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Abstract. Functions or distributions used to sample and to reconstruct sig-
nals often occur in different domains, like the Dirac delta and a band-limited
bump function in classical sampling. Oblique dual frames generalize this phe-
nomenon. In this paper, we provide new tools to study oblique dual frames
and introduce a probabilistic variant of oblique dual frames. We first present
the oblique dual frame potential and show that it is minimized precisely when
the oblique dual coincides with the canonical oblique dual. We then define
oblique dual probabilistic frames and oblique approximately dual probabilis-
tic frames. In particular, we prove that for a given oblique dual probabilistic
frame, the associated oblique dual probabilistic frame potential is minimized if
and only if the frame is tight and the oblique dual is canonical. Moreover, the
tightness assumption can be removed when the minimization is restricted to
oblique dual probabilistic frames of pushforward type. Finally, we investigate
perturbations of oblique dual probabilistic frames and show that if a proba-
bility measure is sufficiently close to an oblique dual probabilistic frame pair
in the 2-Wasserstein topology, then it forms an oblique approximately dual
probabilistic frame.

1. Introduction

Suppose H is a separable Hilbert space and W ⊂ H is a closed subspace. An
at-most countable sequence {wi}i∈I ⊂ W is called a frame for W if there exist
constants 0 < A ≤ B such that for any f ∈W ,

(1.1) A∥f∥2 ≤
∑
i∈I

|⟨wi, f⟩|2 ≤ B∥f∥2.

A frame {wi}i∈I is called a tight frame for W if we may choose A = B and
Parseval if A = B = 1. If the upper (but possibly not the lower) bound in (1.1)
holds, {wi}i∈I is called a Bessel sequence for W .

Given any frame {wi}i∈I for W , one can use dual frames to reconstruct vectors
from W : There exists another frame {vi}i∈I in W such that for any f ∈W ,

(1.2) f =
∑
i∈I

⟨f ,wi⟩vi =

reconstruction︷ ︸︸ ︷∑
i∈I

⟨f ,vi⟩︸ ︷︷ ︸
sampling

wi .

In particular, one can use the canonical dual frame {S†wi}i∈I where S† is the
Moore–Penrose inverse of the frame operator S : H → H for {wi}i∈I given by
Sf =

∑
i∈I⟨f ,wi⟩wi, for any f ∈ H.

2020 Mathematics Subject Classification. 42C15.
Key words and phrases. oblique dual frame; oblique dual probabilistic frame; probabilistic

consistent reconstruction; oblique dual probabilistic frame potential; optimal transport;
1



2 DONGWEI CHEN, EMILY J. KING, AND CLAYTON SHONKWILER

Frames were first introduced by Duffin and Schaeffer to analyze perturbations of
Fourier series [16] and have been widely used in signal processing [14, 27, 41, 30, 38],
where signals are modeled as vectors in a Hilbert space H, and signal measurement
or sampling is defined as taking the inner product with frame vectors, and signal
reconstruction is understood as the weighted sum of samples with dual (or tight)
frame vectors [23]. Most of the current frame literature also calls signal sampling
and reconstruction signal analysis and synthesis, respectively. When W is finite-
dimensional, the number of vectors in a frame for W is necessarily finite, which we
call a finite frame. Interested readers can refer to [10, 46] for more details on frames
and finite frames.

As seen in Equation (1.2), the sampling and reconstruction procedures of dual
frames occur in the same subspace W , because {wi}i∈I and {vi}i∈I are both con-
tained in W . However, in practice, the sampling and reconstruction can be per-
formed across distinct subspaces.

Example 1.1 ([32, Example 2.1] and [33, Example 1]). Define the signal space
PW1/4 to be the space of all band-limited signals of bandwidth within [−1/4, 1/4).
By the Whittaker–Nyquist–Shannon–Someya sampling theorem, there exists a func-
tion ϕ ∈ L2(R) such that its Fourier transform ϕ̂ satisfies

ϕ̂(γ) =


1, − 1

4 ≤ γ < 1
4 ,

decaying continuously to zero, 1
4 ≤ |γ| < 1

2 ,

0, |γ| ≥ 1
2 ,

and for T = 1 (which satisfies the Nyquist rate 2T · 1/4 < 1), we have

f(t) =

∞∑
n=−∞

f(n)ϕ(t− n) =

reconstruction︷ ︸︸ ︷
∞∑

n=−∞
⟨f , δn⟩︸ ︷︷ ︸
sampling

ϕ(t− n), for all f ∈ PW1/4.

Note that the sampling space is span{δn : n ∈ Z}, which is a subspace of the
tempered distribution space. However, the reconstruction space is span{ϕ(· − n) :
n ∈ Z} ⊂ L2(R) rather than PW1/4, because ϕ /∈ PW1/4 and {ϕ(· − n)}n∈Z is not
a frame for PW1/4. Thus, the sampling vectors belong to a distributional subspace,
while the reconstruction vectors lie in L2(R).

Further examples of sampling and reconstructing in different spaces include re-
constructing after irregular sampling [2, 24], correcting for sensor issues [44], using
a frame-like construction with certain “niceness” (e.g., smoothness) of the frame-like
vectors not otherwise possible [32, 12], and decomposing Besov spaces [26]. These
and other considerations led to the development of oblique duals [22, 20, 12, 23, 21]
and the related pseudoframes for subspaces (PFFS) [32, 31, 33]. Subsequent devel-
opments of oblique dual frames appear in, e.g., [28, 15, 35, 34].

For a different perspective, consider a frame {wi}i∈I for W with dual frame
{vi}i∈I in W . Then, it follows from Equation (1.2) that the map PW : H → H

defined by

(1.3) PW f =
∑
i∈I

⟨f ,wi⟩vi
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satisfies P2
W = PW with Ran(PW ) = W and W⊥ ⊆ Ker(PW ). In particular, PW

is the orthogonal projection onto W . A natural question to ask is whether one can
define oblique projections with a formula similar to Equation (1.3).

The mathematical setting for oblique dual frames is as follows. Let H be a
separable Hilbert space and I an at-most countable index set. Suppose W and V
are closed subspaces of H such that H = W ⊕ V ⊥ where V ⊥ is the orthogonal
complement of V . Let {wi}i∈I ⊂ W and {vi}i∈I ⊂ V be Bessel sequences for H

and further assume that {wi}i∈I and {vi}i∈I are frames for W and V , respectively.
Then {vi}i∈I is an oblique dual frame of {wi}i∈I on V if

πWV ⊥f =
∑
i∈I

⟨f ,vi⟩wi, for all f ∈ H,

where the map

πWV ⊥ : H → H, f 7→
∑
i∈I

⟨f ,vi⟩wi

is the oblique projection of H onto W along V ⊥. Furthermore, {vi}i∈I are called
the sampling (or analysis) vectors and V the sampling space. Similarly, {wi}i∈I

are called the reconstruction (or synthesis) vectors and W the reconstruction space.
Note that when V =W , the definition of oblique dual frame reduces to the standard
dual frame setting. When H is finite-dimensional, the frames are finite, and the
index set I is finite.

Our contributions in this paper focus on the study of oblique dual frame po-
tentials and their probabilistic counterparts. The paper is organized as follows. In
Section 2, we give some background and preliminary results on oblique dual frames,
probabilistic frames, and optimal transport, which serves as a key tool in the study
of probabilistic frames. In Section 3, we study the oblique dual frame potential
where H = Cn = W ⊕ V ⊥. In this setting, suppose {wi}Ni=1 ⊂ W is a frame for
W with the frame operator S =

∑N
i=1 wiw

∗
i , and {vi}Ni=1 ⊂ V is an oblique dual

frame of {wi}Ni=1 on V . In Proposition 3.3, we show that

N∑
i=1

N∑
j=1

|⟨wi,vj⟩|2 ≥ dW ,

where dW is the dimension of W . Moreover, equality holds if and only if {vj}Nj=1

is the canonical oblique dual {πVW⊥S†wj}Nj=1. We further show that the mixed
coherence between {wi}Ni=1 and {vi}Ni=1 satisfies

max
i ̸=j

|⟨wi,vj⟩|2 ≥ dW (N − dW )

N2(N − 1)
,

where saturation requires the existence of an (N, dW )-equiangular tight frame.
In Section 4, we introduce the notion of oblique dual probabilistic frames where

H = Rn such that Rn = W ⊕ V ⊥. Recall that µ ∈ P2(W ) is called a probabilistic
frame for W if there exist 0 < A ≤ B <∞ such that for any x ∈W ,

A∥x∥2 ≤
∫
W

| ⟨x,y⟩ |2dµ(y) ≤ B∥x∥2.
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Then we will say ν ∈ P2(V ) is an oblique dual probabilistic frame of µ on V if there
exists a transport coupling γ ∈ Γ(µ, ν) such that

πWV ⊥ =

∫
W×V

xytdγ(x,y),

where πWV ⊥ is the oblique projection of Rn onto W along V ⊥. Furthermore, given
ϵ ≥ 0, ν ∈ P2(V ) is called an oblique ϵ-approximately dual probabilistic frame of µ
on V if there exists γ ∈ Γ(µ, ν) such that∥∥∥∥∫

W×V

xytdγ(x,y)− πWV ⊥

∥∥∥∥ ≤ ϵ.

In Section 5, we introduce the oblique dual probabilistic frame potential. In
particular, in Theorem 5.5, we show that if µ ∈ P2(W ) is a probabilistic frame for
W with bounds 0 < A ≤ B, and ν ∈ P2(V ) is an oblique dual of µ on V , then∫

W

∫
V

|⟨x,y⟩|2dµ(x)dν(y) ≥ A

B
dW ,

and equality holds if and only if µ is a tight probabilistic frame for W with bound
A > 0 and ν is the canonical oblique dual (πVW⊥S†

µ)#µ. Furthermore, as shown
in Theorem 5.3, the tightness assumption can be dropped if we minimize among
oblique dual frames of pushforward type.

Finally, in Section 6, we study oblique ϵ-approximately dual probabilistic frames.
We show that if a probability measure is sufficiently close to an oblique dual pair
in the 2-Wasserstein metric, then it constitutes an oblique ϵ-approximately dual
probabilistic frame. In particular, Corollary 6.6 shows that given a probabilistic
frame, its oblique dual probabilistic frames are interior points in the set of oblique
ϵ-approximately dual frames in the 2-Wasserstein topology.

2. Preliminaries

Throughout the paper, H is a separable Hilbert space, and W and V are closed
subspaces of H such that H = W ⊕ V ⊥, where V ⊥ is the orthogonal complement
of V . In addition, PW is the orthogonal projection of H onto W , 0 the zero vector
in H, 0n×n the zero matrix of size n× n, and Id the identity matrix of size n× n.
We also use xt to denote the transpose of a vector x ∈ Rn.

2.1. Oblique Projection, Oblique Dual Frame, and Consistent Recon-
struction. The following theorem gives some alternate characterizations of the
direct sum assumption H = W ⊕ V ⊥ and relies on the concept of the maximum
angle θWV ∈ [0, π2 ] between the subspaces W and V given by

cos(θWV ) := inf
f∈W, ∥f∥=1

∥PV f∥.

Theorem 2.1 ([43, Theorem 2.3]). Suppose W and V are closed subspaces of a
separable Hilbert space H. Then the following are equivalent:

(1) H =W ⊕ V ⊥.
(2) H = V ⊕W⊥.
(3) cos(θVW ) > 0 and cos(θWV ) > 0.
(4) There exist Riesz bases {wi}i∈I and {vi}i∈I for W and V , respectively,

such that {wi}i∈I is biorthogonal to {vi}i∈I .
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We then recall the definition of oblique projection, which can also be used to
define oblique dual frames.

Definition 2.2. Suppose H = W ⊕ V ⊥. Then πWV ⊥ : H → W is called the
oblique projection of H onto W along V ⊥ if for any w ∈W and any v ∈ V ⊥,

πWV ⊥w = w and πWV ⊥v = 0.

One can check that πWV ⊥ is the adjoint of πVW⊥ , i.e., πWV ⊥ = (πVW⊥)∗.
Note also that πWW⊥ = PW , the orthogonal projection onto W . Moreover, the
following lemma gives basic identities for oblique projections.

Lemma 2.3 ([28, Lemma 2.1]). Let W and V be closed subspaces of H so that
H =W ⊕ V ⊥. Then πVW⊥PW = πVW⊥ and PWπVW⊥ = PW .

Proof. Since W⊥ ⊂ Ker(πVW⊥), we see that

πVW⊥PW = πVW⊥(PW +PW⊥) = πVW⊥ .

Similarly,
PWπVW⊥ = PW (πVW⊥ + πW⊥V ) = PW .

□

Note that if {vi}i∈I is an oblique dual frame of {wi}i∈I on V , then {wi}i∈I

and {PWvi}i∈I are dual frames for W ; similarly, {vi}i∈I and {PV wi}i∈I are dual
frames for V [12]. We are now ready to provide a few equivalent rigorous definitions
of oblique dual frames.

Definition 2.4 ([12, Lemma 3.1]). Suppose {wi}i∈I and {vi}i∈I are frames for W
and V , respectively, where H = W ⊕ V ⊥. Then {vi}i∈I is said to be an oblique
dual frame of {wi}i∈I on V if one of the following equivalent conditions holds:

(1) f =
∑

i∈I⟨f ,vi⟩wi, for any f ∈W .
(2) πWV ⊥f =

∑
i∈I⟨f ,vi⟩wi, for any f ∈ H.

(3) πVW⊥f =
∑

i∈I⟨f ,wi⟩vi, for any f ∈ H.
(4) ⟨πWV ⊥f ,g⟩ =

∑
i∈I⟨f ,vi⟩⟨wi,g⟩, for any f ,g ∈ H.

(5) ⟨πVW⊥f ,g⟩ =
∑

i∈I⟨f ,wi⟩⟨vi,g⟩, for any f ,g ∈ H.
In this case, {vi}i∈I and {wi}i∈I are called an oblique dual pair.

The notion of consistent reconstruction, which was first introduced in [44], pro-
vides another motivation for studying oblique dual frames.

Definition 2.5. Let {wi}i∈I and {vi}i∈I be frames for W and V , respectively,
where W and V are closed subspaces of H and W ∩ V ⊥ = {0}. Then {wi}i∈I and
{vi}i∈I are said to perform consistent reconstruction if, for any f ∈ H, ⟨f ,vi⟩ =

⟨f̂ ,vi⟩ for each i. Here, f̂ =
∑

i∈I⟨f ,vi⟩wi is the signal reconstructed from f .

The assumption that W ∩V ⊥ = {0} in Definition 2.5 is there, in part, to ensure
unique reconstruction: that is, for any f ,g ∈ W , if ⟨f ,vi⟩ = ⟨g,vi⟩ for all i, then
f = g. Indeed, if W ∩ V ⊥ = {0} and ⟨f ,vi⟩ = ⟨g,vi⟩ for all i, then f − g ∈ V ⊥

since {vi}i∈I is a frame for V . Hence, f − g ∈ W ∩ V ⊥ = {0} and thus f = g.
Conversely, if there is some nonzero h ∈W ∩ V ⊥, then for any f ∈W , the distinct
vectors f and g := f + h ∈W produce identical samples: ⟨f ,vi⟩ = ⟨g,vi⟩ for all i.

Note that consistent reconstruction implies that H = W ⊕ V ⊥. To see this,
suppose {wi}i∈I and {vi}i∈I perform consistent reconstruction on H. Then for
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every f ∈ H, we know that ⟨f ,vi⟩ = ⟨f̂ ,vi⟩ for all i ∈ I. Since {vi}i∈I is a
frame for V , this implies f − f̂ ∈ V ⊥. This means that every f ∈ H admits the
decomposition

f = f̂ + (f − f̂) ∈W ⊕ V ⊥.

Since W ∩ V ⊥ = {0}, this implies H =W ⊕ V ⊥.
The following theorem formalizes the connection between consistent reconstruc-

tion and oblique dual frames. The relation between oblique projection and consis-
tent reconstruction is also illustrated in Figure 1.

Theorem 2.6 ([20, Theorem 1] and [12, Lemma 3.1]). Let {wi}i∈I and {vi}i∈I

be frames for W and V where H = W ⊕ V ⊥. Then {wi}i∈I and {vi}i∈I perform
consistent reconstruction if and only if {vi}i∈I is an oblique dual frame of {wi}i∈I

on V : for any f ∈ H, πWV ⊥f = f̂ , where f̂ =
∑

i∈I⟨f ,vi⟩wi.

Furthermore, O. Christensen and Y. C. Eldar [12] provided a parameterization
of all oblique dual frames of a fixed frame for W .

Theorem 2.7 ([12, Theorem 3.2]). Let H = W ⊕ V ⊥ and let {wi}i∈I be a frame
for W . Then the oblique dual frames of {wi}i∈I on V are precisely the families

{vi}i∈I =

πVW⊥S†wi + hi −
∑
j∈I

⟨S†wi,wj⟩hj


i∈I

,

where {hi}i∈I ⊂ V is a Bessel sequence for H and S† is the Moore–Penrose inverse
of the frame operator S for {wi}i∈I .

The frame {πVW⊥S†wi}i∈I is called the canonical oblique dual of {wi}i∈I . It
was also shown in [20, 12, 23] that for a given f ∈ H, among all coefficients {ci}i∈I ∈
ℓ2(I) for which πWV ⊥f =

∑
i∈I ciwi, the coefficient sequence with the minimal ℓ2

energy is given by {⟨f ,πVW⊥S†wi⟩}i∈I . The reconstruction error using oblique
dual frames for signal processing can be found in [44, 45, 20, 5]: for any f ∈ H,

∥f −PW f∥ ≤ ∥f − πWV ⊥f∥ ≤ 1

cos(θWV )
∥f −PW f∥,

where θWV ∈ [0, π2 ] is the maximum angle between subspaces W and V . This
inequality quantifies the stability and loss introduced by using distinct sampling
and reconstruction subspaces. Moreover, it shows that the reconstruction via πWV ⊥

and oblique dual frames is at least as accurate as the orthogonal projection onto
W , up to a factor depending on the angle between W and V .

The following is a simple example of oblique dual frames in R2.

Example 2.8. Suppose x =

(
1
0

)
, y =

(
1
1

)
, and z =

(
1
−1

)
. Let W = span{x}

and V = span{y}. Then V ⊥ = span{z} and R2 =W ⊕V ⊥. Clearly, {x} is a frame

for W and {y} is a frame for V . And for any f =

(
a
0

)
∈W where a ∈ R,

f = ax = ⟨f ,y⟩x.

Thus, {y} is an oblique dual frame of {x} on V .
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Figure 1. Illustration of oblique projections and consistent recon-
struction. Here W and V are closed subspaces of a Hilbert space
H with H =W ⊕V ⊥. {wi}i∈I ⊂W and {vi}i∈I ⊂ V are not only
Bessel sequences for H, but {wi}i∈I and {vi}i∈I are frames for W
and V , respectively. Furthermore, πWV ⊥ is the oblique projection
of H onto W along V ⊥. Consistent reconstruction requires that
πWV ⊥f = f̂ for all f ∈ H, where f̂ =

∑
i∈I⟨f ,vi⟩wi.

2.2. Probabilistic Frames and Optimal Transport. Let P(Rn) be the set of
Borel probability measures on Rn and P2(Rn) ⊂ P(Rn) the set of Borel probability
measures with finite second moments. That is, if µ ∈ P2(Rn), then its second
moment satisfies

M2(µ) :=

∫
Rn

∥x∥2dµ(x) < +∞.

The support of µ ∈ P(Rn) is defined by

supp(µ) = {x ∈ Rn : for any r > 0, µ(Br(x)) > 0} ,

where Br(x) is the open ball centered at x with radius r > 0. If µ ∈ P(Rn)
and f : Rn → Rm is a Borel measurable map where n may differ from m, then
f#µ ∈ P(Rm) is called the pushforward of µ by the map f , and is defined as

f#µ(E) := (µ ◦ f−1)(E) = µ
(
f−1(E)

)
for any Borel set E ⊂ Rm.

If f is linear and represented by a matrix A with respect to some basis, then A#µ
is used to denote f#µ. In particular, (Id, f) is used to denote the map from Rn to
Rn × Rm via x 7→ (x, f(x)). In such a case, (Id, f)#µ is a probability measure on
Rn × Rm that is supported on the graph of f .

Finite frames can be viewed as discrete probability measures. Consequently, one
can use probability tools (namely, optimal transport) to study frames. Suppose
{xi}Ni=1 is a finite frame with bounds 0 < A ≤ B for a subspace W in the Euclidean

space Rn. Letting µf := 1
N

N∑
i=1

δxi
∈ P(W ), the frame definition in Equation (1.1)

becomes
A

N
∥x∥2 ≤

∫
W

| ⟨x,y⟩ |2dµf (y) ≤
B

N
∥x∥2, for any x ∈W.
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Inspired by this observation, Ehler [17] introduced the concept of probabilistic
frames. Subsequently, Ehler and Okoudjou investigated the probabilistic frame
potential [18] and surveyed this area with particular emphasis on its connections
to optimal transport [19]. Note that when W ⊂ Rn is closed (e.g., a subspace),
µ ∈ P(W ) means that we can extend the measure to a measure in P(Rn) by setting
the measure of the open set Rn\W to be zero. We will denote this extended measure
also with µ.

Definition 2.9. Let W be a subspace of Rn. µ ∈ P(W ) is called a probabilistic
frame for W if there exist 0 < A ≤ B <∞ such that for any x ∈W ,

A∥x∥2 ≤
∫
W

| ⟨x,y⟩ |2dµ(y) ≤ B∥x∥2.

The probabilistic frame µ is said to be tight if we may choose A = B and Parseval
if A = B = 1. Moreover, µ is a Bessel probability measure for W if the upper (but
possibly not the lower) bound holds.

One can also define the frame operator Sµ for a probabilistic frame µ on W as
the following symmetric positive semi-definite matrix

Sµ :=

∫
W

yytdµ(y).

Probabilistic frames can be characterized by their frame operators.

Proposition 2.10 ([19, Theorem 12.1] and [36, Proposition 3.1]). Let µ ∈ P(W ).
Then µ is a probabilistic frame on W if and only if µ ∈ P2(W ) and span{supp(µ)} =
W . Furthermore, if µ ∈ P2(W ), then µ is a probabilistic frame on W if and only
if the restriction of Sµ to W is positive definite, and µ is a tight probabilistic frame
on W with bound A > 0 if and only if Sµ = A PW , where PW is the orthogonal
projection of Rn onto W .

Since probabilistic frames on W have finite second moments, they naturally
lie in P2(W ) and can be studied using optimal transport and the 2-Wasserstein
distance [19, 48]. Given two probabilistic frames µ and ν on W , suppose Γ(µ, ν) is
the set of transport couplings with marginals µ and ν, that is,

Γ(µ, ν) :=
{
γ ∈ P(W ×W ) : πx#γ = µ, πy#γ = ν

}
,

where πx, πy are projections onto the x and y coordinates: for any (x,y) ∈ Rn×Rn,
πx(x,y) = x and πy(x,y) = y. The 2-Wasserstein distance W2(µ, ν) is often used
to quantify the distance between µ and ν:

W2(µ, ν) :=

(
inf

γ∈Γ(µ,ν)

∫
W×W

∥x− y∥2 dγ(x,y)

)1/2

.

This is of interest even if one is only concerned with finite frames, since the 2-
Wasserstein distance can quantify the distance between probabilistic frames induced
by finite frames of different cardinalities. See [25] for details on optimal transport
and Wasserstein distance.

Let W be a subspace of Rn and µ ∈ P2(W ). As above, consider the extension of
µ—which we also call µ—to P(Rn) by setting the measure of Rn \W to be zero.
We may then extend any measurable f : W → R to Rn → R by zero-padding or
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restrict any f : Rn → R to W → R to see that L2(µ,W ) ∼= L2(µ,Rn). Furthermore,
note that µ ∈ P2(W ) also implies µ ∈ P2(Rn), since∫

Rn

∥x∥2dµ(x) =
∫
W

∥x∥2dµ(x) < +∞.

Therefore, for µ ∈ P2(W ), its analysis operator Uµ : Rn → L2(µ,W ) given by
(Uµx)(·) = ⟨x, ·⟩ ∈ L2(µ,W ) is well-defined (bounded), because for any x ∈ Rn,

∥Uµx∥2 =

∫
W

|⟨x,y⟩|2dµ(y) ≤ ∥x∥2M2(µ).

Then the adjoint (synthesis) operator U∗
µ : L2(µ,W ) → Rn exists and is given by

U∗
µ(ψ) =

∫
W

xψ(x)dµ(x).

One can verify that as a map on Rn, the frame operator satisfies Sµ = U∗
µUµ.

Similar to frames, one can reconstruct signals using dual probabilistic frames,
which are also known as transport duals [48].

Definition 2.11. Suppose µ is a probabilistic frame for W . ν ∈ P2(W ) is called a
dual probabilistic frame of µ on W if there exists γ ∈ Γ(µ, ν) such that∫

W×W

xytdγ(x,y) = PW ,

which is equivalent to the statement that for any f ∈W ,
∫
W×W

x⟨y, f⟩dγ(x,y) = f .

Note that ν ∈ P2(V ) automatically implies (via extension) that ν ∈ P2(Rn),
and one can still define Γ(µ, ν) := {γ ∈ P(W × V ) : πx#γ = µ, πy#γ = ν}. In
addition, if γ ∈ Γ(µ, ν), then γ ∈ P2(W ×V ) also implies γ ∈ P2(Rn×Rn), that is,∫

Rn×Rn

xytdγ(x,y) =

∫
W×V

xytdγ(x,y).

Let µ be a probabilistic frame for W and S†
µ the Moore–Penrose inverse of Sµ.

Then S†
µ#
µ is called the canonical dual frame of µ on W , since∫
W×W

xytd(Id,S†
µ)#µ(x,y) =

∫
W

xxtdµ(x) S†
µ = SµS

†
µ = PW ,

where the last identity follows from Lemma 2.12. Similarly, (S†
µ)

1
2
#
µ is called the

canonical Parseval frame of µ on W , since∫
W

xxtd(S†
µ)

1
2
#
µ(x) = (S†

µ)
1/2Sµ(S

†
µ)

1/2 = PW .

Lemma 2.12. Let W be a subspace in Rn and µ be a probabilistic frame for W with
frame operator Sµ. Then Ran(Sµ) = W and Ker(Sµ) = W⊥. Furthermore, SµS

†
µ,

S†
µSµ, and (S†

µ)
1/2Sµ(S

†
µ)

1/2 are orthogonal projections of Rn onto the subspace W .

Proof. By standard properties of the Moore–Penrose inverse, SµS
†
µ is the orthog-

onal projection onto the range of Sµ. Since µ is a probabilistic frame for W , then
by Proposition 2.10, µ is supported on W . Then for any f ∈ Rn,

Sµf =

∫
W

⟨f ,x⟩xdµ(x) ∈W.
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That is to say, Ran(Sµ) ⊆ W . Also note that W⊥ ⊆ Ker(Sµ), since for any
f ∈ W⊥, Sµf = 0. If we can show that Ker(Sµ) = W⊥, then it would follow from
the Rank–Nullity theorem that

Dim(Ran(Sµ)) + Dim(W⊥) = n,

and hence that Ran(Sµ) =W .
Now let us show Ker(Sµ) = W⊥. Suppose f ∈ Ker(Sµ). Since f = fW + fW⊥ ,

where fW ∈W and fW⊥ ∈W⊥, we have SµfW⊥ = 0 and hence

0 = Sµf = Sµ(fW + fW⊥) = SµfW .

Since µ is a probabilistic frame for W , the restriction of Sµ on W is injective by
Proposition 2.10, so 0 = SµfW implies fW = 0. Therefore, f = fW⊥ ∈ W⊥ and we
conclude that Ker(Sµ) =W⊥.

We have now shown that Ran(Sµ) = W , and thus SµS
†
µ is the orthogonal pro-

jection of Rn onto W . Since Sµ is symmetric, it follows that S†
µSµ is also the

orthogonal projection onto W . Finally, the spectral decomposition of Sµ shows
that (S†

µ)
1/2Sµ(S

†
µ)

1/2 is the orthogonal projection of Rn onto the subspace W . □

We also need the following gluing lemma, a standard tool in optimal transport,
to “glue” two transport couplings together. Analogously to πx and πy, let πxy and
πyz be the orthogonal projections onto the corresponding coordinates, i.e., for any
(x,y, z) ∈ Rn × Rn × Rn,

πx(x,y, z) = x, πy(x,y, z) = y, πxy(x,y, z) = (x,y), πyz(x,y, z) = (y, z).

Lemma 2.13 (Gluing Lemma [25, p. 59]). Let W1, W2, and W3 be subspaces of
Rn and µ1 ∈ P2(W1), µ2 ∈ P2(W2), and µ3 ∈ P2(W3), respectively. Suppose
γ12 ∈ Γ(µ1, µ2) ⊂ P(W1 × W2) and γ23 ∈ Γ(µ2, µ3) ⊂ P(W2 × W3) such that
πy#γ

12 = µ2 = πx#γ
23. Then there exists γ123 ∈ P(W1 ×W2 ×W3) such that

πxy#γ
123 = γ12 and πyz#γ

123 = γ23.

3. Oblique Dual Frame Potential

In this section, we consider the oblique dual frame potential where H is the n-
dimensional complex space Cn andW and V are subspaces such that Cn =W⊕V ⊥.
The frame potential was introduced by Benedetto and Fickus [4], who showed that
finite unit-norm tight frames are unique optimizers of the potential. The frame
potential is the component-wise 2-norm of the frame’s Gram matrix; generalizations
to other p-norms and to probabilistic frames appeared in [18]. Such p-norms of
inner products are also of interest in spherical designs; see, e.g., [40]. Dual frame
potentials were introduced in [11], where the authors found a lower bound for the
dual 2-frame potential and the minimizer is just the canonical dual. Their work was
followed by [1], where they call the dual frame potential the “cross-frame potential”
and further generalized it to fusion frames. In [8], a probabilistic dual 2-frame
potential was introduced.

Our contribution is that we consider the p-potential over oblique dual frames;
some of the results we obtain recover the previous results concerning dual frames,
since dual frames are oblique dual frames with W = V . Note that v∗ denotes the
conjugate transpose of vector v ∈ Cn, N the number of vectors {vi}i (respectively,
{wi}i), and dW the dimension of W , where dW ≤ min{n,N}. We use S† to denote
the Moore–Penrose inverse of a matrix S. By convention, the inner product ⟨·, ·⟩
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in Cn is linear in the first input and conjugate linear in the second: for x,y ∈ Cn,
⟨x,y⟩ = y∗x. So the rank-one operator wv∗ acts as f 7→ ⟨f ,v⟩w.

We first start with the definition of the oblique dual p-frame potential. We will
show that, for a given frame on W , its oblique dual 2-frame potential is minimized
by the canonical oblique dual, which generalizes [11, Theorem 2.2] concerning the
dual 2-frame potential.

Definition 3.1. Suppose Cn =W ⊕V ⊥ and p > 0. Let {wi}Ni=1 be a frame for W
and {vi}Ni=1 an oblique dual frame of {wi}Ni=1 on V . Then the oblique dual p-frame
potential between {wi}Ni=1 and {vi}Ni=1 is defined as

N∑
i=1

N∑
j=1

|⟨wi,vj⟩|p.

When p = 2, we often drop the parameter and refer to the potential as the
oblique dual frame potential.

The following lemma extends Proposition 24 in [1] about dual frames.

Lemma 3.2. Let {wi}Ni=1 be a frame for W and {vi}Ni=1 an oblique dual frame of
{wi}Ni=1 on V , where Cn =W ⊕ V ⊥. Then

N∑
i=1

|⟨wi,vi⟩|2 ≥ d2W
N
.

Furthermore, the equality holds if and only if ⟨wi,vi⟩ = dW

N for each i.

Proof. Since {vi}Ni=1 is an oblique dual frame of {wi}Ni=1, then πWV ⊥ =
∑N

i=1 wiv
∗
i .

Therefore,
N∑
i=1

⟨wi,vi⟩ = trace

(
N∑
i=1

wiv
∗
i

)
= trace(πWV ⊥) = dW .

By the Cauchy–Schwarz inequality, we have

N∑
i=1

|⟨wi,vi⟩|2 ≥

∣∣∣∑N
i=1 ⟨wi,vi⟩

∣∣∣2
N

=
d2W
N
,

and the equality holds if and only if the vector (⟨wi,vi⟩)Ni=1 is a scalar multiple of
the all-ones vector, that is, there exists a constant C such that ⟨wi,vi⟩ = C for
each i. Computation gives C = dW

N . □

Proposition 3.3. Let {wi}Ni=1 be a frame for W with frame operator S =
∑N

i=1 wiw
∗
i

and {vi}Ni=1 an oblique dual frame of {wi}Ni=1 on V , where Cn =W ⊕ V ⊥. Then
N∑
i=1

N∑
j=1

|⟨wi,vj⟩|2 ≥ dW ,

and the equality holds if and only if {vj}Nj=1 is the canonical oblique dual {πVW⊥S†wj}Nj=1.

Proof. For any f ∈ Cn, [20, Proposition 4] implies that, among all coefficients

{ci}Ni=1 ∈ ℓ2({1, . . . , N}) for which πWV ⊥f =
N∑
i=1

ciwi, the coefficient sequence
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with the minimal ℓ2-norm is given by {⟨f ,πVW⊥S†wi⟩}Ni=1. In other words,
N∑
i=1

|ci|2 ≥
N∑
i=1

|⟨f ,πVW⊥S†wi⟩|2

and the equality holds if and only if ci = ⟨f ,πVW⊥S†wi⟩ for each i. Since {vi}Ni=1 is

an oblique dual frame of {wi}Ni=1 on V , then for any f ∈ Cn, πWV ⊥f =
N∑
i=1

⟨f ,vi⟩wi.

Therefore,

(3.1)
N∑
j=1

|⟨f ,vj⟩|2 ≥
N∑
j=1

|⟨f ,πVW⊥S†wj⟩|2

and the equality holds if and only if vj = πVW⊥S†wj , for each j.
Suppose W = (w1,w2, · · · ,wN ) ∈ Cn×N and then S = WW∗. Letting f = wi

in the above equation and summing over i, we have
N∑
i=1

N∑
j=1

|⟨wi,vj⟩|2 ≥
N∑
i=1

N∑
j=1

|⟨wi,πVW⊥S†wj⟩|2 =

N∑
i=1

N∑
j=1

|⟨πWV ⊥wi,S
†wj⟩|2

=

N∑
i=1

N∑
j=1

|⟨wi,S
†wj⟩|2 = ∥W∗S†W∥2Frob

= trace((W∗S†W)∗W∗S†W) = trace(W∗S†WW∗S†W)

= trace(W∗S†SS†W) = trace(WW∗S†) = trace(SS†) = trace(PW )

= dW ,

where ∥ · ∥Frob is the matrix Frobenius norm and the equalities are based on the
cyclic property of matrix trace and the facts that π∗

VW⊥ = πWV ⊥ and SS† = PW .
(See Lemma 2.12 and consider µ := 1

N

∑N
i=1 δwi .) The equality clearly holds when

vj = πVW⊥S†wj for each j. Conversely, if the equality holds, then for each wi, we
must have

N∑
j=1

|⟨wi,vj⟩|2 =
N∑
j=1

|⟨wi,πVW⊥S†wj⟩|2.

Then by the equality condition in Equation (3.1), vj = πVW⊥S†wj , for each j. □

We now extend Lemma 3.2 and Proposition 3.3 from oblique dual 2-frame po-
tentials to oblique dual 2k-frame potentials where k ≥ 1.

Corollary 3.4. Let {wi}Ni=1 be a frame for W with frame operator S =
∑N

i=1 wiw
∗
i

and {vi}Ni=1 an oblique dual frame of {wi}Ni=1 on V , where Cn =W ⊕V ⊥. Assume
additionally that p = 2k, where k ≥ 1. Then

N∑
i=1

|⟨wi,vi⟩|p ≥ N1−pdpW and
N∑
i=1

N∑
j=1

|⟨wi,vj⟩|p ≥ N2−pd
p
2

W .

Furthermore, when k > 1, the left-hand inequality is saturated if and only if
⟨wi,vi⟩ = dW

N for all i, and the right-hand inequality is saturated if and only if
|⟨wi,vj⟩| is constant for all i and j and vj = πVW⊥S†wj for each j.
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Proof. We will just prove the right-hand inequality. The proof for the left-hand
inequality is almost identical but uses Lemma 3.2 to analyze saturation. Since the
map | · |k : R → R+ is convex, Jensen’s inequality and Proposition 3.3 imply

N∑
i=1

N∑
j=1

|⟨wi,vj⟩|p = N2
N∑
i=1

N∑
j=1

1

N2
|⟨wi,vj⟩|2k

≥ N2−2k

∣∣∣∣∣∣
N∑
i=1

N∑
j=1

|⟨wi,vj⟩|2
∣∣∣∣∣∣
k

(3.2)

≥ N2−2kdkW = N2−pd
p
2

W .(3.3)

When k > 1, the map | · |k : R → R+ is strictly convex. Then saturation of (3.2)
holds if and only if |⟨wi,vj⟩| is constant for any i and j, and saturation of (3.3)
follows from Proposition 3.3. □

Our next theorem is motivated by [11, Theorem 2.3 and Proposition 2.4], where
the authors obtained a lower bound for the mixed coherence of dual frames. We
generalize their results to the oblique dual frame setting and also polish the proof
in the standard dual setting. A family of unit-norm vectors {fi}Ni=1 in Cn is an
(N,n)-equiangular tight frame (ETF) if {fi}Ni=1 is tight and if there exists an α ≥ 0

such that for any i ̸= j, |⟨fi, fj⟩|2 = α. For an arbitrary set of unit-norm vectors
{fi}Ni=1 in Cn where N ≥ n, the coherence is maxi ̸=j |⟨fi, fj⟩|2. It has been shown
(e.g., [47]) that the coherence satisfies

(3.4) max
i̸=j

|⟨fi, fj⟩|2 ≥ N − n

n(N − 1)
,

and the equality holds if and only if {fi}Ni=1 is an ETF. The inequality in (3.4) is
known as the Welch-Rankin bound. ETFs have applications in coding theory [37],
communication systems [41], and quantum information processing [49, 39]. The
construction and existence of ETFs have gained substantial attention [42, 29, 6, 3],
including the famous Zauner’s Conjecture about the existence of an ETF consisting
of n2 vectors in Cn [49, 3]. In the following theorem, we show that the equality
in the mixed coherence of oblique duals is saturated if and only if there exists an
(N, dW )-ETF and the oblique dual is canonical.

Theorem 3.5. Suppose W and V are subspaces of Cn such that Cn = W ⊕ V ⊥.
Let {wi}Ni=1 be a frame for W with frame operator S and {vi}Ni=1 an oblique dual
frame of {wi}Ni=1 on V such that ⟨wi,vi⟩ = ⟨wj ,vj⟩ for all i and j. Then

max
i ̸=j

|⟨wi,vj⟩|2 ≥ dW (N − dW )

N2(N − 1)
.

Furthermore, the equality holds if and only if any of the following equivalent condi-
tions is true:

(1) For any i ̸= j, |⟨wi,vj⟩| is constant, and vj = πVW⊥S†wj, for each j.
(2) The mixed Gram matrix G = (⟨wi,vj⟩)ij between {wi}Ni=1 and {vi}Ni=1 is

G =
dW
N

(
IdN×N +

√
N − dW
dW (N − 1)

Q

)
,
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where IdN×N is the identity matrix of size N ×N and Q is a generalized
signature matrix (self-adjoint, a zero diagonal and unimodular entries off
the diagonal).

(3) For each i, define ψi :=
√

N
dW

(S†)
1
2wi. Then {ψi}Ni=1 is an (N, dW )-

equiangular tight frame for W and vj = πVW⊥S†wj, for each j.

Proof. Since {vi}Ni=1 is an oblique dual of {wi}Ni=1 on V and the ⟨wi,vi⟩ are con-
stant, we have ⟨wi,vi⟩ = dW

N for each i since
N∑
i=1

⟨wi,vi⟩ = trace

(
N∑
i=1

wiv
∗
i

)
= trace(πWV ⊥) = dW .

Therefore,

max
i ̸=j

|⟨wi,vj⟩|2 ≥ 1

N(N − 1)

∑
i ̸=j

|⟨wi,vj⟩|2

=
1

N(N − 1)

 N∑
i=1

N∑
j=1

|⟨wi,vj⟩|2 −
N∑
i=1

|⟨wi,vi⟩|2


≥ 1

N(N − 1)

(
dW − d2W

N

)
=
dW (N − dW )

N2(N − 1)
,

where the last inequality follows from Proposition 3.3 and dW ≥ d2
W

N (since dW ≤
N). Hence, the equality holds if and only if |⟨wi,vj⟩| is constant for all i ̸= j and
(by the equality condition in Proposition 3.3) vj = πVW⊥S†wj for each j, where

S =
N∑
i=1

wiw
∗
i . Therefore, equality is equivalent to (1).

In turn, (1) implies |⟨wi,vj⟩| = 1
N

√
dW (N−dW )

N−1 for any i ̸= j, so the mixed Gram
matrix G between {wi}Ni=1 and {vi}Ni=1 can be written as

G =
dW
N

(
IdN×N +

√
N − dW
dW (N − 1)

Q

)
,

where IdN×N is the identity matrix of size N × N and Q is a matrix with zero
diagonal and unimodular entries off the diagonal. Further, (1) yields that the i, j
entry of the mixed Gram is〈

wi,πVW⊥S†wj

〉
=
〈
πWV ⊥wi,S

†wj

〉
=
〈
wi,S

†wj

〉
=
〈
(S1/2)†wi, (S

1/2)†wj

〉
=
〈
(S1/2)†wj , (S1/2)†wi

〉
= ⟨wj ,πVW⊥S†wi⟩,

so Q is self-adjoint and (1) implies (2). Conversely, if G is given as in (2), then for
any i ̸= j, |⟨wi,vj⟩| = dW

N

√
N−dW

dW (N−1) . Hence

max
i ̸=j

|⟨wi,vj⟩|2 =
dW (N − dW )

N2(N − 1)
,

which implies (1).
Finally, let us show (2) and (3) are equivalent. Define matrices V = (v1, · · · ,vN ),

W = (w1, · · · ,wN ), and Ψ = (ψ1, · · · ,ψN ), where Ψ =
√

N
dW

(S†)
1
2W. Thus,
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Ψ∗Ψ = N
dW

W∗S†W. If (2) holds, then the equality holds and thus vj = πVW⊥S†wj

for each j. Hence V = πVW⊥S†W and

dW
N

(
IN×N +

√
N − dW
dW (N − 1)

Q

)
= G = V∗W = W∗S†(πWV ⊥W) = W∗S†W.

Therefore, the Gram matrix of {ψi}Ni=1 is given by

(3.5) Ψ∗Ψ = N
dW

W∗S†W = IdN×N +

√
N − dW
dW (N − 1)

Q

and the Welch bound saturation condition for (3.4) implies that {ψi}Ni=1 is an
(N, dW )-equiangular tight frame. Conversely, if (3) holds, then {ψi}Ni=1 is an
(N, dW )-equiangular tight frame and its Gram matrix is given as Equation (3.5).
Since vj = πVW⊥S†wj for each j, then V = πVW⊥S†W and thus

G = V∗W = W∗S†(πWV ⊥W) = W∗S†W

=
dW
N

Ψ∗Ψ =
dW
N

(
IdN×N +

√
N − dW
dW (N − 1)

Q

)
.

□

The last corollary is inspired by [1, Theorem 26] and Proposition 3.3. Note that
the condition of ⟨wi,vi⟩ being constant for each i in Theorem 3.5 and Corollary 3.6
also holds in Example 1.1: for each j, ⟨δj , ϕj⟩ = ϕ(j − j) = ϕ(0), where δj is
the Dirac distribution at j and ϕj(t) = ϕ(t − j). In addition, one of the equality
conditions in Theorem 3.5 and Corollary 3.6 makes the oblique dual frames {wi}Ni=1

and {vi}Ni=1 equiangular, that is, |⟨wi,vj⟩| is constant for any i ̸= j.

Corollary 3.6. Suppose W and V are subspaces of Cn such that Cn = W ⊕ V ⊥.
Let {wi}Ni=1 be a frame for W with frame operator S and {vi}Ni=1 an oblique dual
frame of {wi}Ni=1 on V such that ⟨wi,vi⟩ = ⟨wj ,vj⟩ for all i and j. Assume
additionally that p = 2k where k ≥ 1. Then

N∑
i=1

N∑
j=1

|⟨wi,vj⟩|p ≥
|dW − d2

W

N |
p
2

N
p
2−1(N − 1)

p
2−1

+
dpW
Np−1

.

Furthermore, when k > 1, the equality holds if and only if for any i ̸= j, |⟨wi,vj⟩|
is constant, and vj = πVW⊥S†wj, for each j.
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Proof. By the proof of Theorem 3.5, we know that ⟨wi,vi⟩ = dW

N for each i. Since
the map | · |k : R → R+ is convex, Jensen’s inequality shows that∑

i ̸=j

|⟨wi,vj⟩|p = N(N − 1)
∑
i ̸=j

1

N(N − 1)
|⟨wi,vj⟩|2k

≥
|
∑

i ̸=j |⟨wi,vj⟩|2|k

Nk−1(N − 1)k−1
(3.6)

=
|
∑N

i=1

∑N
j=1 |⟨wi,vj⟩|2 −

∑N
i=1 |⟨wi,vi⟩|2|k

Nk−1(N − 1)k−1

=
|
∑N

i=1

∑N
j=1 |⟨wi,vj⟩|2 − d2

W

N |
p
2

N
p
2−1(N − 1)

p
2−1

.

Thus,
N∑
i=1

N∑
j=1

|⟨wi,vj⟩|p =
∑
i̸=j

|⟨wi,vj⟩|p +
N∑
i=1

|⟨wi,vi⟩|p

≥
|
∑N

i=1

∑N
j=1 |⟨wi,vj⟩|2 − d2

W

N |
p
2

N
p
2−1(N − 1)

p
2−1

+
dpW
Np−1

(3.7)

≥
|dW − d2

W

N |
p
2

N
p
2−1(N − 1)

p
2−1

+
dpW
Np−1

,(3.8)

where (3.7) follows from (3.6) and the fact that ⟨wi,vi⟩ = dW

N for each i, and (3.8)

from Proposition 3.3 and dW ≥ d2
W

N .
When k > 1 the map | · |k : R → R+ is strictly convex, so equality in (3.6) holds

if and only if |⟨wi,vj⟩| is constant for any i ̸= j. This then implies the equality
condition for (3.7). For saturation of (3.8), we already have from Theorem 3.5 that
vj = πVW⊥S†wj , for each j. □

We finish this section by comparing the constants in Corollary 3.4, Theorem 3.5,
and Corollary 3.6. In Corollary 3.4, if p > 2 and the right-hand inequality is
saturated, then computation shows that for any i and j, |⟨wi,vj⟩| =

√
dW

N . By
the proof of Theorem 3.5 and Corollary 3.6, we know that if for each i, ⟨wi,vi⟩ is
constant, then ⟨wi,vi⟩ = dW

N for each i, and when the equality holds in Theorem 3.5,
its proof shows that

|⟨wi,vj⟩| =
dW
N

√
N − dW
dW (N − 1)

, for any i ̸= j,

and similarly for Corollary 3.6.

4. Oblique Dual Probabilistic Frames

In this section, we introduce oblique dual probabilistic frames, which generalizes
oblique dual frames into the probabilistic frame setting. Throughout the remaining
sections, H is the Euclidean space Rn and W and V are subspaces such that
Rn = W ⊕ V ⊥. From now on, the inner product is the standard dot product
in Rn. We use (·)t to denote the transpose of a vector or matrix and dW the
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dimension of W where 1 ≤ dW ≤ n. We first give a characterization motivated by
the characterization of oblique duals in [12, Lemma 3.1].

Lemma 4.1. Suppose Rn = W ⊕ V ⊥. Let µ ∈ P2(W ) and ν ∈ P2(V ) be Bessel
probability measures with bounds Bµ > 0 and Bν > 0, respectively, and γ ∈ Γ(µ, ν).
Then the following are equivalent:

(1) For any f ∈W , f =
∫
W×V

x⟨y, f⟩dγ(x,y).
(2) For any f ∈ Rn, πWV ⊥f =

∫
W×V

x⟨y, f⟩dγ(x,y).
(3) For any f ∈ Rn, πVW⊥f =

∫
W×V

⟨x, f⟩ydγ(x,y).
(4) For any f ,g ∈ Rn, ⟨πWV ⊥f ,g⟩ =

∫
W×V

⟨x,g⟩⟨y, f⟩dγ(x,y).
(5) For any f ,g ∈ Rn, ⟨πVW⊥f ,g⟩ =

∫
W×V

⟨x, f⟩⟨y,g⟩dγ(x,y).
If any of the equivalent conditions is satisfied, then µ and ν are probabilistic frames
for W and V with lower bounds 1

Bν
and 1

Bµ
, respectively. Furthermore, µ and

PW#ν are dual frames for W , and PV #µ and ν are dual frames for V .

Proof. Note that (2) implies (1) trivially. To see that (1) implies (2), suppose (1)
holds and let f ∈ Rn. Then πWV ⊥f ∈W , so

πWV ⊥f =

∫
W×V

x⟨y,πWV ⊥f⟩dγ(x,y) =
∫
W×V

x⟨π∗
WV ⊥y, f⟩dγ(x,y)

=

∫
W×V

x⟨πVW⊥y, f⟩dγ(x,y) =
∫
W×V

x⟨y, f⟩dγ(x,y).

In addition, (2) is equivalent to πWV ⊥ =
∫
W×V

xytdγ(x,y). Taking the adjoint
on both sides leads to

πVW⊥ = π∗
WV ⊥ =

∫
W×V

yxtdγ(x,y),

which is equivalent to (3).
Next, (2) implies (4) trivially. On the other hand, if (4) is true, then for any

f ,g ∈ Rn, 〈
πWV ⊥f −

∫
W×V

x⟨y, f⟩dγ(x,y),g
〉

= 0,

which implies (2). (3) and (5) are equivalent in a similar way.
If any of the equivalent conditions is satisfied, then (4) shows that for any f ∈W ,

∥f∥4 =

∣∣∣∣∫
W×V

⟨x, f⟩⟨y, f⟩dγ(x,y)
∣∣∣∣2 ≤

∫
W

|⟨x, f⟩|2dµ(x)
∫
V

|⟨y, f⟩|2dν(y)

≤ Bν∥f∥2
∫
W

|⟨x, f⟩|2dµ(x).

Therefore, µ is a probabilistic frame for W with lower bound 1
Bν

and upper bound
M2(µ). Similarly, (5) shows that ν is a probabilistic frame for V with lower bound
1
Bµ

and upper bound M2(ν). Moreover, (1) tells us that for any f ∈W ,

f =

∫
W×V

x⟨PWy, f⟩dγ(x,y) =
∫
W×W

x⟨y, f⟩dγ̃(x,y)

where γ̃ := (Id,PW )#γ ∈ Γ(µ,PW#ν). Therefore, µ and PW#ν are dual frames
for W . Similarly, one can use (3) to show that PV #µ and ν are dual frames for V
with respect to the coupling (PV , Id)#γ ∈ Γ(PV #µ, ν). □
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We give the following definition for oblique dual probabilistic frames.

Definition 4.2. Suppose Rn =W⊕V ⊥ and µ ∈ P2(W ). Then ν ∈ P2(V ) is called
an oblique dual probabilistic frame of µ on V if there exists γ ∈ Γ(µ, ν) such that

πWV ⊥ =

∫
W×V

xytdγ(x,y).

Of course, we could have used any of the equivalent conditions from Lemma 4.1
in this definition.

In what follows, we frequently refer to an oblique dual probabilistic frame as
an oblique dual frame or simply an oblique dual. In particular, if T : W → V is
measurable and T#µ is an oblique dual of µ with respect to (Id, T )#µ ∈ Γ(µ, T#µ),
then T#µ is called an oblique dual probabilistic frame of pushforward type.

Oblique duals of pushforward type include all oblique duals for finite frames. To
see this, suppose µ = 1

N

∑N
i=1 δwi

is a probabilistic frame for W , T : W → V is
measurable, and

ν = T#µ =
1

N

N∑
i=1

δT (wi)

is a probabilistic frame for V . If ν is an oblique dual of µ with respect to (Id, T )#µ,
then

πWV ⊥ =

∫
W

x (T (x))
t
dµ(x) =

N∑
i=1

wi

(
1

N
T (wi)

)t

,

which implies that { 1
N T (wi)}Ni=1 is an oblique dual frame of {wi}Ni=1 on V . Under

this interpretation, we still need the direct sum structure Rn = W ⊕ V ⊥ for the
consistent reconstruction of oblique dual frames. Furthermore, for any signal f ∈
Rn, if we denote the reconstructed signal f̂ as

f̂ =

∫
W×V

x⟨y, f⟩dγ(x,y) = 1

N

N∑
i=1

⟨f , T (wi)⟩wi,

then we must have πWV ⊥f = f̂ , equivalent to the consistent reconstruction by The-
orem 2.6. Similar to Definition 2.5, we have the following definition for probabilistic
consistent reconstruction, which characterizes oblique dual probabilistic frames.

Definition 4.3. Let µ and ν be probabilistic frames for W and V respectively,
where Rn = W ⊕ V ⊥. Then µ and ν are said to perform probabilistic consistent
reconstruction if there exists γ ∈ Γ(µ, ν) such that for any f ∈ Rn, ⟨f , z⟩ = ⟨f̂ , z⟩
for ν-almost all z ∈ V , where f̂ is the reconstructed signal given by

f̂ =

∫
W×V

x⟨y, f⟩dγ(x,y).

Theorem 4.4. Let µ and ν be probabilistic frames for W and V respectively, where
Rn =W ⊕V ⊥. Then µ and ν perform probabilistic consistent reconstruction if and
only if ν is an oblique dual probabilistic frame of µ on V .

Proof. Suppose ν is an oblique dual probabilistic frame of µ on V . Then there
exists γ ∈ Γ(µ, ν) such that

πWV ⊥ =

∫
W×V

xytdγ(x,y).
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Hence, for any f ∈ Rn, f̂ = πWV ⊥f , and for all z ∈ V ,

⟨f̂ , z⟩ = ⟨πWV ⊥f , z⟩ = ⟨f ,πVW⊥z⟩ = ⟨f , z⟩,
which implies that µ and ν perform probabilistic consistent reconstruction.

Conversely, if µ and ν perform probabilistic consistent reconstruction, then there
exists γ̃ ∈ Γ(µ, ν) such that for any f ∈ Rn and for ν almost all z ∈ V , ⟨f , z⟩ = ⟨f̂ , z⟩,
where

f̂ =

∫
W×V

x⟨y, f⟩dγ̃(x,y).

For a given f ∈ Rn, let Af := {y ∈ V : ⟨f̂ ,y⟩ ̸= ⟨f ,y⟩}. By the assumption of
probabilistic consistent reconstruction, we have ν(Af ) = 0. Since γ̃ ∈ Γ(µ, ν), then
γ̃(W × Af ) = ν(Af ) = 0. The two functions (x,y) 7→ x⟨y, f̂⟩ and (x,y) 7→ x⟨y, f⟩
only differ on the γ̃-null set W × Af , so

(4.1)
∫
W×V

x⟨y, f̂⟩ dγ̃(x,y) =
∫
W×V

x⟨y, f⟩ dγ̃(x,y).

Now let
F :=

∫
W×V

xytdγ̃(x,y).

Then, for any f ∈ Rn, f̂ = Ff , and

F2f = Ff̂ =

∫
W×V

x⟨y, f̂⟩dγ̃(x,y) =
∫
W×V

x⟨y, f⟩dγ̃(x,y) = Ff ,

where the third equality is just (4.1). Therefore, F is a projection.
Our goal now is to show F = πWV ⊥ , which is equivalent to Ran(F) = W and

Ker(F) = V ⊥. Since γ̃ ∈ Γ(µ, ν), µ is supported on W , and ν is supported on V ,
we know V ⊥ ⊆ Ker(F) and Ran(F) ⊆W .

We first claim that Ker(F) = V ⊥. To see this, suppose f0 ∈ Ker(F). If there were
z0 ∈ supp(ν) so that ⟨f0, z0⟩ ≠ 0, continuity of the inner product would imply the
existence of an open neighborhood Bz0

of z0 with ν(Bz0
) > 0 (since z0 ∈ supp(ν))

such that for any z ∈ Bz0 , ⟨f0, z⟩ ≠ 0. On the other hand, probabilistic consistent
reconstruction implies that for ν-almost all z ∈ V ,

⟨f0, z⟩ = ⟨f̂0, z⟩ = ⟨Ff0, z⟩ = 0.

From this contradiction we conclude that ⟨f0, z0⟩ = 0 for all z0 ∈ supp(ν). Since
span(supp(ν)) = V , this implies f0 ∈ V ⊥. Then Ker(F) = V ⊥.

By the Rank–Nullity theorem,

Dim(Ran(F)) + Dim(V ⊥) = n.

Since Rn =W ⊕ V ⊥ and Ran(F) ⊂W , this implies Ran(F) =W . Therefore,

F = πWV ⊥ =

∫
W×V

xytdγ̃(x,y),

which implies that ν is a probabilistic oblique dual frame of µ on V . □

The following lemma shows that once we have obtained the reconstruction for-
mula for given measures µ and ν, we can construct an oblique dual frame of µ on
any arbitrary subspace K for which Rn = W ⊕K⊥. In particular, if µ is a frame
for W and ν is an oblique dual frame of µ on V , then one can construct an oblique
dual of µ on any subspace K with Rn =W ⊕K⊥.
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Lemma 4.5. Let W ⊂ Rn be a subspace. Suppose µ ∈ P2(W ), ν ∈ P2(Rn), and
there exists γ ∈ Γ(µ, ν) such that for any f ∈W ,

f =

∫
W×Rn

x⟨y, f⟩dγ(x,y).

Then for any subspace K for which Rn = W ⊕ K⊥, πKW⊥#ν is an oblique dual
probabilistic frame of µ on K.

Proof. Note that for any g ∈ Rn, πWK⊥g ∈W . Then by the assumption,

πWK⊥g =

∫
W×Rn

x⟨y,πWK⊥g⟩dγ(x,y) =
∫
W×Rn

x⟨πKW⊥y,g⟩dγ(x,y).

Now let γ̃ := (Id,πKW⊥)#γ ∈ Γ(µ,πKW⊥#ν) ⊂ P(W ×K). Then for any g ∈ Rn,

πWK⊥g =

∫
W×K

x⟨y,g⟩dγ̃(x,y).

Then by Lemma 4.1, πKW⊥#ν is an oblique dual probabilistic frame of µ on K. □

Recall that Theorem 2.7 gives a parametrization of all the oblique dual frames
for a given frame in W . In the following lemma, we give an analogous parametriza-
tion of all oblique dual probabilistic frames of pushforward type. Additionally,
(πVW⊥S†

µ)#µ is called the canonical oblique dual probabilistic frame of µ.

Proposition 4.6. Let Rn = W ⊕ V ⊥ and let µ ∈ P2(W ) be a probabilistic frame
for W with frame operator Sµ. Suppose T#µ is an oblique dual frame of µ on V
where T :W → V is measurable. Then for any x ∈ Rn, T precisely satisfies

T (x) = πVW⊥S†
µ(x) + h(x)−

∫
W

⟨S†
µx,y⟩h(y)dµ(y),

where h :W → V is such that h#µ ∈ P2(V ).

Proof. First, note that if T :W → V is of the above type, then T#µ ∈ P2(V ). Now
define γ = (Id, T )#µ ∈ Γ(µ, T#µ) ⊂ P(W × V ). Then∫

W×V

xytdγ(x,y) =

∫
W

xT (x)tdµ(x) = SµS
†
µπWV ⊥ +

∫
W

xh(x)tdµ(x)

−
∫
W

SµS
†
µyh(y)

tdµ(y) = πWV ⊥ ,

where SµS
†
µ is the orthogonal projection onto W (see Lemma 2.12). Therefore,

T#µ is an oblique dual frame to µ.
Conversely, if T#µ is an oblique dual to µ, then

πVW⊥ = π∗
WV ⊥ =

∫
W

T (y)ytdµ(y).

Note that for any x ∈ Rn,

T (x) = πVW⊥S†
µ(x) + T (x)− πVW⊥S†

µ(x)

= πVW⊥S†
µ(x) + T (x)−

∫
W

⟨S†
µx,y⟩T (y)dµ(y).

Since T#µ is an oblique dual of µ on V , then T#µ ∈ P2(V ). Setting h = T shows
that T :W → V is of the desired type. □

We present another corollary; the proof is similar to Proposition 4.6.
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Corollary 4.7. Let Rn =W ⊕ V ⊥ and let µ ∈ P2(W ) be a probabilistic frame for
W with frame operator Sµ. Suppose T#µ is an oblique dual frame of µ on V where
T :W → V is measurable. Then for any x ∈ Rn, T precisely satisfies

T (x) = πVW⊥S†
µ(x) + h(x),

where h :W → V is such that h#µ ∈ P2(V ) with
∫
W

xh(x)tdµ(x) = 0n×n.

The following example shows that given a probabilistic frame for W , its oblique
dual probabilistic frames are not necessarily of pushforward type and can include
both discrete and absolutely continuous measures.

Example 4.8. Let W = span

{(
1
0

)}
and V = span

{(
1
1

)}
. Then V ⊥ =

span

{(
1
−1

)}
and R2 = W ⊕ V ⊥. The corresponding oblique projection πWV ⊥

which maps
(
1
0

)
to
(
1
0

)
and

(
1
−1

)
to
(
0
0

)
is given by πWV ⊥ =

(
1 1
0 0

)
and thus

πVW⊥ =

(
1 0
1 0

)
. Now suppose

µ = δ(1,0) and ν =
1

2
δ(0,0) +

1

2
δ(2,2).

Clearly, µ is a probabilistic frame for W , ν is a probabilistic frame for V , and there
does not exist a map T : W → V such that ν = T#µ. However, ν is an oblique
dual probabilistic frame of µ with respect to the product measure µ⊗ ν, because∫

W

∫
V

xytdµ(x)dν(y) =
1

2

(
1
0

)(
2 2

)
=

(
1 1
0 0

)
= πWV ⊥ .

Furthermore, if µ is the standard Gaussian measure on W , then µ is a prob-

abilistic frame for W and a sample from µ is x =

(
X
0

)
where X ∼ N(0, 1).

Then the frame operator and the associated Moore–Penrose inverse are Sµ =∫
W

xxt dµ(x) =

(
1 0
0 0

)
and S†

µ =

(
1 0
0 0

)
. Now consider the canonical oblique

dual ν := (πVW⊥S†
µ)#µ. For x =

(
X
0

)
,

(πVW⊥S†
µ)(x) = πVW⊥

(
X
0

)
=

(
1 0
1 0

)(
X
0

)
=

(
X
X

)
∈ V.

Therefore, ν is a Gaussian measure supported on V with mean
(
0
0

)
and covariance

matrix
(
1 1
1 1

)
, which is clearly absolutely continuous with respect to the Lebesgue

measure for V .

5. Oblique Dual Probabilistic Frame Potential

Recall that given f ∈ H =W⊕V ⊥ and a frame {wi}i∈I in W , [20, Proposition 4]
and [23, Proposition 5.1] showed that among all coefficient sequences {ci}i∈I ∈ ℓ2(I)
for which

πWV ⊥f =
∑
i∈I

ciwi,
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the coefficient sequence with the minimal ℓ2 energy is {⟨f ,πVW⊥S†wi⟩}i∈I , which
is induced by the canonical oblique dual frame.

In the following, we show a similar result for probabilistic frames, with functions
ω ∈ L2(µ,W ) substituting for the coefficient sequences.

Proposition 5.1. Let Rn = W ⊕ V ⊥ and µ ∈ P2(W ) be a probabilistic frame for
W with frame operator Sµ. For fixed f ∈ Rn, suppose πWV ⊥f =

∫
W

xω(x)dµ(x)

for some ω ∈ L2(µ,W ). Then∫
W

|ω(x)|2dµ(x) =
∫
W

|⟨f ,πVW⊥S†
µx⟩|2dµ(x)+

∫
W

|ω(x)−⟨f ,πVW⊥S†
µx⟩|2dµ(x).

Therefore, ∫
W

|ω(x)|2dµ(x) ≥
∫
W

|⟨f ,πVW⊥S†
µx⟩|2dµ(x),

and equality holds if and only if ω(x) = ⟨f ,πVW⊥S†
µx⟩ for µ-almost all x ∈W .

Proof. Since µ ∈ P2(W ), we can interpret µ as a measure on Rn and µ ∈ P2(Rn).
The associated analysis operator Uµ : Rn → L2(µ,W ) given by (Uµx)(·) = ⟨x, ·⟩ ∈
L2(µ,W ) is well-defined (bounded). Hence, the related (adjoint) synthesis operator
U∗
µ : L2(µ,W ) → Rn exists and is given by U∗

µ(ψ) =
∫
W

xψ(x)dµ(x). Then we have
Ker(U∗

µ) = (Ran(Uµ))
⊥, where Ran(Uµ) is the range of Uµ and Ker(U∗

µ) is the kernel
of U∗

µ given by

Ker(U∗
µ) :=

{
ψ ∈ L2(µ,W ) : U∗

µ(ψ) =

∫
W

xψ(x)dµ(x) = 0

}
.

For the given ω ∈ L2(µ,W ),

ω(·) = ω(·)− ⟨f ,πVW⊥S†
µ(·)⟩+ ⟨f ,πVW⊥S†

µ(·)⟩.
Since

U∗
µ(ω(·)− ⟨f ,πVW⊥S†

µ(·)⟩) =
∫
W

xω(x)dµ(x)−
∫
W

x⟨S†
µπWV ⊥f ,x⟩dµ(x)

= πWV ⊥f − SµS
†
µπWV ⊥f = πWV ⊥f − πWV ⊥f = 0,

where the equality follows from Lemma 2.12 that SµS
†
µ is the orthogonal projection

of Rn onto W . Therefore, ω(·)− ⟨f ,πVW⊥S†
µ(·)⟩ ∈ Ker(U∗

µ) = (Ran(Uµ))
⊥.

Since ⟨f ,πVW⊥S†
µ(·)⟩ = ⟨S†

µπWV ⊥f , ·⟩ ∈ Ran(Uµ), it follows that ω(·)−⟨f ,πVW⊥S†
µ(·)⟩

is orthogonal to ⟨f ,πVW⊥S†
µ(·)⟩ in L2(µ,W ). Then, by the Pythagorean theorem,

∥ω∥2L2(µ,W ) = ∥ω − ⟨f ,πVW⊥S†
µ(·)⟩∥2L2(µ,W ) + ∥⟨f ,πVW⊥S†

µ(·)⟩∥2L2(µ,W ).

In other words,∫
W

|ω(x)|2dµ(x) =
∫
W

|⟨f ,πVW⊥S†
µx⟩|2dµ(x)+

∫
W

|ω(x)−⟨f ,πVW⊥S†
µx⟩|2dµ(x).

Therefore, ∫
W

|ω(x)|2dµ(x) ≥
∫
W

|⟨f ,πVW⊥S†
µx⟩|2dµ(x),

and equality holds if and only if∫
W

|ω(x)− ⟨f ,πVW⊥S†
µx⟩|2dµ(x) = 0,

which is true if and only if ω(x) = ⟨f ,πVW⊥S†
µx⟩ for µ-almost all x ∈W . □
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When W = V , Proposition 5.1 tells us that for a probabilistic frame µ on W
and f ∈ Rn, among all ω ∈ L2(µ,W ) for which PW f =

∫
W

xω(x)dµ(x), the func-
tion ⟨f ,S†

µ(·)⟩ induced by the canonical dual probabilistic frame has the minimum
L2(µ,W ) energy. This recovers the related result [8, Proposition 3.4].

We now give the following definition for the oblique dual probabilistic frame
potential.

Definition 5.2. Let µ ∈ P2(W ) be a probabilistic frame for W and ν ∈ P2(V ) an
oblique dual frame of µ on V . Then the oblique dual probabilistic frame potential
between µ and ν is defined as∫

W

∫
V

|⟨x,y⟩|2dµ(x)dν(y).

Note that if T#µ is an oblique dual of µ on V where T :W → V is measurable,
then the oblique dual probabilistic frame potential between µ and T#µ is given by∫

W

∫
W

|⟨x, T (y)⟩|2dµ(x)dµ(y).

Given a probabilistic frame µ for W , we are going to prove that its oblique
dual probabilistic frame potential is minimized among all oblique duals T#µ of
pushforward type if and only if T (y) = πVW⊥S†

µy for µ-almost all y ∈ W ; that
is, when T#µ is the canonical oblique dual (πVW⊥S†

µ)#µ up to a µ-null set. This
generalizes similar results in Proposition 3.3 about the oblique dual frame potential,
in [11, Theorem 2.2] about the dual frame potential, and in [8, Theorem 3.5] about
the probabilistic dual frame potential.

Theorem 5.3. Let W and V be subspaces such that Rn = W ⊕ V ⊥ where W has
dimension dW . Suppose µ ∈ P2(W ) is a probabilistic frame for W and T#µ is an
oblique dual frame of µ on V where T :W → V is measurable. Then∫

W

∫
W

|⟨x, T (y)⟩|2dµ(x)dµ(y) ≥ dW ,

and equality holds if and only if T (y) = πVW⊥S†
µy for µ-almost all y ∈W .

Proof. Since T#µ is an oblique dual frame to µ, for any fixed x ∈ Rn we have

πWV ⊥x =

∫
W

y⟨x, T (y)⟩dµ(y).

Note that ⟨x, T (·)⟩ ∈ L2(µ,W ), since∫
W

|⟨x, T (y)⟩|2dµ(y) ≤ ∥x∥2
∫
W

∥T (y)∥2dµ(y) < +∞.

Then, by Proposition 5.1, we know that for any fixed x ∈ Rn,

(5.1)
∫
W

|⟨x, T (y)⟩|2dµ(y) ≥
∫
W

|⟨x,πVW⊥S†
µy⟩|2dµ(y),
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and equality holds if and only if ⟨x, T (y)⟩ = ⟨x,πVW⊥S†
µy⟩ for µ-almost all y ∈W .

Therefore,∫
W

∫
W

|⟨x, T (y)⟩|2dµ(y)dµ(x) ≥
∫
W

∫
W

|⟨x,πVW⊥S†
µy⟩|2dµ(y)dµ(x)(5.2)

=

∫
W

∫
W

|⟨x,S†
µy⟩|2dµ(x)dµ(y)

=

∫
W

∫
W

|⟨(S†
µ)

1
2x, (S†

µ)
1
2y⟩|2dµ(x)dµ(y)

=

∫
W

∥(S†
µ)

1
2y∥2dµ(y)(5.3)

= dW ,(5.4)

where (5.3) is due to the fact that (S†
µ)

1
2
#
µ is a Parseval frame forW = Ran((S†

µ)
1
2 ).

Lemma 2.12 yields (5.4), since∫
W

∥(S†
µ)

1
2y∥2dµ(y) = trace

(
(S†

µ)
1
2Sµ(S

†
µ)

1
2

)
= trace(PW ) = dW .

If T (y) = πVW⊥S†
µy for µ-almost all y ∈ W , then the inequality in (5.2) is an

equality. Conversely, if (5.2) is an equality, then for µ-almost all x ∈W ,∫
W

|⟨x, T (y)⟩|2dµ(y) =
∫
W

|⟨x,πVW⊥S†
µy⟩|2dµ(y).

Hence, for µ-almost every x ∈W we have equality in (5.1), and hence

⟨x,PW (T (y)− πVW⊥S†
µy)⟩ = 0, for µ-almost all y ∈W.

In other words, we have shown that equality in the statement of the theorem
implies that ⟨x,PW (T (y) − πVW⊥S†

µy)⟩ = 0 for µ-almost every x and y in W .
Then for µ-almost all y ∈W ,

Aµ∥PW (T (y)− πVW⊥S†
µy)∥2 ≤

∫
W

|⟨x,PW (T (y)− πVW⊥S†
µy)⟩|2dµ(x) = 0,

where Aµ > 0 is the lower frame bound for µ ∈ P2(W ). Therefore, for µ-almost
all y ∈ W , PW (T (y) − πVW⊥S†

µy) = 0. Since Rn = W ⊕ V ⊥ is equivalent to
Rn = V ⊕W⊥ (see Theorem 2.1), it follows that T (y)−πVW⊥S†

µy ∈W⊥∩V = {0}
for µ-almost all y ∈W . Thus, for µ-almost all y ∈W , T (y) = πVW⊥S†

µy. □

The following lemma is a special case of a more general result about approxi-
mately dual probabilistic frames [9, Lemma 4.2].

Lemma 5.4. Let µ be a probabilistic frame for W with upper frame bound B > 0.
If ν ∈ P2(W ) is a dual probabilistic frame of µ, then ν is a probabilistic frame for
W with frame bounds 1

B and M2(ν).

We are now ready to prove Theorem 5.5, which concerns the oblique dual
probabilistic frame potential. For a given probabilistic frame for W with bounds
0 < A ≤ B, we show that the oblique dual probabilistic frame potential is bounded
below by dW A

B . Since A ≤ B, this lower bound satisfies

dW
A

B
≤ dW ,
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where dW is precisely the lower bound of the oblique dual probabilistic frame poten-
tial among all oblique duals of pushforward type in Theorem 5.3. This is because
there exist oblique dual frames of non-pushforward type (see Example 4.8), and
the minimization of the oblique dual probabilistic frame potential in Theorem 5.5
is among a larger set compared to the case in Theorem 5.3. However, the effect
of oblique dual frames of non-pushforward type becomes negligible when the given
probabilistic frame is tight (A = B), since these two lower bounds are both dW .

Theorem 5.5. Let Rn = W ⊕ V ⊥. Suppose µ ∈ P2(W ) is a probabilistic frame
for W with bounds 0 < A ≤ B, and ν ∈ P2(V ) is an oblique dual of µ on V . Then∫

W

∫
V

|⟨x,y⟩|2dµ(x)dν(y) ≥ A

B
dW ,

and equality holds if and only if µ is a tight probabilistic frame for W with bound
A > 0 and ν = (πVW⊥S†

µ)#µ.

Proof. Note that∫
W

∫
V

|⟨x,y⟩|2dµ(x)dν(y) =
∫
W

∫
V

trace(xxtyyt)dµ(x)dν(y) = trace(SµSν).

Since µ is a probabilistic frame for W with bounds 0 < A ≤ B, then

APW ⪯ Sµ ⪯ BPW ,

where PW is the orthogonal projection of Rn onto W . Since Sµ − APW and Sν

are both positive semi-definite,

trace(SµSν −APWSν) = trace((Sµ −APW )Sν)

= ∥S1/2
ν (Sµ −APW )1/2∥2Frob ≥ 0,(5.5)

and therefore

trace(SµSν) ≥ A trace(PWSν) = A trace(PWSνPW )(5.6)

= A

∫
V

∥PWy∥2dν(y).

Since ν is an oblique dual frame of µ on V , by Lemma 4.1 and Lemma 5.4, PW#ν
is a dual probabilistic frame of µ with respect to some γ ∈ Γ(µ,PW#ν) on W , with
the lower frame bound 1

B . Now let {ei}dW
i=1 be an orthonormal basis for W . Then

(5.7)
∫
V

∥PWy∥2dν(y) =
dW∑
i=1

∫
W

|⟨ei,y⟩|2dPW#ν(y) ≥
dW∑
i=1

1

B
∥ei∥2 =

1

B
dW .

Combining the above results, we have∫
W

∫
V

|⟨x,y⟩|2dµ(x)dν(y) ≥ A

∫
V

∥PWy∥2dν(y) ≥ A

B
dW .

For the equality, if µ is a tight frame for W with frame bound A and ν =
πVW⊥S†

µ#
µ, then Sµ = APW and S†

µ = 1
APW . Then by Lemma 2.3,

PW#ν = (PWπVW⊥S†
µ)#µ = (

1

A
PW )#µ.

Thus, PW#ν is a tight frame for W with bound 1
A since

SPW #ν =
1

A
PWSµ

1

A
PW =

1

A
PW .
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Hence, the inequalities in (5.6) and (5.7) become equalities, and thus∫
W

∫
V

|⟨x,y⟩|2dµ(x)dν(y) = A trace(PWSν) = A

dW∑
i=1

1

A
∥ei∥2 = dW .

Conversely, if the equality holds, we must have equalities in (5.5) and (5.7):

(5.8) ∥S1/2
ν (Sµ −APW )1/2∥2Frob = 0 and

∫
V

∥PWy∥2dν(y) = 1

B
dW .

The first implies that S
1/2
ν (Sµ −APW )1/2 = 0n×n and hence

Sν(Sµ −APW ) = S1/2
ν S1/2

ν (Sµ −APW )1/2(Sµ −APW )1/2 = 0n×n.

Therefore, Ran(Sµ − APW ) ⊂ Ker(Sν). Since ν is a probabilistic frame for
V , Lemma 2.12 implies Ker(Sν) = V ⊥ and thus Ran(Sµ − APW ) ⊂ V ⊥. Since
Ran(Sµ − APW ) ⊂ W and W ∩ V ⊥ = {0}, we conclude Ran(Sµ − APW ) = {0}.
So Sµ = APW , which shows that µ is a tight frame for W with bound A > 0.

Moreover, since PW#ν is a dual probabilistic frame of µ on W with respect to
γ ∈ Γ(µ,PW#ν), then

PW =

∫
W×W

xytdγ(x,y).

Taking the trace of both sides and using the Cauchy–Schwarz inequality twice, we
have

dW = trace(PW ) =

∫
W×W

⟨x,y⟩dγ(x,y)

≤
∫
W×W

∥x∥∥y∥dγ(x,y)(5.9)

≤

√∫
W

∥x∥2dµ(x)
∫
W

∥y∥2dPW#ν(y).(5.10)

Since µ is a tight frame for W with bound A = B, then∫
W

∥x∥2dµ(x) =
dW∑
i=1

∫
W
|⟨ei,x⟩|2dµ(x) =

dW∑
i=1

A∥ei∥2 = A dW .

Therefore, ∫
V

∥PWy∥2dν(y) ≥ 1

A
dW =

1

B
dW .

Combining this with the second equation in (5.8), we know that the equalities in
the above Cauchy–Schwarz inequalities (i.e., (5.9) and (5.10)) must hold.

Saturation of (5.10) implies that the functions F (x,y) := ∥x∥ and G(x,y) :=
∥y∥ are linearly dependent in L2(γ,W × W ), i.e., there exists a constant c ≥ 0
such that for γ-almost all (x,y) ∈ W ×W , ∥y∥ = c∥x∥. Furthermore, saturation
of (5.9) shows that for γ-almost all (x,y) ∈ W ×W , y = cxx, where cx ≥ 0 is a
constant that may depend on x. Therefore, for γ-almost all (x,y) ∈W ×W ,

∥y∥ = c∥x∥ and y = cxx.

If x is nonzero, then cx = c, and if x = 0, and setting c0 := c does not affect the
validity of the above two equations. Therefore, for γ-almost all (x,y) ∈ W ×W ,
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y = cx = cPWx, which implies γ = (Id, cPW )#µ ∈ Γ(µ,PW#ν). Thus PW#ν =
(cPW )#µ. Since PW#ν is a dual frame of µ onW with respect to γ = (Id, cPW )#µ,

PW =

∫
W×W

xyt dγ(x,y) =

∫
W

x(cx)t dµ(x) = cSµ = cAPW .

Thus, c = 1
A > 0 and PW#ν =

(
1
APW

)
#
µ. Finally, Lemma 2.3 and the fact that

ν is supported in V give

ν = πVW⊥#ν = (πVW⊥PW )#ν = (
1

A
πVW⊥PW )#µ = (πVW⊥S†

µ)#µ,

where the last equality is due to S†
µ = 1

APW . □

When W = V , the oblique dual probabilistic frame is just a dual probabilistic
frame. Therefore, Theorem 5.5 tells us that for a given probabilistic frame µ on W ,
its dual probabilistic frame potential is minimized if and only if µ is a tight frame
and the dual frame is the canonical dual, which recovers the related result of [8,
Theorem 3.7].

6. Oblique Approximately Dual Probabilistic Frame

We introduce the notion of oblique approximately dual probabilistic frame in
this section. Previous work on approximate dual frames and approximately dual
probabilistic frames can be found in [13] and [9], respectively. Throughout this
section, Rn =W ⊕ V ⊥ where W and V are subspaces of Rn.

Definition 6.1. Let µ ∈ P2(W ) and ν ∈ P2(V ) be probabilistic frames for W
and V , respectively. If ϵ ≥ 0, then ν is called an oblique ϵ-approximately dual
probabilistic frame of µ on V if there exists γ ∈ Γ(µ, ν) such that∥∥∥∥∫

W×V

xytdγ(x,y)− πWV ⊥

∥∥∥∥ ≤ ϵ,

where the above matrix norm is the operator norm induced by the Euclidean norm.

Clearly, when ϵ = 0, the oblique ϵ-approximately dual probabilistic frame is an
oblique dual frame. We can also generalize the probabilistic consistent reconstruc-
tion for oblique approximately dual frames.

Definition 6.2. Let µ and ν be probabilistic frames for W and V , respectively.
Given ϵ ≥ 0, µ and ν are said to perform probabilistic ϵ-consistent reconstruction if
there exists γ ∈ Γ(µ, ν) such that for any f ∈ Rn,

∥⟨f − f̂ , ·⟩∥L2(ν,V ) =

(∫
V

|⟨f − f̂ , z⟩|2dν(z)
)1/2

≤ ϵ∥f∥,

where f̂ =
∫
W×V

x⟨y, f⟩dγ(x,y) ∈W is the reconstructed signal.

Note that when ϵ = 0, ∥⟨f − f̂ , ·⟩∥L2(ν,V ) = 0, and thus ⟨f , z⟩ = ⟨f̂ , z⟩ for ν-
almost all z ∈ V , which implies that µ and ν perform probabilistic consistent
reconstruction. We also establish the following lemma on the relation between the
oblique ϵ-approximately dual frame and probabilistic ϵ-consistent reconstruction.

Proposition 6.3. Let µ and ν be probabilistic frames for W and V , respectively.
(1) If ν is an oblique ϵ-approximate dual of µ on V , then µ and ν do probabilistic√

Bϵ-consistent reconstruction where B > 0 is the upper bound for ν.
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(2) Conversely, if µ and ν do probabilistic α-consistent reconstruction, then ν is

an oblique ϵ-approximately dual of µ on V , where ϵ = α
√
M2(πWV ⊥S†

ν#ν).

Proof. If ν is an oblique ϵ-approximately dual frame of µ on V , then there exists
γ ∈ Γ(µ, ν) such that ∥∥∥∥∫

W×V

xytdγ(x,y)− πWV ⊥

∥∥∥∥ ≤ ϵ.

For any f ∈ Rn, let f̂ =
∫
W×V

x⟨y, f⟩dγ(x,y) ∈ W . Then ∥f̂ − πWV ⊥f∥ ≤ ϵ∥f∥.
Therefore,∫

V

|⟨f − f̂ , z⟩|2dν(z) =
∫
V

|⟨f − f̂ ,πVW⊥z⟩|2dν(z) =
∫
V

|⟨πWV ⊥f − f̂ , z⟩|2dν(z)

≤ B∥f̂ − πWV ⊥f∥2 ≤ Bϵ2∥f∥2,

which implies that µ and ν perform probabilistic
√
Bϵ-consistent reconstruction.

Conversely, if µ and ν perform probabilistic α-consistent reconstruction, then
there exists γ′ ∈ Γ(µ, ν) such that for any f ∈ Rn,∫

V

|⟨f − f̂ , z⟩|2dν(z) ≤ α2∥f∥2,

where f̂ =
∫
W×V

x⟨y, f⟩dγ′(x,y) ∈W . Since (πWV ⊥S†
ν)#ν is the canonical oblique

dual of ν on W with respect to γ̃ = (Id,πWV ⊥S†
ν)#ν ∈ Γ(ν, (πWV ⊥S†

ν)#ν), then∫
V×W

zutdγ̃(z,u) = πVW⊥ = π∗
WV ⊥ .

Thus, for any f ∈ Rn,∥∥∥∥∫
W×V

x⟨y, f⟩dγ′(x,y)− πWV ⊥f

∥∥∥∥2 = ∥πWV ⊥(f̂ − f)∥2 =

∥∥∥∥∫
V×W

u⟨z, f̂ − f⟩dγ̃(z,u)
∥∥∥∥2

=

∥∥∥∥∫
V

πWV ⊥S†
νz ⟨z, f̂ − f⟩dν(z)

∥∥∥∥2
≤
∫
V

∥πWV ⊥S†
νz∥2dν(z)

∫
V

|⟨f − f̂ , z⟩|2dν(z)

≤M2(πWV ⊥S†
ν#ν) α

2 ∥f∥2 = ϵ2∥f∥2,

where ϵ = α
√
M2(πWV ⊥S†

ν#ν). Then ν is an oblique ϵ-approximately dual of µ
on V with respect to γ′ ∈ Γ(µ, ν). □

In the remaining part of this section, we consider the oblique approximately dual
frames of perturbed probabilistic frames. We claim that if a probability measure
is close to one probabilistic frame in some oblique dual pair, then this probability
measure is an oblique ϵ-approximate dual to the other probabilistic frame in the
oblique dual pair where 0 < ϵ < 1, as explained in the following diagram.

ν ∈ P2(V ) µ ∈ P2(W )

η ∈ P2(V )

oblique dual

oblique ϵ-approximate dual
close
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In particular, since probabilistic frames can be arbitrarily well approximated
by atomic measures with finitely many atoms (e.g., by sampling), and since such
measures can be identified with classical frames, this implies that every probabilistic
frame has an oblique ϵ-approximate dual which is a classical frame.

Note that the set of probabilistic frames on V is open in P2(V ) under the 2-
Wasserstein topology, meaning that the frame property is invariant under small
perturbations.

Proposition 6.4 ([7, Proposition 1.2, Corollary 1.3]). Let ν ∈ P2(V ) be a proba-
bilistic frame for the subspace V with lower bound A > 0. If there exist η ∈ P2(V )
and γ ∈ Γ(ν, η) so that

λ :=

∫
V×V

∥y − z∥2dγ(y, z) < A,

then η is a probabilistic frame for V with frame bounds (
√
A −

√
λ)2 and M2(η).

Furthermore, if W2(ν, η) <
√
A, then η is a probabilistic frame for V with bounds

(
√
A−W2(ν, η))

2 and M2(η).

Based on this result, we establish the following lemma.

Lemma 6.5. Suppose µ ∈ P2(W ) is a probabilistic frame for W with upper bound
C > 0, and ν ∈ P2(V ) is an oblique dual frame of µ on V with lower bound A > 0
and AC ≤ 1. If 0 < ϵ < 1 and there exist η ∈ P2(V ) and γ ∈ Γ(ν, η) such that∫

V×V

∥y − z∥2dγ(y, z) ≤ Aϵ2,

then η is an oblique ϵ-approximately dual probabilistic frame of µ on V .

Proof. By Proposition 6.4, η is a probabilistic frame for V . Since ν is an oblique
dual probabilistic frame to µ, then there exists γ′ ∈ Γ(µ, ν) such that∫

W×V

yxtdγ′(x,y) = πVW⊥ = π∗
WV ⊥ .

By Lemma 2.13, there exists π̃ ∈ P(W ×V ×V ) such that πxy#π̃ = γ′, πyz#π̃ = γ

where πxy and πyz are projections to (x,y) and (y, z) coordinates. Now let γ̃ :=
πxz#π̃ ∈ Γ(µ, η). Then, for any f ∈ Rn,∥∥∥∥∫

W×V

z⟨x, f⟩dγ̃(x, z)− πVW⊥f

∥∥∥∥2 =

∥∥∥∥∫
W×V

z⟨x, f⟩dγ̃(x, z)−
∫
W×V

y⟨x, f⟩dγ′(x,y)
∥∥∥∥2

=

∥∥∥∥∫
W×V×V

(z− y)⟨x, f⟩dπ̃(x,y, z)
∥∥∥∥2

≤
∫
V×V

∥y − z∥2dγ(y, z)
∫
W

|⟨x, f⟩|2dµ(x)

≤ ACϵ2∥f∥2 ≤ ϵ2∥f∥2,
where the first inequality is due to the triangle inequality and the Cauchy–Schwarz
inequality. Then∥∥∥∫

W×V

xztdγ̃(x, z)− πWV ⊥

∥∥∥ =
∥∥∥∫

W×V

zxtdγ̃(x, z)− πVW⊥

∥∥∥ ≤ ϵ,

and hence η is an oblique ϵ-approximate dual of µ on V with respect to γ̃ ∈
Γ(µ, η). □
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One may worry about the requirement that the lower frame bound A for ν and
the upper frame bound C for µ satisfy AC ≤ 1. However, Lemma 4.1 shows that
if µ has upper Bessel bound C > 0, then ν can always be chosen with lower frame
bound A = 1

C . In this case we obtain the equality AC = 1. More generally, if ν
happens to have a smaller lower frame bound A ≤ 1

C , then AC ≤ 1.
Furthermore, if γ ∈ Γ(ν, η) in the above lemma is an optimal transport coupling

for W2(ν, η), we have the following corollary.

Corollary 6.6. Let 0 < ϵ < 1. Suppose µ ∈ P2(W ) is a probabilistic frame
for W with upper bound C > 0, and ν ∈ P2(V ) is an oblique dual frame to µ
on V with lower bound A > 0 and AC ≤ 1. If there exists η ∈ P2(V ) such
that W2(ν, η) ≤

√
Aϵ, then η is an oblique ϵ-approximately dual frame of µ on V .

Consequently, for a given probabilistic frame on W , its oblique dual probabilistic
frames on V are interior points in the set of oblique ϵ-approximately dual frames
under the 2-Wasserstein topology on P2(V ).
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