DIFFERENTIAL GEOMETRY HW 3

CLAY SHONKWILER

3.

Let S be the “saddle surface” z = y? — 22, officially known as a hyperbolic
paraboloid. Parametrize S by the map X : R?> — S C R3, X(u,v) =
(u,v,v? —u?), which is the usual way to parametrize the graph of a function
from R? — R3. Choose N(u,v) to be the roughly upward pointing unit

normal vector to S at the point X (u,v).
(1) Show that:

Proof. Since X (u,v) = (u,v,v? —u?), X, = (1,0, —2u) and X, =
(0,1,2v). Then

Xu X Xy
N =0
(u,v) Xy % X
~(2u,—20,1)
B |(2U, _2’07 1)|
1
= (2u, —2v,1).
VAau? + 42 + 1
Then
dN,(Xy) = Ny
1 8u? Suv —4u
= (2v4u2 + 402 + 1+ , ) )
4u2+4v2+1( VAuZ + 402 + 1 Va2 + 402 + 1 Va2 + 402 + 1
1 2
C(4u? 4 42+ 1)3/2 (807 +2, Buv, —du).
Also,
dNy(Xy) = Ny
1 —8uwv Q2 —4v
— , =2V 4u2 + 4?2 + 1+ , )
4u? + 4% + 1 <\/4u2 +402 41 VAu2 + 402 +1 V4u2 + 402 + 1
1

p— —_ J— 2 [R— —_—
TR 1)3/2( 8uv, —8u” — 2, —4v).

(2) Check that N, and N, are both orthogonal to N.
1
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Proof. Note that

1
N,N,) = 2u(8v? 4 2) — 2 —4u) =
(N, Ny) T EwE 1)2( u(8v* + 2) — 2v(8uv) — 4u) =0
and
1 2
(N,Ny) = 2+ 21 1)2 (2u(—8uv) — 2v(—8u” — 2) — 4v) = 0,
so N, and N, are orthogonal to V. O

3) Show that at p = origin, the map dN, : T,,S — T,S is given by the
p-ip P

matrix
2 0
0 -2
with respect to the basis X, = (1,0,0), X, = (0,1, 0) of ToiginS-

Proof. At the origin, T},S lies in the wv-plane, so, with the given
basis, we can ignore the z-coordinate of dNV,. Hence,

[ 8P +2 Suw (2 0
dNP‘( —8uv —8u2—2>_<0 —2)’
since © = v = 0 at the origin. O

6.
Verify the calculations for X, X,, N, N, Ny, etc. for the helicoid
X (u,v) = (ucosv,usinv,v).
Proof. First, note that

Xy = (cosv,sinv,0) and X,, = (—usinv,ucosv, 1).

Hence,
X X X,
N(u,v) = =220
(u7 U) |Xu X XU|
 (sinv, — cos v, ucos? v + usin® v)
|(sin v, — cos v, u cos? v + usin? v)|
= ——(sinv, — cos v, u).
V14 u?
Therefore,

1 —usinv ucosv u?
Ny = , ,\/1+u2—>
Y14 u? <\/1+u2 V1+u? V14 u?
1 .
= W(—usmv,ucos v, 1)
Xy

(1+u?)3/?
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and x
N, = ———(cosv,sinv,0) = ———.
! 1—|—u2( ) V1+u?
Thus,
1 . .
(Ny, Xy) = m(—usmvcosv + usinvcosv) =0,
1 1+ u? 1
Ny, Xp) = ———(u? sin? 2eos?v+1) = =
B e (A el
1 1
Ny, X, = ——(cos®v +sin’v = —,
Wer X = AV
and
1
(Ny, Xy) = (—usinvcosv + usinv cosv) = 0.

V14 u?

7.

On a sphere of any radius, consider a great circle and a smaller circle
which are tangent to one another at some point. Let kg be the curvature
of the great circle and kg be the curvature of the small circle. Let 8 denote
the angle between their principal normals at the common point. Show that

ks = Kkg/ cosb.
o)

Proof. Let r be the radius of a circle. Then a(f) = (rcos g 7sin

o
arc-length parametrization of the circle. Hence,

. ( 16 1. a)
o =|——cos—,——sin— |,
r roor r

/1 1
/{/:‘a”‘: 7,,72:;'

Now, suppose R is the radius of the sphere. Then R is also the radius of G,

meaning that kg = %. Now, suppose r is the radius of the smaller circle S.

Then kg = % Then we see the following right triangle:

)is an

SO
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a1
Hence, cosf = 1; = --, meaning that
kG

RG
cosf’

8.

Compute the curvature g at the origin of this curve, ag(t) = (¢, 0, f(t,0)),
and show that

lagy X af
Ko = ———

|
Proof. First, note that
CV6 = (1,0, fa:) 046, - (0707 f:va;)

Note that, since the surface is tangent to the zy-plane at the origin, there
is no change in the z-direction at the origin, so f, = 0 at the origin. Hence,

jagl® =1
and
a6 X 046/ = (07_f$1‘50)7
SO | / "
an X
ko = W = ’(07 _fx$70)| - ‘fzx’
0

9.
Compute the curvature k, at the origin of the more general curve
a(t) = (t,9(t), f(t,9(t))),
and show that

o x|
e T TP

Proof. First, note that

= (0, = faa: ") = V f20 + (9")*.

of = (179/7 fz+ fyg,)
and
o' = (0,9", fuw + fyg" + fayg + Fuu(9)?)-
Now, since the surface is tangent to the xy-plane, so is the curve g(t), so
¢'(0) =0 and f; = f, = 0 at the origin. Hence,

/P =1
and
o x " = (g (foe + Fo9" + foyd + oy (@)?) = 9" (fo + f43)s = (faw + Fy9" + Foyd + Fiy(d).9")
= (07 _f:mm g”)'
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Hence,
o x|
T P

= (0, = faa: ") = V f20 + (9")%.
10.
Show that ko = ko/|cosf|.

Proof. Note that the tangent vector to a at the origin is given by o/ =
(1,¢', fz + fy9'). Therefore, the principal normal is given by

o 1 " " / "2
N R T o o T T 4 S Sl
1
= (07 g//’ fmz)

(9")? + 2.

1
= ;OL(O’ g//’ fa:ac)
since ¢, f, and f, all vanish at the origin. Hence,

e

Ra

|IN||Nqo| cos@ = (N, Ng)

Since |N| = |Ny| = 1, this implies that cos§ = % Therefore,

Ko _ ’f:m:‘ _
|cosf|  feal o
Ko
O
12.

Consider the curve «(t) on S given by
1 1
at) = <t cos @, tsinb, §at2 cos® 0 + Eth sin? 9> .
Show that
ko = k1 cos® 0 + kosin? 6,
which tells us how the normal curvature varies with direction.
Proof. First, note that
o = (cosf,sinb, at cos® § + bt sin’ )

and

o = (0,0,acos? 0 + bsin?6).
Since S is tangent to the zy-plane at the origin, the z-coordinate of o/ is
zero; hence,

lo/|? = (cos? 0 + sin® )32 = 1.
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Also,
o x a" = (sinf(acos? @ + bsin? ), — cos O(a cos? @ + bsin? ), 0),

SO

o x | = \/(sin2 6 + cos2 0)(acos? @ + bsin® §)2 = acos® § + bsin? 6.
Therefore,

ko — la/ x o'|  acos® @+ bsin? @
TP !

since k1 = a and ky = b. O

= ky cos® 0 + ko sin® 0,

16.
See attached Maple sheets.

19.
See attached Maple sheets.

20.
See attached Maple sheets.

21.

Let V be a small neighborhood of the point p on the regular surface .S,
and N(V) C 52 its image under the Gauss map N. Show that the Gaussian
curvature K of S at p is given by the limit

K= ‘}_im area(N(V))/area(V).
—p
Show that this generalizes an analogous result for the curvature of plane
curves.

Proof. By definition, Area(V) = [i, [ Xy x X,|dA. Now,
Area(N(V)) = / |Ny X Ny|dA = / | K (u,v)|| X, x Xy|dA.
N(V) N(V)

Now, as V. — p, |K(u,v)| goes to the constant map K (p), the Gaussian
curvature at p, so we can pull it outside the integral. Hence,
1 Area(N(V) Sy KXy x Xy|dA
im ——————%% = lim =
V—p Area(V) V—p fV ‘Xu X Xv|dA
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