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ABSTRACT. Functions or distributions used to sample and to reconstruct sig-
nals often occur in different domains, like the Dirac delta and a band-limited
bump function in classical sampling. Oblique dual frames generalize this phe-
nomenon. In this paper, we provide new tools to study oblique dual frames
and introduce a probabilistic variant of oblique dual frames. We first present
the oblique dual frame potential and show that it is minimized precisely when
the oblique dual coincides with the canonical oblique dual. We then define
oblique dual probabilistic frames and oblique approximately dual probabilis-
tic frames. In particular, we prove that for a given oblique dual probabilistic
frame, the associated oblique dual probabilistic frame potential is minimized if
and only if the frame is tight and the oblique dual is canonical. Moreover, the
tightness assumption can be removed when the minimization is restricted to
oblique dual probabilistic frames of pushforward type. Finally, we investigate
perturbations of oblique dual probabilistic frames and show that if a proba-
bility measure is sufficiently close to an oblique dual probabilistic frame pair
in the 2-Wasserstein topology, then it forms an oblique approximately dual
probabilistic frame.

1. INTRODUCTION

Suppose # is a separable Hilbert space and W C # is a closed subspace. An
at-most countable sequence {w;};c;r C W is called a frame for W if there exist
constants 0 < A < B such that for any f € W,

(1.1) AJIEI* <D~ Kwa, )P < BIf|I*.
iel
A frame {w;};es is called a tight frame for W if we may choose A = B and
Parseval if A = B = 1. If the upper (but possibly not the lower) bound in (1.1)
holds, {w;};cs is called a Bessel sequence for W.
Given any frame {w; };c; for W, one can use dual frames to reconstruct vectors
from W: There exists another frame {v;};c; in W such that for any f € W,

reconstruction

(1.2) F=> (Ewivi=>Y (F,vi) wi.
icl iel

sampling
In particular, one can use the canonical dual frame {STWi}ig where St is the
Moore-Penrose inverse of the frame operator S : # — # for {w;};c; given by

Sf =3 i/ (f, wi)w;, for any f € 7¢.
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Frames were first introduced by Duffin and Schaeffer to analyze perturbations of
Fourier series [16] and have been widely used in signal processing [14, 27, 41, 30, 38],
where signals are modeled as vectors in a Hilbert space #, and signal measurement
or sampling is defined as taking the inner product with frame vectors, and signal
reconstruction is understood as the weighted sum of samples with dual (or tight)
frame vectors [23]. Most of the current frame literature also calls signal sampling
and reconstruction signal analysis and synthesis, respectively. When W is finite-
dimensional, the number of vectors in a frame for W is necessarily finite, which we
call a finite frame. Interested readers can refer to [10, 46] for more details on frames
and finite frames.

As seen in Equation (1.2), the sampling and reconstruction procedures of dual
frames occur in the same subspace W, because {w; }icr and {v;};cr are both con-
tained in W. However, in practice, the sampling and reconstruction can be per-
formed across distinct subspaces.

Example 1.1 ([32, Example 2.1] and [33, Example 1]). Define the signal space
PW, 4 to be the space of all band-limited signals of bandwidth within [—1/4,1/4).
By the Whittaker—Nyquist—Shannon—Someya sampling theorem, there exists a func-
tion ¢ € L2(R) such that its Fourier transform ¢ satisfies

la _i S Y <
@(7) = { decaying continuously to zero, 1<hl<
0, v > 1,

and for T =1 (which satisfies the Nyquist rate 27" - 1/4 < 1), we have

reconstruction

o0

ft)= > f)pt—n)= > (£0,) ¢(t—n), forall fePW,,.

n=-—0o n=—o0 .
sampling

Note that the sampling space is span{d,, : n € Z}, which is a subspace of the
tempered distribution space. However, the reconstruction space is span{¢(- — n) :
n € Z} C L*(R) rather than PW, 4, because ¢ ¢ PW, /4 and {¢(- —n)}nez is not
a frame for PW, /4. Thus, the sampling vectors belong to a distributional subspace,
while the reconstruction vectors lie in L?(R).

Further examples of sampling and reconstructing in different spaces include re-
constructing after irregular sampling [2, 24|, correcting for sensor issues [44], using
a frame-like construction with certain “niceness” (e.g., smoothness) of the frame-like
vectors not otherwise possible [32, 12], and decomposing Besov spaces [26]. These
and other considerations led to the development of oblique duals [22, 20, 12, 23, 21]
and the related pseudoframes for subspaces (PFFS) [32, 31, 33]. Subsequent devel-
opments of oblique dual frames appear in, e.g., [28, 15, 35, 34].

For a different perspective, consider a frame {w;};c; for W with dual frame
{Vi}tier in W. Then, it follows from Equation (1.2) that the map Py : # — #
defined by

(1.3) Py f =) (f,w)v;

icl



A LAND OF OBLIQUE DUALITY FOR FRAMES 3

satisfies P%, = Py, with Ran(Pw) = W and W+ C Ker(Py). In particular, Py,
is the orthogonal projection onto W. A natural question to ask is whether one can
define oblique projections with a formula similar to Equation (1.3).

The mathematical setting for oblique dual frames is as follows. Let # be a
separable Hilbert space and I an at-most countable index set. Suppose W and V'
are closed subspaces of # such that # = W @ V+ where V* is the orthogonal
complement of V. Let {w;};c; C W and {v;};er C V be Bessel sequences for #
and further assume that {w;},cr and {v;};cs are frames for W and V, respectively.
Then {v;}icr is an oblique dual frame of {w;};c;r on V if

Tyt = Z(f,vl)wi, forall fe #,
icl

where the map

mwye o, £ Y (Evi)ws
i€l

is the oblique projection of # onto W along V. Furthermore, {v;};c; are called
the sampling (or analysis) vectors and V' the sampling space. Similarly, {w;};cr
are called the reconstruction (or synthesis) vectors and W the reconstruction space.
Note that when V = W, the definition of oblique dual frame reduces to the standard
dual frame setting. When # is finite-dimensional, the frames are finite, and the
index set [ is finite.

Our contributions in this paper focus on the study of oblique dual frame po-
tentials and their probabilistic counterparts. The paper is organized as follows. In
Section 2, we give some background and preliminary results on oblique dual frames,
probabilistic frames, and optimal transport, which serves as a key tool in the study
of probabilistic frames. In Section 3, we study the oblique dual frame potential
where # = C" = W @ V+. In this setting, suppose {w;}Y; C W is a frame for
W with the frame operator S = 25\;1 w;w}, and {v;}, C V is an oblique dual

frame of {w;}¥; on V. In Proposition 3.3, we show that

N N

DD Hwa,v) P > dw,

i=1 j=1

where dy is the dimension of W. Moreover, equality holds if and only if {v; }é\le
is the canonical oblique dual {7y 1 STWj}j-Vzl. We further show that the mixed
coherence between {w;}¥ | and {v,;}¥, satisfies

d]/]/ (N — d]/]/)
2

X [(W;. V. > 7
Ilila‘aj |< (3] ]>| — N2(N 1) )

where saturation requires the existence of an (N, dy )-equiangular tight frame.

In Section 4, we introduce the notion of oblique dual probabilistic frames where
F = R" such that R" = W @ VL. Recall that u € P(W) is called a probabilistic
frame for W if there exist 0 < A < B < oo such that for any x € W,

Allx]? < /W | x,y) Pdu(y) < Bljx|?.
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Then we will say v € P5(V) is an oblique dual probabilistic frame of p on V if there
exists a transport coupling v € I'(u, v) such that

TwvL :/ xy'dy(x,y),
WxVv
where 7y 1 is the oblique projection of R” onto W along V*. Furthermore, given
€ >0, v e P(V) is called an oblique e-approzimately dual probabilistic frame of p

on V if there exists v € I'(p, v) such that

<€

‘/ xy'dy(x,y) — myye
WxV

In Section 5, we introduce the oblique dual probabilistic frame potential. In
particular, in Theorem 5.5, we show that if u € P5(W) is a probabilistic frame for
W with bounds 0 < A < B, and v € P,(V) is an oblique dual of y on V, then

| [ 1y Pduteyanty) =
wJVv

and equality holds if and only if u is a tight probabilistic frame for W with bound
A > 0 and v is the canonical oblique dual (7ry o SL)#N- Furthermore, as shown
in Theorem 5.3, the tightness assumption can be dropped if we minimize among
oblique dual frames of pushforward type.

Finally, in Section 6, we study oblique e-approximately dual probabilistic frames.
We show that if a probability measure is sufficiently close to an oblique dual pair
in the 2-Wasserstein metric, then it constitutes an oblique e-approximately dual
probabilistic frame. In particular, Corollary 6.6 shows that given a probabilistic
frame, its oblique dual probabilistic frames are interior points in the set of oblique
e-approximately dual frames in the 2-Wasserstein topology.

2. PRELIMINARIES

Throughout the paper, # is a separable Hilbert space, and W and V are closed
subspaces of # such that # = W @ V+, where V1 is the orthogonal complement
of V. In addition, Py, is the orthogonal projection of # onto W, 0 the zero vector
in #, 0,%, the zero matrix of size n X n, and Id the identity matrix of size n x n.
We also use x! to denote the transpose of a vector x € R™.

2.1. Oblique Projection, Oblique Dual Frame, and Consistent Recon-
struction. The following theorem gives some alternate characterizations of the
direct sum assumption # = W @ V+ and relies on the concept of the maximum
angle Oy € [0, ] between the subspaces W and V' given by
cos(Bwy) = inf  ||Pyf].
few, ||f||=1

Theorem 2.1 (|43, Theorem 2.3]). Suppose W and V' are closed subspaces of a
separable Hilbert space #. Then the following are equivalent:

(1) #=WaV=+.

(2) #=VaoW.

(3) cos(fyw) > 0 and cos(Owy) > 0.

(4) There exist Riesz bases {w;}icr and {v;}icr for W and V', respectively,

such that {w;};cs is biorthogonal to {v;}icr.
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We then recall the definition of oblique projection, which can also be used to
define oblique dual frames.

Definition 2.2. Suppose # = W @ V+. Then my o : # — W is called the
oblique projection of # onto W along V* if for any w € W and any v € V*,

Tywyviw=Ww and y v = 0.

One can check that w0 is the adjoint of 7wy, ie., myyr = (Tywe)*.
Note also that 7,2 = Py, the orthogonal projection onto W. Moreover, the
following lemma gives basic identities for oblique projections.

Lemma 2.3 (|28, Lemma 2.1]). Let W and V be closed subspaces of # so that
H=W©eo VJ_. Then TywL PW = Tywl and PWTrva = PW

Proof. Since W+ C Ker(mwy 1), we see that
TywL PW = Tywl (PW + PwL) =Tyw-L.
Similarly,

Pywrmywe = PW(TI'VWJ_ + 7TWJ_V) =Pyw.
O

Note that if {v;};cr is an oblique dual frame of {w;};c; on V, then {w;};cs
and {Pywv;}iecr are dual frames for W; similarly, {v;};c; and {Pyw;};cr are dual
frames for V' [12]. We are now ready to provide a few equivalent rigorous definitions
of oblique dual frames.

Definition 2.4 ([12, Lemma 3.1]). Suppose {w;};c; and {v;};cs are frames for W
and V, respectively, where # = W @ VL. Then {v;};cs is said to be an oblique
dual frame of {w;};cr on V if one of the following equivalent conditions holds:

(1) £=>,c/(f,vi)w;, for any f € W.

(2) mwyof =3 (f, vi)wy, for any f € .

(3) mywf =3 (f, wi)vy, for any f € .

(4) (mwyif,g) = (f,vi)(wi,g), for any f,g € #.

(5) <7TVWif7g> = Zie[<f7wi><vi7g>7 for any fvg cH.
In this case, {v;}icr and {w;};cr are called an oblique dual pair.

The notion of consistent reconstruction, which was first introduced in [44], pro-
vides another motivation for studying oblique dual frames.

Definition 2.5. Let {w;};c; and {v;}ic; be frames for W and V, respectively,
where W and V are closed subspaces of # and W NV~+ = {0}. Then {w;};c; and
{vi}icr are said to perform consistent reconstruction if, for any £ € #, (f,v;) =
(f,v;) for each i. Here, f = > icrtf, vi)w; is the signal reconstructed from f.

The assumption that W N V< = {0} in Definition 2.5 is there, in part, to ensure
unique reconstruction: that is, for any f,g € W, if (f,v;) = (g, v;) for all 7, then
f = g. Indeed, if W NV+ = {0} and (f,v;) = (g,v;) for all 4, then f —g € V+
since {v;}icr is a frame for V. Hence, f —g € W NV = {0} and thus f = g.
Conversely, if there is some nonzero h € W NV, then for any f € W, the distinct
vectors f and g :=f + h € W produce identical samples: (f,v;) = (g, v;) for all i.

Note that consistent reconstruction implies that # = W & VL. To see this,
suppose {w;};er and {v;},e; perform consistent reconstruction on #. Then for
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every f € #, we know that (f,v;) = (f,v;) for all i € I. Since {v;}ics is a
frame for V, this implies f — f € V. This means that every f € # admits the
decomposition
=f+f-Hlewavt

Since W N V1L = {0}, this implies # = W & VL.

The following theorem formalizes the connection between consistent reconstruc-
tion and oblique dual frames. The relation between oblique projection and consis-
tent reconstruction is also illustrated in Figure 1.

Theorem 2.6 (|20, Theorem 1| and [12, Lemma 3.1]). Let {w;}icr and {v;}icr
be frames for W and V where # = W & V+. Then {w;}icr and {v;}icr perform
consistent reconstruction if and only if {v;}ics is an oblique dual frame of {w;};cr
onV: for any f € #H, wyyf = f, where f = Yier(f, viywy.

Furthermore, O. Christensen and Y. C. Eldar [12] provided a parameterization
of all oblique dual frames of a fixed frame for W.

Theorem 2.7 (|12, Theorem 3.2]). Let # = W ® V+ and let {w;}ics be a frame
for W. Then the oblique dual frames of {w;}i;cr on V are precisely the families

{Vi}iel = ﬂ'VWLSTWi —i—l’lZ _Z<STWi;Wj>hj 5

Jel iel
where {h;};cr C V is a Bessel sequence for # and ST is the Moore—Penrose inverse
of the frame operator S for {w;}icr.

The frame {7y y . STw; }ier is called the canonical oblique dual of {w;}icr. It
was also shown in [20, 12, 23] that for a given f € #, among all coefficients {c; };cs €
0%(I) for which 7y o f = 3. ¢;w;, the coefficient sequence with the minimal /2
energy is given by {(f, 7y 1STw;)}icr. The reconstruction error using oblique
dual frames for signal processing can be found in [44, 45, 20, 5]: for any f € #¢,

1

f—Pyf|| <|If — fll < —
I = Pak] < I~ £ < s

Hf - PWfH:
where Oy € [0, 5] is the maximum angle between subspaces W and V. This
inequality quantifies the stability and loss introduced by using distinct sampling
and reconstruction subspaces. Moreover, it shows that the reconstruction via 7wy«
and oblique dual frames is at least as accurate as the orthogonal projection onto
W, up to a factor depending on the angle between W and V.

The following is a simple example of oblique dual frames in R?.

Example 2.8. Suppose x = (é), y = <1)7 and z = (_11> Let W = span{x}
and V = span{y}. Then V! = span{z} and R? = W@ V*. Clearly, {x} is a frame
a

for W and {y} is a frame for V. And for any f = ( )

0 € W where a € R,

f=ax=({fy)x.
Thus, {y} is an oblique dual frame of {x} on V.
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VL
; w
f=mwv. f ;

H=WeoVt

Tvowf ¥

FIGURE 1. Illustration of oblique projections and consistent recon-
struction. Here W and V' are closed subspaces of a Hilbert space
H with # = W VL. {w;}ier C W and {v;};er C V are not only
Bessel sequences for #, but {w; };cr and {v;};c; are frames for W
and V, respectively. Furthermore, 7ry;1,1 is the oblique projection
of # onto W along V-+. Consistent reconstruction requires that
mwyLf =f for all f € #, where f = Yicrf, vi)wy.

2.2. Probabilistic Frames and Optimal Transport. Let #(R™) be the set of
Borel probability measures on R™ and P(R™) C P(R"™) the set of Borel probability
measures with finite second moments. That is, if u € Po(R™), then its second
moment satisfies

Maie) = [ xlPdnt) < o
The support of p € P(R™) is defined by
supp(p) = {x € R" : for any r > 0, u(B,(x)) > 0},

where B,(x) is the open ball centered at x with radius » > 0. If p € PR")
and f : R® — R™ is a Borel measurable map where n may differ from m, then
fup € P(R™) is called the pushforward of p by the map f, and is defined as

fan(E) = (po f~1)(E) = u(f~'(E)) for any Borel set E C R™.

If f is linear and represented by a matrix A with respect to some basis, then Axu
is used to denote fup. In particular, (Id, f) is used to denote the map from R"™ to
R™ x R™ via x — (%, f(x)). In such a case, (Id, f)xu is a probability measure on
R™ x R™ that is supported on the graph of f.

Finite frames can be viewed as discrete probability measures. Consequently, one
can use probability tools (namely, optimal transport) to study frames. Suppose
{x;}Y, is a finite frame with bounds 0 < A < B for a subspace W in the Euclidean

N
space R™. Letting iy := + Y. 0x, € P(W), the frame definition in Equation (1.1)
i=1

becomes

A B
SR < [ 16y) Pasy) < T IxIP, for any x € W,
w
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Inspired by this observation, Ehler [17] introduced the concept of probabilistic
frames. Subsequently, Ehler and Okoudjou investigated the probabilistic frame
potential [18] and surveyed this area with particular emphasis on its connections
to optimal transport [19]. Note that when W C R is closed (e.g., a subspace),
w € P(W) means that we can extend the measure to a measure in P(R™) by setting
the measure of the open set R™\W to be zero. We will denote this extended measure
also with p.

Definition 2.9. Let W be a subspace of R". u € ®(W) is called a probabilistic
frame for W if there exist 0 < A < B < oo such that for any x € W,

Al < [ ] 6ey) Pauty) < Bl

The probabilistic frame g is said to be tight if we may choose A = B and Parseval
if A= B = 1. Moreover, p is a Bessel probability measure for W if the upper (but
possibly not the lower) bound holds.

One can also define the frame operator S, for a probabilistic frame p on W as
the following symmetric positive semi-definite matrix

Sy = / yy'du(y).
w
Probabilistic frames can be characterized by their frame operators.

Proposition 2.10 ([19, Theorem 12.1] and [36, Proposition 3.1]). Let p € P(W).
Then u is a probabilistic frame on W if and only if p € Po(W) and span{supp(u)} =
W. Furthermore, if u € Po(W), then p is a probabilistic frame on W if and only
if the restriction of S,, to W is positive definite, and p is a tight probabilistic frame
on W with bound A > 0 if and only if S, = A Pw, where Py is the orthogonal
projection of R™ onto W.

Since probabilistic frames on W have finite second moments, they naturally
lie in P2(W) and can be studied using optimal transport and the 2-Wasserstein
distance [19, 48]. Given two probabilistic frames p and v on W, suppose I'(u, v) is
the set of transport couplings with marginals p and v, that is,

D) = { € POV x W) magy =, 77 = ),

where 7., T, are projections onto the x and y coordinates: for any (x,y) € R” xR",
(X, y) = x and my(x,y) = y. The 2-Wasserstein distance Wa(u,v) is often used
to quantify the distance between p and v:

1/2
Waln) = (_nt [ eyl )
YEL(1v) JW x W

This is of interest even if one is only concerned with finite frames, since the 2-
Wasserstein distance can quantify the distance between probabilistic frames induced
by finite frames of different cardinalities. See [25] for details on optimal transport
and Wasserstein distance.

Let W be a subspace of R™ and p € $o(W). As above, consider the extension of
p—which we also call p—to P(R™) by setting the measure of R™ \ W to be zero.
We may then extend any measurable f : W — R to R™ — R by zero-padding or



A LAND OF OBLIQUE DUALITY FOR FRAMES 9

restrict any f : R" — R to W — R to see that L?(u, W) = L?(u, R™). Furthermore,
note that p € P5(W) also implies p € P2(R™), since

It = [ xiPdnt) < o

Therefore, for u € P2(W), its analysis operator U, : R — L?(u, W) given by
(Uux)(-) = (x,-) € L*(u, W) is well-defined (bounded), because for any x € R",

0l = [ 1.3 Pdnty) < 220200,

Then the adjoint (synthesis) operator U}; : L?(u, W) — R™ exists and is given by

szﬁwwwm

One can verify that as a map on R", the frame operator satisfies S, = U;U,,.
Similar to frames, one can reconstruct signals using dual probabilistic frames,
which are also known as transport duals [48].

Definition 2.11. Suppose p is a probabilistic frame for W. v € Po(W) is called a
dual probabilistic frame of p on W if there exists v € I'(u, v) such that

/ xy'dy(x,y) = Pw,
W xW

which is equivalent to the statement that for any f € W, foW x(y,f)dy(x,y) =f.

Note that v € P»(V) automatically implies (via extension) that v € P(R"),
and one can still define I'(p,v) := {y € P(W x V) : mppy = p, my,y = v} In
addition, if v € I'(u, v), then v € Po(W x V) also implies v € P(R™ x R™), that is,

/ xy'dy(x,y) = / xy'dy(x,y).
R xR™ WxV

Let u be a probabilistic frame for W and SL the Moore-Penrose inverse of S,,.
Then SL 4 is called the canonical dual frame of 1 on W, since

/ xytd(Id7SL)#,u(x, y) = / xx' dpu(x) SL = S#SL = Py,
WxW w

where the last identity follows from Lemma 2.12. Similarly, (SL)% uh is called the
canonical Parseval frame of y on W, since

1
/W thd(SL)2#,u(X) = (S1)'/?8,(S])"/? = Py.

Lemma 2.12. Let W be a subspace in R™ and p be a probabilistic frame for W with
frame operator S,,. Then Ran(S,) = W and Ker(S,,) = W. Furthermore, SHSL,
SLSM, and (SL)l/QSH(SL)l/2 are orthogonal projections of R™ onto the subspace W.

Proof. By standard properties of the Moore—Penrose inverse, S#SL is the orthog-
onal projection onto the range of S,,. Since y is a probabilistic frame for W, then
by Proposition 2.10, p is supported on W. Then for any f € R",

S.f= /W<f,x>xdu(x) eW.
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That is to say, Ran(S,) € W. Also note that W+ C Ker(S,), since for any
f e W, S,f =0. If we can show that Ker(S,) = W+, then it would follow from
the Rank—Nullity theorem that

Dim(Ran(S,)) + Dim(W+) = n,

and hence that Ran(S,) = W.
Now let us show Ker(S,) = W+. Suppose f € Ker(S,). Since f = fi + fjp-1,
where fiy € W and fy-. € W+, we have S,fi;. = 0 and hence

0= Suf = Su(fW + fWJ_) = SufW

Since  is a probabilistic frame for W, the restriction of S, on W is injective by
Proposition 2.10, so 0 = S, fy implies fiy = 0. Therefore, f = fy,1 € W+ and we
conclude that Ker(S,) = W+.

We have now shown that Ran(S,) = W, and thus SHSL is the orthogonal pro-
jection of R™ onto W. Since S, is symmetric, it follows that SLSH is also the
orthogonal projection onto W. Finally, the spectral decomposition of S, shows
that (S],)*/?S,,(S],)/? is the orthogonal projection of R™ onto the subspace W. [

We also need the following gluing lemma, a standard tool in optimal transport,
to “glue” two transport couplings together. Analogously to 7, and my, let 7y, and
my. be the orthogonal projections onto the corresponding coordinates, i.e., for any
(x,y,2z) € R" x R" x R™,

(X, Y,2) =X, ™(X,¥,2) =Y, Tey(X,y,2) = (X,¥), 7y:(X,y,2) = (¥,2).

Lemma 2.13 (Gluing Lemma [25, p. 59]). Let W1, Wa, and W3 be subspaces of
R™ and puy € Po(Wh), us € Po(Ws), and ps € Po(Ws), respectively. Suppose
12 € T(ur,p2) € P(Wy x Wa) and v*3 € T(pa, pu3) C P(Wa x W3) such that
wy#ym = g = wz#vz?’. Then there exists v'23 € P(Wy x Wo x W3) such that

me#yl% =412 qnd 7Ty2#’7123 =23,

3. OBLIQUE DUAL FRAME POTENTIAL

In this section, we consider the oblique dual frame potential where # is the n-
dimensional complex space C" and W and V are subspaces such that C* = W@V +.
The frame potential was introduced by Benedetto and Fickus [4], who showed that
finite unit-norm tight frames are unique optimizers of the potential. The frame
potential is the component-wise 2-norm of the frame’s Gram matrix; generalizations
to other p-norms and to probabilistic frames appeared in [18]. Such p-norms of
inner products are also of interest in spherical designs; see, e.g., [40]. Dual frame
potentials were introduced in [11], where the authors found a lower bound for the
dual 2-frame potential and the minimizer is just the canonical dual. Their work was
followed by [1], where they call the dual frame potential the “cross-frame potential”
and further generalized it to fusion frames. In [8], a probabilistic dual 2-frame
potential was introduced.

Our contribution is that we consider the p-potential over oblique dual frames;
some of the results we obtain recover the previous results concerning dual frames,
since dual frames are oblique dual frames with W = V. Note that v* denotes the
conjugate transpose of vector v € C", N the number of vectors {v;}; (respectively,
{w;}:), and dy the dimension of W, where dyy < min{n, N}. We use ST to denote
the Moore—Penrose inverse of a matrix S. By convention, the inner product (-, -)
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in C” is linear in the first input and conjugate linear in the second: for x,y € C",
(x,¥) = y*x. So the rank-one operator wv* acts as f — (f, v)w.

We first start with the definition of the oblique dual p-frame potential. We will
show that, for a given frame on W, its oblique dual 2-frame potential is minimized
by the canonical oblique dual, which generalizes [11, Theorem 2.2] concerning the
dual 2-frame potential.

Definition 3.1. Suppose C" = W & V+ and p > 0. Let {w;}¥; be a frame for W
and {v;}, an oblique dual frame of {w;}?, on V. Then the oblique dual p-frame
potential between {w;}¥ | and {v;}}V, is defined as

SO Kwi, vl

i=1 j=1

When p = 2, we often drop the parameter and refer to the potential as the
oblique dual frame potential.
The following lemma extends Proposition 24 in [1] about dual frames.

Lemma 3.2. Let {w;}}¥, be a frame for W and {v;}¥., an oblique dual frame of
{w}N, onV, where C® =W @ VL. Then

N d2
Z s G
— |<W'L7v7f>| - N

Furthermore, the equality holds if and only if (w;,v;) = dWW for each i.

Proof. Since {v;}¥ is an oblique dual frame of {w; }¥;, then w1 = Zfil w;vy.
Therefore,

N N
Z(wi, v;) = trace (Z wiv:-‘> = trace(myy L) = dw.

i=1 i=1

By the Cauchy—Schwarz inequality, we have

N
N L E v

D lwi,vi)? > —N =N

i=1

2

and the equality holds if and only if the vector ((w;, v»)?il is a scalar multiple of
the all-ones vector, that is, there exists a constant C' such that (w;,v;) = C for
each i. Computation gives C' = dW. O

Proposition 3.3. Let {w;} | be a frame for W with frame operator S = vazl W W
and {v;}| an oblique dual frame of {w;}¥.; on V, where C" = W @ V+. Then

N N
DO Hwa vy > dw,
i=1 j=1
and the equality holds if and only if {v;}}_, is the canonical oblique dual {7y v, STw; I ;.
Proof. For any f € C™, |20, Proposition 4| implies that, among all coefficients

N
{e.}N, € 2({1,...,N}) for which myyf = 3 ¢;w;, the coefficient sequence
i=1



12 DONGWEI CHEN, EMILY J. KING, AND CLAYTON SHONKWILER

with the minimal #2-norm is given by {(f, w1+ STw;)},. In other words,

N N
Do leil? =Y I(E wy Stwi)?
i=1 i=1

and the equality holds if and only if ¢; = (f, w2 STw;) for each i. Since {v;}Y, is
N

an oblique dual frame of {w;}X; on V, then for any f € C", wy i f = > (F, v;)w;.
i=1
Therefore, Z

N N
(3.1) DOUEVAP = DU mywe8Tw)) 2

Jj=1

and the equality holds if and only if v; = myy. STw;, for each j.
Suppose W = (wy,wa,--- ,wy) € C"™¥ and then S = WW?*. Letting f = w;,
in the above equation and summing over ¢, we have

N N N N N N
DD Mwi v P =YY Hwi myweSTwy) P =YY Hmwy e wi, STwy)f?
i=1 j=1 i=1 j=1 i=1 j=1
N N
=D lwa STw) P = [WSTW,
i=1 j=1
= trace((W*STW)*W*STW) = trace(W*STWW*STW)
= trace(W*STSSTW) = trace(WW*ST) = trace(SS') = trace(Py)
= dWa
where || « ||prob 1S the matrix Frobenius norm and the equalities are based on the

cyclic property of matrix trace and the facts that n{,;,, = w1 and SSt =Pyy.
(See Lemma 2.12 and consider y := 4 Zf\il Ow,.) The equality clearly holds when

Vi =Tywi Sij for each j. Conversely, if the equality holds, then for each w;, we
must have
N N
Do lwivi)lP =D lwi, myw STwy) [,
; =

Jj=1

Then by the equality condition in Equation (3.1), v; = wypu S]ij7 foreach 5. O

We now extend Lemma 3.2 and Proposition 3.3 from oblique dual 2-frame po-
tentials to oblique dual 2k-frame potentials where k£ > 1.

Corollary 3.4. Let {w;}Y, be a frame for W with frame operator S = Ziv=1 W W
and {v;}N_; an oblique dual frame of {w;}N.; on V, where C* = W@ VL. Assume
additionally that p = 2k, where k > 1. Then

N N N
D Uwi,vi)[P = NPy, and Y 0 [(wi,vi)|P = NPTPAE,

i=1 i=1j=1
Furthermore, when k > 1, the left-hand inequality is saturated if and only if
(Wi, vi) = dWW for all i, and the right-hand inequality is saturated if and only if
[(wi,v;)| is constant for all i and j and v; = 7y w1 STw; for each j.
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Proof. We will just prove the right-hand inequality. The proof for the left-hand
inequality is almost identical but uses Lemma 3.2 to analyze saturation. Since the

map |- |¥: R — R is convex, Jensen’s inequality and Proposition 3.3 imply
N N NNy
ZZ [(wi, vi) [P = NQZZ ﬁ|<wi7vj>\2k
i=1 j=1 i=1 j=1
N N b
(3.2) > N2 NN " (wy, v) [
i=1 j=1
(3.3) > N2-2kgh — N2-Pgl

When k > 1, the map |- |*¥ : R — R is strictly convex. Then saturation of (3.2)
holds if and only if |(w;, v;}| is constant for any ¢ and j, and saturation of (3.3)
follows from Proposition 3.3. O

Our next theorem is motivated by [11, Theorem 2.3 and Proposition 2.4], where
the authors obtained a lower bound for the mixed coherence of dual frames. We
generalize their results to the oblique dual frame setting and also polish the proof
in the standard dual setting. A family of unit-norm vectors {f;}, in C" is an
(N, n)-equiangular tight frame (ETF) if {£;}}, is tight and if there exists an o > 0
such that for any 7 # j, [(f;, fj>|2 = «. For an arbitrary set of unit-norm vectors
{£;}¥, in C" where N > n, the coherence is max;; |(f;, f;)|*. It has been shown
(e.g., [47]) that the coherence satisfies

9 N—-n

and the equality holds if and only if {f;}}¥; is an ETF. The inequality in (3.4) is
known as the Welch-Rankin bound. ETFs have applications in coding theory [37],
communication systems [41], and quantum information processing [49, 39]. The
construction and existence of ETFs have gained substantial attention [42, 29, 6, 3],
including the famous Zauner’s Conjecture about the existence of an ETF consisting
of n? vectors in C" [49, 3]. In the following theorem, we show that the equality
in the mixed coherence of oblique duals is saturated if and only if there exists an
(N, dw )-ETF and the oblique dual is canonical.

Theorem 3.5. Suppose W and V are subspaces of C* such that C* = W @ V*+.
Let {w;}., be a frame for W with frame operator S and {v;}}., an oblique dual
frame of {w;}N on V such that (w;,v;) = (w;,v;) for all i and j. Then

dw (N — dw)

2 w w

max [(wi, vi)[* = NN 1)

Furthermore, the equality holds if and only if any of the following equivalent condi-
tions s true:

(1) For any i # j, |(w;, ;)| is constant, and v; = myyw1STw;, for each j.
(2) The mizved Gram matriz G = ((w;,v;))i; between {w;}N| and {v;}N, is

dw N —dw
G== (IdeN+ dW(N1)Q>’
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where Idy« v is the identity matriz of size N x N and Q s a generalized
signature matriz (self-adjoint, a zero diagonal and unimodular entries off
the diagonal).

(3) For each i, define @, := ,/%(ST)%W@ Then {1}, is an (N,dw)-

equiangular tight frame for W and v; = L St w;, for each j.

Proof. Since {v;}¥, is an oblique dual of {w;}?¥, on V and the (w;,v;) are con-
stant, we have (w;, v;) = % for each i since

N N
Z<Wi’ v;) = trace <Z wwf) = trace(mwyy 1) = dw.
i=1 i=1

Therefore,
I?;?]X |<Wi>vj>|2 Z ;| levﬂ
N
= ZZ' W’Lavj Z Wzavz
=1 j=1 i=1
L L (@ dw(N —dw)
“NN-D\" N N2(N—-1)

2
where the last inequality follows from Proposition 3.3 and dy, > dTW (since dy <
N). Hence, the equality holds if and only if |(w;, v;)| is constant for all ¢ # j and
(by the equality condition in Proposition 3.3) v; = wyy Sij for each j, where
S = > w;w}. Therefore, equality is equivalent to (1).
i=1

In turn, (1) implies [(w;, v;)| = 1/ dw%vildw for any i # j, so the mixed Gram

matrix G between {w;}X, and {v;}¥, can be written as
dW N — dW
G = Id —
N ( NxN T dW(N—l)Q>’

where Idy«n is the identity matrix of size N x N and Q is a matrix with zero
diagonal and unimodular entries off the diagonal. Further, (1) yields that the 7, j
entry of the mixed Gram is

<wi,7rVW¢ STWj> = <7rWV¢wi, STWj> = <Wi,STWj>

= (82w, (8V/2)Twy ) = ((S172)Fw;, (S72)fws) = (wy, myw STwy),

so Q is self-adjoint and (1) implies (2). Conversely, if G is given as in (2), then for
any i # j, [(wi, v;)| = B /525"y Hence
dw (N —dw)
2 Yw w
I?QJX [(wi, vj) | = ma
which implies (1).
Finally, let us show (2) and (3) are equivalent. Define matrices V (Vi,- + ,VN),

W = (wy,---,wy), and ¥ = (¢, - ,¥y), where ¥ = ,/ 1)2W. Thus,
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TP = %W*STW. If (2) holds, then the equality holds and thus v; = v STw;
for each j. Hence V = 7,1, STW and

dW N*dW
1 — 7 Q| =G=V*W=WwW*Sf W) = W*STW.
N (Nxzv+ dW(N—l)Q> (T W)

Therefore, the Gram matrix of {t,}¥ | is given by

N — dw

. Ty = ~NWrSTW = 1d —
(35) dw NxN + dw(N—l)

Q

and the Welch bound saturation condition for (3.4) implies that {1,}¥; is an
(N, dw )-equiangular tight frame. Conversely, if (3) holds, then {%,}¥, is an
(N, dw )-equiangular tight frame and its Gram matrix is given as Equation (3.5).
Since v; = Ty L STWj for each j, then V = 7y 1,+ STW and thus

G =V'W = WSl (7, . W) = W*STW

Cdw .o dw N — dy
=T = <IdNXN+ dW(N—l)Q)'

The last corollary is inspired by [1, Theorem 26| and Proposition 3.3. Note that
the condition of (w;, v;) being constant for each i in Theorem 3.5 and Corollary 3.6
also holds in Example 1.1: for each j, (0;,¢;) = ¢(j — j) = ¢(0), where §; is
the Dirac distribution at j and ¢;(t) = ¢(t — j). In addition, one of the equality
conditions in Theorem 3.5 and Corollary 3.6 makes the oblique dual frames {w;}}¥
and {v;}¥ | equiangular, that is, |(w;, v;)| is constant for any i # j.

Corollary 3.6. Suppose W and V are subspaces of C" such that C* = W & VL.
Let {w;}., be a frame for W with frame operator S and {v;}}\., an oblique dual
frame of {w;}}1 on V such that (w;,v;) = (w;,v;) for all i and j. Assume
additionally that p = 2k where k > 1. Then

> Y Hwivi)lP > —5 N
N3 YN -1)

i=1 j=1

Furthermore, when k > 1, the equality holds if and only if for any i # j, |(w;, v;)|
is constant, and v; = Ty STWj, for each j.
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Proof. By the proof of Theorem 3.5, we know that (w;, v;) = dWW for each i. Since
the map |- [F: R — R¥ is convex, Jensen’s inequality shows that

Wi, Vi)l" = - ¥W‘v‘ 2k
;M Vi)l = N(N 1);N(Ni1)|< o)
| 2z 1wi vy) [P

(3'6) = Nkfl(N _ 1)k71
N N N
. |2 e Zj:l [(wi, vi) | = 505 [(wi, vi) [P [*
- Nk-1(N — 1)k-1
N N d?, 2
_ |Zi:1 Zj:l |<Wiij>‘2 - WW|2
NE-L (N -1)2-1!
Thus,
N N N
DD Hwa v = (wi, va)lP + ) [(wi, va) [P
i=1j=1 i#] i=1
N N o d% 2
- NZ-1(N—-1)%- Np—1
jdw — 4|8 dy
(3.8) N w

T NEY(N-—1)E1 NpU
where (3.7) follows from (3.6) and the fact that (w;,v;) = dWW for each ¢, and (3.8)
from Proposition 3.3 and dy > %.

When k > 1 the map |- |*: R — R is strictly convex, so equality in (3.6) holds
if and only if |(w;,v;)| is constant for any ¢ # j. This then implies the equality
condition for (3.7). For saturation of (3.8), we already have from Theorem 3.5 that
v = vaLSTWj, for each j. (]

We finish this section by comparing the constants in Corollary 3.4, Theorem 3.5,
and Corollary 3.6. In Corollary 3.4, if p > 2 and the right-hand inequality is
saturated, then computation shows that for any ¢ and j, |(w;,v;)| = @. By
the proof of Theorem 3.5 and Corollary 3.6, we know that if for each i, (w;,v;) is
constant, then (w;, v;) = %% for each i, and when the equality holds in Theorem 3.5,

N
its proof shows that

dw | N —dw C
(Wi, vj)| N\ dw v =1’ or any i # j,

and similarly for Corollary 3.6.

4. OBLIQUE DUAL PROBABILISTIC FRAMES

In this section, we introduce oblique dual probabilistic frames, which generalizes
oblique dual frames into the probabilistic frame setting. Throughout the remaining
sections, # is the Euclidean space R™ and W and V are subspaces such that
R"” = W @ V+. From now on, the inner product is the standard dot product
in R™. We use (-)" to denote the transpose of a vector or matrix and dy the
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dimension of W where 1 < dy < n. We first give a characterization motivated by
the characterization of oblique duals in [12, Lemma 3.1].

Lemma 4.1. Suppose R® = W @ VL. Let p € Po(W) and v € Po(V) be Bessel
probability measures with bounds B,, > 0 and B, > 0, respectively, and v € I'(p, v).
Then the following are equivalent:

(1) Foranyfe W, f= [, . x(y,f)dy(x,y).

(2) Forany f e R", wyyof = [, x(y, fdv(x,y).

(3) For any f e R", wywof = [, . (x,f)ydy(x,y).

(4) For any f,g € R", (myyof,8) = [i 0 (x,2)(y, F)dy(x,y).

(5) )= Juv (%0 (v, 8)dy(x,).

If any of the equivalent conditions is satisﬁed then 1 and v are probabilistic frames
for W and V' with lower bounds BLV and u, respectively. Furthermore, 1 and
Pw v are dual frames for W, and Py yp and v are dual frames for V.

For any f,g € R", (wyw.of, g

Proof. Note that (2) implies (1) trivially. To see that (1) implies (2), suppose (1)
holds and let f € R™. Then mwyof € W, so

ﬂvaf:/ x(y, wwyLf)dy(x,y) :/ x(mhyy ey, £dy(x,y)
WxV WxV

- / x{mywLy, Ddy(x,y) = / x{y, £)dy(x,y).
WxV W xV

In addition, (2) is equivalent to wy 1 = [y, Xy'dy(x,y). Taking the adjoint
on both sides leads to

TywL = W%VL = / thd’Y(Xv y)a
WxVv

which is equivalent to (3).
Next, (2) implies (4) trivially. On the other hand, if (4) is true, then for any

f,g e R",
<7TWVLf - / X<Y7 f>d7(xa y)v g> = 07
WxV

which implies (2). (3) and (5) are equivalent in a similar way.
If any of the equivalent conditions is satisfied, then (4) shows that for any f € W,

< [ 1nPdute) [ 1y 0Pty
<BEE [ [ )Pdutx).
w

Therefore, i is a probabilistic frame for W with lower bound B%/ and upper bound
Mo (). Similarly, (5) shows that v is a probabilistic frame for V' with lower bound
Biu and upper bound Ms(v). Moreover, (1) tells us that for any f € W,

] = \/ By, Ddr(xy)|

f = /Wx<PWy7f>dfy<x,y> - /wax<y,f>dfy<x, )

where 7 := (Id, Pw )4y € I'(1, Pwxv). Therefore, p and Py 4v are dual frames
for W. Similarly, one can use (3) to show that Py 4u and v are dual frames for V'
with respect to the coupling (Py,Id)xy € [(Pyyu,v). O
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We give the following definition for oblique dual probabilistic frames.

Definition 4.2. Suppose R” = W@ VL and € @2(W). Then v € P5(V) is called
an oblique dual probabilistic frame of p on V if there exists v € I'(u, v) such that

Twvi = / thdW(Xa y)-
WxV

Of course, we could have used any of the equivalent conditions from Lemma 4.1
in this definition.

In what follows, we frequently refer to an oblique dual probabilistic frame as
an oblique dual frame or simply an oblique dual. In particular, if T : W — V is
measurable and T p is an oblique dual of p with respect to (Id, T) xp € T'(p, Ty ),
then T is called an oblique dual probabilistic frame of pushforward type.

Oblique duals of pushforward type include all oblique duals for finite frames. To
see this, suppose u = % Ef\il Ow, is a probabilistic frame for W, T : W — V is
measurable, and

1 N
v=Tyu =13 Orew)
i=1

is a probabilistic frame for V. If v is an oblique dual of y with respect to (Id,T")4u,
then

mwve = [ x(T60) du) = ﬁw (}Vﬂwi))t,

which implies that {+7(w;)}, is an oblique dual frame of {w;}*; on V. Under
this interpretation, we still need the direct sum structure R» = W @ V= for the
consistent reconstruction of oblique dual frames. Furthermore, for any signal f €
R”, if we denote the reconstructed signal f as

. 1 &

f= [ xlytidixy) = 5 Y ETw)ws

WXV =

then we must have mwyy . f = f, equivalent to the consistent reconstruction by The-
orem 2.6. Similar to Definition 2.5, we have the following definition for probabilistic
consistent reconstruction, which characterizes oblique dual probabilistic frames.

Definition 4.3. Let p and v be probabilistic frames for W and V respectively,
where R” = W @ VL. Then p and v are said to perform probabilistic consistent
reconstruction if there exists v € T'(u,v) such that for any f € R, (f,z) = (f,z)
for v-almost all z € V', where f is the reconstructed signal given by

t- [ xtfarey).

Theorem 4.4. Let p and v be probabilistic frames for W and V respectively, where
R" = W@ V=L, Then p and v perform probabilistic consistent reconstruction if and
only if v is an oblique dual probabilistic frame of y on V.

Proof. Suppose v is an oblique dual probabilistic frame of p on V. Then there
exists v € I'(, v) such that

TwyL = / xy'dy(x,y).
WxV
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Hence, for any f € R”, f = . f, and for all z € V,

(t,z) = (wwv.f,2) = (f, mywoz) = (f,2),
which implies that g and v perform probabilistic consistent reconstruction.
Conversely, if 1 and v perform probabilistic consistent reconstruction, then there

exists 7 € T'(, v) such that for any f € R™ and for v almost all z € V, (f, z) = (f, z),
where

P- /Wx<y,f>da<x,y>.

For a given f € R", let o :={y € V : (f, y) # (f,y)}. By the assumption of
probabilistic consistent reconstruction, we have v(@%) = 0. Since ¥ € I'(p, v), then

(W x o) = v(a%) = 0. The two functions (x,y) — x(y,f) and (x,y) — x(y,f)
only differ on the 4-null set W x %, so

(4.1) [ xtybeicy = [ xtyndibey).
WxV WxV
Now let
Pie [ xy'ditey)
WxV
Then, for any f € R", f = Ff, and

Ff — Ff = / x(y, BYdi(x, y) = / x(y, £)d7(x,y) = F¥,
WxV WxV

where the third equality is just (4.1). Therefore, F is a projection.

Our goal now is to show F = w1, which is equivalent to Ran(F) = W and
Ker(F) = V*. Since 7 € I'(i, ), p is supported on W, and v is supported on V/,
we know V1 C Ker(F) and Ran(F) C W.

We first claim that Ker(F) = V+. To see this, suppose f; € Ker(F). If there were
zo € supp(v) so that (fy,zg) # 0, continuity of the inner product would imply the
existence of an open neighborhood By, of zg with v(B,,) > 0 (since zy € supp(v))
such that for any z € By, (f5,z) # 0. On the other hand, probabilistic consistent
reconstruction implies that for v-almost all z € V,

(fo,z) = (fo,2) = (Ffy,2) = 0.
From this contradiction we conclude that (fy,z0) = 0 for all zy € supp(v). Since
span(supp(v)) = V, this implies f; € V+. Then Ker(F) = V.
By the Rank—Nullity theorem,
Dim(Ran(F)) + Dim(V+) = n.
Since R" = W @ V1 and Ran(F) C W, this implies Ran(F) = W. Therefore,

F= TwyL = / thd;?(x7y)7
WxV
which implies that v is a probabilistic oblique dual frame of y on V. (]

The following lemma shows that once we have obtained the reconstruction for-
mula for given measures y and v, we can construct an oblique dual frame of x4 on
any arbitrary subspace K for which R® = W @ K. In particular, if x is a frame
for W and v is an oblique dual frame of @ on V', then one can construct an oblique
dual of i on any subspace K with R* = W & K.
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Lemma 4.5. Let W C R™ be a subspace. Suppose p € Po(W), v € Po(R™), and
there exists v € T'(u,v) such that for any £ € W,

f= /Wan x(y, f)dv(x,y).

Then for any subspace K for which R" = W @& K+, Tw L gV i an oblique dual
probabilistic frame of u on K.

Proof. Note that for any g € R"™, w1 g € W. Then by the assumption,

TwKLE = / (s T s g)d(x, y) = / (7 e 3, ) dy(x, ).
W xR™ W xR™

Now let 7 := (Id, 7wy 1 )¢y € T'(1, T e 1 gv) C P(W x K). Then for any g € R™,
WxK
Then by Lemma 4.1, 7 gy 1 v is an oblique dual probabilistic frame of yon K. [

Recall that Theorem 2.7 gives a parametrization of all the oblique dual frames
for a given frame in W. In the following lemma, we give an analogous parametriza-
tion of all oblique dual probabilistic frames of pushforward type. Additionally,
(Tywe SL)#,u is called the canonical oblique dual probabilistic frame of p.

Proposition 4.6. Let R" = W @ V+ and let p € Po(W) be a probabilistic frame
for W with frame operator S,,. Suppose Ty is an oblique dual frame of ; on V.
where T : W — V is measurable. Then for any x € R™, T precisely satisfies

Tx) = myws S} + 1) = [ (S| yIh(¥)auty).
where h: W — V is such that hyp € Po(V).

Proof. First, note that if T : W — V is of the above type, then Ty € P2(V). Now
define v = (Id, T) g p € T'(p, Tyep) € P(W x V). Then

Xt X = X Xt X)) = T7T 1 X Xt X
/WXV yidv(x,y) /W (%) du(x) = 8,8} myy +/W h(x) dpa(x)

*/ S, Slyh(y)'du(y) = mywy-,
w

where S#SL is the orthogonal projection onto W (see Lemma 2.12). Therefore,
T4 is an oblique dual frame to p.
Conversely, if Ty u is an oblique dual to p, then

Tywe = TyyyL = /W T(y)y'du(y).
Note that for any x € R",
T(X) = TywL SL(X) + T(X) —TTywL SL(X)
= myws S + 70 = [ (Sl y)T(w)dty).

Since Ty is an oblique dual of 4 on V, then Ty € Po(V). Setting h = T shows
that T: W — V is of the desired type. (I

We present another corollary; the proof is similar to Proposition 4.6.
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Corollary 4.7. Let R" = W @ V=+ and let p € Po(W) be a probabilistic frame for
W with frame operator S,,. Suppose Ty is an oblique dual frame of p on V' where
T : W — V is measurable. Then for any x € R™, T precisely satisfies

T(x) = mywSh(x) + h(x),
where h : W — V is such that hyp € Po(V) with [, xh(x) dpu(x) = Opxn.

The following example shows that given a probabilistic frame for W its oblique
dual probabilistic frames are not necessarily of pushforward type and can include
both discrete and absolutely continuous measures.

Example 4.8. Let W = span{(é)} and V = span{(})}. Then V+ =

span 31 and R? = W @ VL. The corresponding oblique projection 7wy .
which maps (é) to <é) and (_11> to (8) is given by w1 = (é (1)) and thus
TywL = 1 8 . Now suppose

1 1
o= 5(170) and v = 55(070) + 55(272).

Clearly, p is a probabilistic frame for W, v is a probabilistic frame for V', and there
does not exist a map 7' : W — V such that v = Txu. However, v is an oblique
dual probabilistic frame of p with respect to the product measure pu ® v, because

/W/Vthdu(X)dz/(y) = % <(1)> (2 2)= ((1) (1)> A

Furthermore, if p is the standard Gaussian measure on W, then p is a prob-

)(f) where X ~ N(0,1).

Then the frame operator and the associated Moore-Penrose inverse are S, =

Sy xx"dpu(x) = <(1) O) and S, = (1 O). Now consider the canonical oblique

abilistic frame for W and a sample from p is x = <

0 0 0

dual v := (o SL)#“' For x = 0 )

= (1) - (4 ) ()~ (1)

. . . 0
Therefore, v is a Gaussian measure supported on V with mean <

O) and covariance

. (1 1 - . .
matrix (1 1> , which is clearly absolutely continuous with respect to the Lebesgue

measure for V.

5. OBLIQUE DUAL PROBABILISTIC FRAME POTENTIAL

Recall that given f € # = W@V, and a frame {w; };c7 in W, [20, Proposition 4]
and |23, Proposition 5.1] showed that among all coefficient sequences {c; };c1 € ¢(I)
for which

wwyLf = Z CiWi,
iel
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the coefficient sequence with the minimal ¢? energy is {(f, 7wy 1. STw;)}icr, which
is induced by the canonical oblique dual frame.

In the following, we show a similar result for probabilistic frames, with functions
w € L?(u, W) substituting for the coefficient sequences.

Proposition 5.1. Let R = W @ V+ and p € Po(W) be a probabilistic frame for
W with frame operator S,,. For fized f € R", suppose wy.f = fW xw(x)dp(x)
for some w € L*(u, W). Then

W)
[ Pt = [ 16w S0Pt + [ ) = (8w S0 Pdut).
Therefore,
[ eGP0 > [ (8 ms S0Pdut.
and equality holds if and only if w(x) = (£, wy o SL ) for p-almost all x € W.

Proof. Since p € Po(W), we can interpret p as a measure on R™ and p € Po(R™).
The associated analysis operator U, : R" — L?(u, W) given by (U,x)(-) = (x,) €
L?(u, W) is well-defined (bounded). Hence, the related (adjoint) synthesis operator
Ur : L*(u, W) — R™ exists and is given by U (¢) = [,;, X (x)dpu(x). Then we have
Ker(Uy) = (Ran(U,))*, where Ran(U,,) is the range of U, and Ker(U;) is the kernel
of U, given by

Ker(t) = {v € 22009 U30) = | xutdutx) =0}

For the given w € L2(y, W),
o) = () = (s SLO) + (E v S0
Since
i) = (Ems 8L = [ xGodnx) = [ x(Slmpy £ x)aue
=mywyef =S, S mpyif =mpyf —myyf=0

where the equality follows from Lemma 2.12 that S MSL is the orthogonal projection
of R™ onto W. Therefore, w(-) — (£, mwyyo SL()) € Ker(U) = (Ran(U,))*.

Since (f, 7wy o SL()) = <SL7TW‘/L f,-) € Ran(U,), it follows that w(-)—(f, wyy + SL())
is orthogonal to (f, 72 S],(-)) in L?(p, W). Then, by the Pythagorean theorem,

leollZz oy = Nl = (€, v SLENZ2 uwy + I w2 SEON L2 0wy -

In other words,

/|w )2 dp(x) /|f7TVWJ-ST )2dpu(x) /|w fﬂ'vvwsT x)[*dp(x).
Therefore,
[ G0 > [ (8w Sx0Pdut).

and equality holds if and only if
] o) = (£ v ) Pel() = 0

which is true if and only if w(x) = (f, 7wy SLX) for p-almost all x € W. O
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When W = V, Proposition 5.1 tells us that for a probabilibtic frame g on W
and f € R", among all w € L?(p, W) for which Py f = [|;, xw(x)du(x), the func-
tion (f, SL()) induced by the canonical dual probabilistic frame has the minimum
L?(uu, W) energy. This recovers the related result [8, Proposition 3.4].

We now give the following definition for the oblique dual probabilistic frame
potential.

Definition 5.2. Let u € P»(W) be a probabilistic frame for W and v € #5(V) an
oblique dual frame of g on V. Then the oblique dual probabilistic frame potential
between 1 and v is defined as

/W /V |, y)Pdn(x)dv(y).

Note that if T is an oblique dual of 1 on V' where T': W — V is measurable,
then the oblique dual probabilistic frame potential between ;v and T4y is given by

/ / 16, T(9)) Pdp(x)dpy).
w JW

Given a probabilistic frame p for W, we are going to prove that its oblique
dual probabilistic frame potential is minimized among all oblique duals T of
pushforward type if and only if T'(y) = 7TVV[/LS y for p-almost all y € W; that
is, when T4 is the canonical oblique dual (ﬂvaS L) i up to a p-null set. This
generalizes similar results in Proposition 3.3 about the oblique dual frame potential,
in [11, Theorem 2.2] about the dual frame potential, and in [8, Theorem 3.5| about
the probabilistic dual frame potential.

Theorem 5.3. Let W and V' be subspaces such that R* = W @ V+ where W has
dimension dy . Suppose p € Po(W) is a probabilistic frame for W and Tup is an
oblique dual frame of u on V where T : W — V is measurable. Then

/ / |, T(y)) Pdpu(x)du(y) > duw,
w JW

and equality holds if and only if T(y) = mywa SLy for p-almost ally € W.

Proof. Since Tyt is an oblique dual frame to p, for any fixed x € R" we have
TywyiX = /W y(x,T(y))du(y).
Note that (x,T(-)) € L*(u, W), since

/ |6, T(y)) Puly) < ] / 1T )P duly) < +oo.
w w

Then, by Proposition 5.1, we know that for any fixed x € R™,

(5.1) | 1 T@N Pty = [ Jocmys Sy)Pauty).
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and equality holds if and only if (x, T(y)) = (x, wy L SLy> for p-almost all y € W.
Therefore,

62 [ [ o) Pauyineo > [ [ mw iy Pdu)aue
//\XSTyIQdu( )dp(y)

= [ [ s sty Pautoduty)

(5.3 S MLCARRS
w

where (5.3) is due to the fact that (SL)%#M is a Parseval frame for W = Ran((SL) 7).
Lemma 2.12 yields (5.4), since

[ 1Ly Pduty) = trace ((8])8,(81)* ) = trace(Puw) = div.
w

ET(y)=mywe SLy for p-almost all y € W, then the inequality in (5.2) is an
equality. Conversely, if (5.2) is an equality, then for p-almost all x € W,

[ 1 T@)Pduty) = [ Joc s Sy)Pauty).
Hence, for p-almost every x € W we have equality in (5.1), and hence
x,Pw(T(y) —mywe SLy)) =0, for p-almost all y € W.
In other words, we have shown that equality in the statement of the theorem

implies that (x, Pw (T(y) — 7wy SLy)> = 0 for p-almost every x and y in W.
Then for p-almost all y € W,

AP (T(y) — mywShy)|? < /W [(x, Pw (T(y) — mywShy))*du(x) = 0,

where A,, > 0 is the lower frame bound for p € #5(W). Therefore, for p-almost
ally e W, Pw(T(y) — vaLSLy) = 0. Since R" = W @ V+ is equivalent to
R" = VW (see Theorem 2.1), it follows that T'(y) — vaLS y € WtnVv = {0}
for p-almost all y € W. Thus, for p-almost ally € W, T'(y) = vaJ_S O

The following lemma is a special case of a more general result about approxi-
mately dual probabilistic frames [9, Lemma 4.2].

Lemma 5.4. Let p be a probabilistic frame for W with upper frame bound B > 0.
If v € Po(W) is a dual probabilistic frame of u, then v is a probabilistic frame for
W with frame bounds & and Ms(v).

We are now ready to prove Theorem 5.5, which concerns the oblique dual
probabilistic frame potential. For a given probabilistic frame for W with bounds
0 < A < B, we show that the oblique dual probabilistic frame potential is bounded
below by dW%. Since A < B, this lower bound satisfies

A
dw— <d
WB_ W
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where dyy is precisely the lower bound of the oblique dual probabilistic frame poten-
tial among all oblique duals of pushforward type in Theorem 5.3. This is because
there exist oblique dual frames of non-pushforward type (see Example 4.8), and
the minimization of the oblique dual probabilistic frame potential in Theorem 5.5
is among a larger set compared to the case in Theorem 5.3. However, the effect
of oblique dual frames of non-pushforward type becomes negligible when the given
probabilistic frame is tight (A = B), since these two lower bounds are both dyy .

Theorem 5.5. Let R" = W @ VL. Suppose p € Po(W) is a probabilistic frame
for W with bounds 0 < A < B, and v € Po(V) is an oblique dual of p on V. Then

| [ 1) Pdutayanty) = S
wJVv

and equality holds if and only if p is a tight probabilistic frame for W with bound
A>0andv = (myye SL)#,u.

Proof. Note that

/ / |(x, y)|?du(x)dv(y / /trace (xx"yy")du(x)dv(y) = trace(S,S,).

Since  is a probabilistic frame for W with bounds 0 < A < B, then
APw =S, = BPy,

where Py, is the orthogonal projection of R™ onto W. Since S, — APy and S,
are both positive semi-definite,

trace(S,S, — APwS,) = trace((S, — APw)S,)

(5:5) = [I8)/2(Sy. — APw)"?||fop > 0,
and therefore
(5.6) trace(S,S,) > Atrace(PwS,) = Atrace(PwS,Pw)

— A / IPwy2du(y).
1%

Since v is an oblique dual frame of p on V, by Lemma 4.1 and Lemma 5.4, Py v
is a dual probabilistic frame of ;1 with respect to some v € I'(y, Py 4v) on W, with
the lower frame bound . Now let {e;}"% be an orthonormal basis for W. Then

dw
(5.7) /||PWy|| dvly Z/ (ew,y)[2dPyw 4(y >Z—Hez||2 —dW

Combining the above results, we have

| [ e nPduixianty) = 4 [ PwylPauty) = .

For the equality, if p is a tight frame for W with frame bound A and v =

TywL S##M, then S, = APy and SL = 1Py, Then by Lemma 2.3,
1
Py v = PwmyweSh)un = (ZPW)#N

Thus, Py v is a tight frame for W with bound % since

1 1 1
SPW#I/ - prsﬂzPW - ZPW
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Hence, the inequalities in (5.6) and (5.7) become equalities, and thus

/ / [(x,y)|?du(x)dv(y) = Atrace(PwS,) AZ —||elH2
wJv
Conversely, if the equality holds, we must have equalities in (5.5) and (5.7):
1
53)  I8Y2S, — APW) P, =0 and [ [PwylPduly) = .

The first implies that S}/Q(S# — APy)'/? = 0,,5,, and hence
SV(S/L - APW) = Si/zsiﬂ(su - APW)l/Z(Su - APW)1/2 = Unxn-

Therefore, Ran(S, — APy ) C Ker(S,). Since v is a probabilistic frame for
V, Lemma 2.12 implies Ker(S,) = V* and thus Ran(S, — APw) C V*. Since
Ran(S, — APyw) C W and W N V+ = {0}, we conclude Ran(S, — APy ) = {0}.
So S, = APy, which shows that u is a tight frame for W with bound A > 0.

Moreover, since Py, 41 is a dual probabilistic frame of u on W with respect to
v € I'(u, Py ), then

Py = xy'dy(x,y).
WxWwW
Taking the trace of both sides and using the Cauchy—Schwarz inequality twice, we
have

dw = trace(Pw) = /W W<X7 y)dy(x,y)

(5.9) < / Ixllllylldvy(x, y)
W xW
(5.10) < \/ / ]| 2dpu(x) / Iy 12dPyy ().
w w
Since p is a tight frame for W with bound A = B, then
dw dW
/ P =3 / er, %) Pdu(x) = 3 Allei]|? = A duw-

=1

Therefore,

1 1
Pwyl|?dv(y) > —dw = =dw.
[ IPwyIPanty) = Saw = g

Combining this with the second equation in (5.8), we know that the equalities in
the above Cauchy—Schwarz inequalities (i.e., (5.9) and (5.10)) must hold.
Saturation of (5.10) implies that the functions F'(x,y) = [|x|| and G(x,y) =
lly|l are linearly dependent in L2(y, W x W), i.e., there exists a constant ¢ > 0
such that for v-almost all (x,y) € W x W, |ly|| = ¢||x||. Furthermore, saturation
of (5.9) shows that for y-almost all (x,y) € W x W, y = ¢xx, where ¢x > 0 is a
constant that may depend on x. Therefore, for y-almost all (x,y) € W x W,

[y[l = ellx] and y = exx.

If x is nonzero, then c¢x = ¢, and if x = 0, and setting cg := ¢ does not affect the
validity of the above two equations. Therefore, for v-almost all (x,y) € W x W,
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y = cx = cPwx, which implies v = (Id, cPw )xp € I'(u, Py 4v). Thus Py ,v =
(cPw ) p. Since Py v is a dual frame of 1 on W with respect to vy = (Id, cPw ) x4,

Py = xy' dy(x,y) = / x(cx)! du(x) = ¢S, = cAPw.
WxW w

Thus, ¢ = % >0 and Py yv = (%PW)# . Finally, Lemma 2.3 and the fact that
v is supported in V give

1
v=mywiut = (TywiPw)gr = (ZWVWLPW)#M = (myw=S])#u,
where the last equality is due to SL = %PW. ([l

When W = V, the oblique dual probabilistic frame is just a dual probabilistic
frame. Therefore, Theorem 5.5 tells us that for a given probabilistic frame p on W,
its dual probabilistic frame potential is minimized if and only if p is a tight frame
and the dual frame is the canonical dual, which recovers the related result of [8,
Theorem 3.7].

6. OBLIQUE APPROXIMATELY DUAL PROBABILISTIC FRAME

We introduce the notion of oblique approzimately dual probabilistic frame in
this section. Previous work on approximate dual frames and approximately dual
probabilistic frames can be found in [13] and [9], respectively. Throughout this
section, R” = W @& V1 where W and V are subspaces of R™.

Definition 6.1. Let u € $»(W) and v € P2(V) be probabilistic frames for W
and V, respectively. If € > 0, then v is called an oblique e-approximately dual
probabilistic frame of p on V' if there exists v € I'(u, v) such that

<e€

7

/ xy'dy(x,y) = Ty
WxV
where the above matrix norm is the operator norm induced by the Euclidean norm.

Clearly, when € = 0, the oblique e-approximately dual probabilistic frame is an
oblique dual frame. We can also generalize the probabilistic consistent reconstruc-
tion for oblique approximately dual frames.

Definition 6.2. Let p and v be probabilistic frames for W and V, respectively.
Given € > 0, p and v are said to perform probabilistic e-consistent reconstruction if
there exists v € I'(u, v) such that for any f € R,

/2

1~ £, )2y = (/|f £, 2)du(z >) < el

where f = Jov v X(y, £)dy(x,y) € W is the reconstructed signal.

Note that when € = 0, |[(f — f,)|[72¢.1) = 0, and thus (f,z) = (f,z) for v-
almost all z € V, which implies that p and v perform probabilistic consistent
reconstruction. We also establish the following lemma on the relation between the
oblique e-approximately dual frame and probabilistic e-consistent reconstruction.

Proposition 6.3. Let u and v be probabilistic frames for W and V', respectively.

(1) Ifv is an oblique e-approzimate dual of p on 'V, then p and v do probabilistic
v/ Be-consistent reconstruction where B > 0 is the upper bound for v.



28 DONGWEI CHEN, EMILY J. KING, AND CLAYTON SHONKWILER

(2) Conversely, if p and v do probabilistic a-consistent reconstruction, then v is

an oblique e-approximately dual of i on' V', where e = Oé\/M2<7fva Sl#u).

Proof. If v is an oblique e-approximately dual frame of p on V', then there exists
v € I'(u, v) such that

<e.

H/ xy'dy(x,y) — Ty L
WxVv

For any f € R, let f = Sy Xy, f)dy(x,y) € W. Then I — 7o f]| < ellf]].
Therefore,

[ 1e-taPae = [ - tmwsPi) = [ [m-t - Lol
174 1% 1%
< Bt — mwy £ < BEYE?,

which implies that p and v perform probabilistic v/ Be-consistent reconstruction.
Conversely, if p and v perform probabilistic a-consistent reconstruction, then
there exists 4/ € T'(u, v) such that for any f € R",

/ (F — £,2)Pdv(z) < o?[£]2,
\%

where f = Jov v Xy, £)dy (x,y) € W. Since (wy1,1S))#v is the canonical oblique
dual of v on W with respect to 7 = (Id, w1 S]) v € T'(v, (71 S]) 4v), then

/ zu'dy(z,0) = Ty = Ty
VxWwW

Thus, for any f € R™,
2

= ||y (f—f)

< [ Imwvasialav) | | ~t.2) vt

< My(mywysShuv) o |£]7 = €],

2

H [ty i/ ) = m £ 12 =
WxV

/ u(z,f — £)dy(z,u)
VxWwW

2

/ TwyLiShz (z,f' —f)dv(z)
14

where € = Oé\/MQ(Wva S:f,#y). Then v is an oblique e-approximately dual of u
on V with respect to 4" € T'(u, v). O

In the remaining part of this section, we consider the oblique approximately dual
frames of perturbed probabilistic frames. We claim that if a probability measure
is close to one probabilistic frame in some oblique dual pair, then this probability
measure is an oblique e-approximate dual to the other probabilistic frame in the
oblique dual pair where 0 < € < 1, as explained in the following diagram.

IS @Q(V) e @Q(W)

oblique dual
—

close
oblique e-approximate dual

ne @Q(V)
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In particular, since probabilistic frames can be arbitrarily well approximated
by atomic measures with finitely many atoms (e.g., by sampling), and since such
measures can be identified with classical frames, this implies that every probabilistic
frame has an oblique e-approximate dual which is a classical frame.

Note that the set of probabilistic frames on V' is open in $P2(V) under the 2-
Wasserstein topology, meaning that the frame property is invariant under small
perturbations.

Proposition 6.4 ([7, Proposition 1.2, Corollary 1.3]). Let v € P2(V) be a proba-
bilistic frame for the subspace V' with lower bound A > 0. If there exist n € Po(V)
and v € T'(v,n) so that

A= / ly — 2lPdr(y,z) < 4,
VXV

then 1 is a probabilistic frame for V with frame bounds (VA — V/A)? and Ma(n).
Furthermore, if Wo(v,m) < VA, then 0 is a probabilistic frame for V' with bounds
(VA = Wy(v,n))? and Ms(n).

Based on this result, we establish the following lemma.

Lemma 6.5. Suppose u € Po(W) is a probabilistic frame for W with upper bound
C >0, and v € Po(V) is an oblique dual frame of p on V with lower bound A > 0
and AC < 1. If0 < e <1 and there exist n € Po(V) and v € T'(v,n) such that

/ ly — 2l2dv(y,z) < A,
VXV

then n is an oblique e-approximately dual probabilistic frame of p on V.

Proof. By Proposition 6.4, i is a probabilistic frame for V. Since v is an oblique
dual probabilistic frame to p, then there exists 4" € T'(u, v) such that

/ yX'dy (X,y) = Tywe = Ty
WXV

By Lemma 2.13, there exists 7 € P(W x V' x V) such that 7y , & =/, my., @ =7
where 7, and 7, are projections to (x,y) and (y,z) coordinates. Now let 7 :=
Tpzp® € I'(p,m). Then, for any f € R,

2

H/vaz<x, £)dy(x,z) — wypof ? _ H/vaz@(,f)dﬁ(x,z) - /vay<x, f)dy' (x,y)

2

<[ ly-aPara [ 16 Pdue
VxVv w
< ACE|f|P <

where the first inequality is due to the triangle inequality and the Cauchy—Schwarz
inequality. Then

<e

)

H/ xz'dy(x,2) — Ty || = H/ zx'dy(x,2) — Ty
WxV WxV

and hence 7 is an oblique e-approximate dual of pu on V with respect to ¥ €
L(p,m). O
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One may worry about the requirement that the lower frame bound A for v and
the upper frame bound C for u satisfy AC < 1. However, Lemma 4.1 shows that
if u has upper Bessel bound C' > 0, then v can always be chosen with lower frame
bound A = % In this case we obtain the equality AC = 1. More generally, if v
happens to have a smaller lower frame bound A < %, then AC < 1.

Furthermore, if v € I'(v,n) in the above lemma is an optimal transport coupling
for Wy (v, n), we have the following corollary.

Corollary 6.6. Let 0 < € < 1. Suppose u € Po(W) is a probabilistic frame
for W with upper bound C > 0, and v € Po(V) is an oblique dual frame to p
on V. with lower bound A > 0 and AC < 1. If there exists n € Po(V) such
that Wa(v,n) < V/Ae, then n is an oblique e-approzimately dual frame of pn on V.
Consequently, for a given probabilistic frame on W, its oblique dual probabilistic
frames on V' are interior points in the set of oblique e-approximately dual frames
under the 2-Wasserstein topology on Pa(V').
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