugated by any P ⊗ Id where P is
a permutation matrix. This action conjugates cov(wk) by
P . Since cov(wk) is fixed by this for any P , it follows
that all off-diagonal entries are equal, as are all diagonal
entries. Thus cov(wk) = αIe + β1e×e for some α and β.

Now nullB is spanned by the vector 1e of 1’s. Since
wk ∈ (nullB)⊥, 0 = E((1Te wk)2) = 1Te cov(wk)1e. Thus
1e ∈ null cov(wk). In particular, all of the row and column
sums of cov(wk) are zero. Coupled with the above, we see

cov(wk) =
λ2

d

e

e− 1
Ie −

λ2

d

1

e− 1
1e×e.

BTB is a symmetric circulant matrix; its first row is
2,−1, . . . , 0,−1. The row sums of BTB vanish, so the col-
umn sums of (BTB)+ also vanish and 1e×e(B

TB)+ = 0.
Now tr(BTB)+ = 1

12 (e
2 − 1) (again using [21],

eq. 4.4.6.5). Finally, we compute

〈R2
g〉 =

d

e
tr
(
cov(wk)(BTB)+

)
=

d

e
tr

(
λ2

d

e

e− 1
(BTB)+

)
=

λ2(e+ 1)

12
.

The Gaussian case obeys all the hypotheses. Using
Corollary 3, the loop space nullB is 1-dimensional and
generated by �1 = 1√

e
1e. The path p between adja-

cent vertices has only one edge, so the expected norm
λ2 = 1 − 1

e , matching the result from Corollary 1. Plug-
ging this into Theorem 5 recovers the classical result of

Šolc [22]: 〈R2
g〉 = e2−1

12e for the ring polymer. On the
other hand, for an equilateral ring polymer of edgelength
1, λ2 = 1 and we get 〈R2

g〉 = e+1
12 as in [23]. Thus, we have

proved a rigorous result for non-Gaussian models.

Conclusion. – We have now given an explicit descrip-
tion of the distribution of vertex positions and displace-
ments in a Gaussian model of topological polymers. Our
description is computationally effective —one can use it
to quickly and accurately sample ensembles of polymer
shapes. Further, it provides insight into the shapes of the
polymers by expressing them as random linear combina-
tions of weighted eigenvectors of the graph Laplacian of
the underlying multigraph G.

As mentioned in the introduction, we use this setup
in [9,10] to compute contraction factors of Gaussian topo-
logical polymers based on subdivided graphs. More gener-
ally, our approach is well-adapted to handle non-Gaussian
distributions on topological polymers, and we expect it to
be useful for both theoretical and computational investi-
gation of models including self-avoidance and other more
physically realistic constraints.

∗ ∗ ∗
We are deeply grateful to the anonymous referee, whose

comments inspired us to make substantial improvements
to the paper. Thanks to Yasuyuki Tezuka and Satoshi

Honda for helpful discussions of topological polymer
chemistry and to Fan Chung for introducing us to spec-
tral graph theory. This paper stemmed from a long series
of discussions which started at conferences at Ochanomizu
University and the Tokyo Institute of Technology. JC and
CS are grateful to the organizers and the Japan Science
and Technology Agency for making these possible. In ad-
dition, we are grateful for the support of the Simons Foun-
dation (grant No. 524120 to JC, grant No. 354225 to CS),
the Japan Science and Technology Agency (CREST grant
No. JPMJCR19T4) and the Japan Society for the Pro-
motion of Science (KAKENHI grant No. JP17H06463).

Data availability statement : No new data were created
or analysed in this study.

REFERENCES

[1] Suzuki T., Yamamoto T. and Tezuka Y., J. Am.
Chem. Soc., 136 (2014) 10148.

[2] Tezuka Y., Acc. Chem. Res., 50 (2017) 2661.
[3] James H. M., J. Chem. Phys., 15 (1947) 651.
[4] Flory P. J., Proc. R. Soc. London, Ser. A, 351 (1976)

351.
[5] Haliloglu T., Bahar I. and Erman B., Phys. Rev.

Lett., 79 (1997) 3090.
[6] Estrada E. and Hatano N., Chem. Phys. Lett., 486

(2010) 166.
[7] Eichinger B. E., Macromolecules, 13 (1980) 1.
[8] Eichinger B. E., Phys. Rev. E, 91 (2015) 052601.
[9] Cantarella J., Deguchi T., Shonkwiler C. and Ue-

hara E., J. Phys. A: Math. Theor., 55 (2022) 475202.
[10] Cantarella J., Deguchi T., Shonkwiler C. and Ue-

hara E., J. Phys. A: Math. Theor., 58 (2025) 355201.
[11] Tomiyoshi Y., Honda T., Kawakatsu T., Murashima

T., Uehara E. and Deguchi T., Macromolecules, 57
(2024) 10704.

[12] Des Cloizeaux J. and Mehta M. L., J. Phys. (Paris),
40 (1979) 665.

[13] Uehara E. and Deguchi T., J. Chem. Phys., 145 (2016)
164905.

[14] Mato Y., Honda K., Ree B. J., Tajima K., Ya-

mamoto T., Deguchi T., Isono T. and Satoh T.,
Commun. Chem., 3 (2020) 97.

[15] Jiang X., Lim L.-H., Yao Y. and Ye Y., Math. Pro-
gram., 127 (2011) 203.

[16] Uehara E. and Deguchi T., J. Phys. A: Math. Theor.,
51 (2018) 134001.

[17] Zhu L., Wang X., Li J. and Wang Y., Macromol. The-
ory Simul., 25 (2016) 482.

[18] Eichinger B. E., Macromolecules, 5 (1972) 496.
[19] Bloomfield V. and Zimm B. H., J. Chem. Phys., 44

(1966) 315.
[20] Bracewell R., Proc. IEEE, 72 (1984) 1010.
[21] Prudnikov A. P., Brychkov Y. A. and Marichev O.

I., Integrals and Series, Vol. 1 (Gordon & Breach Science
Publishers, New York) 1986.

[22] Šolc K., Macromolecules, 6 (1973) 378.
[23] Zirbel L. and Millett K. C., J. Phys. A: Math. Theor.,

45 (2012) 225001.

12001-p7


