ANALYSIS HW 5

CLAY SHONKWILER

1

Let X be a normed linear space and Y a linear subspace. The set of all
continuous linear functionals on X that are zero on Y is called the annihi-
lator of Y and denoted by Y. Show that Y' is a closed linear subspace of

the dual space, X', of X. Show that yi—vL

Proof. To see that Y is a linear subspace, suppose l1,l € Y. Then, if
yey

(lh +12)(y) = l(y) +1a(y) =0
soly+1lp € Y. Also, if c € R, (cly)(x) = cli(z) = 0, so cl; € Y. To see
that Y* is closed, suppose I, € Y and I, — L. Let € > 0. Then, for any
y € Y, there exists N € N such that, for n > N,

lIn(y) — L(y)| < €/2.
Hence,
IL(y)| =10 = L(y)| = [ln(y) — L(y)| < €/2.
Since |L(y)| is smaller than any positive number, it must be the case that
L(y) = 0, meaning L € Y+, so Yt is closed.
Now, if Y signifies the completion of Y, then it is clear that
viovt
since Y C Y. On the other hand, suppose L € Y. Let y € Y. Then there
exists a sequence y; € Y such that y; — y. Since L is continuous,

yj =~y = L(y;) = L(y)-
Since y; € Y, L(y;) = 0 for all j € N, so their limit L(y) = 0. Since our
choice of y was arbitrary, we see that L € ?L, so Yt C v

. . . S =L
Since containment goes in both directions, we conclude that Y = Y.
O

2

Consider C10, 1] with the uniform norm and let K C C[0, 1] be the set of

functions with the property that f01/2 f(t)dt — f11/2 f(t)dt = 1. Show that K

is a closed convex set not containing the origin but K has no point closest
to the origin.
1
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Proof. Suppose there exists a sequence f, € K such that the f,, converge
to f in C[0,1]. Now, since this convergence is uniform, we are justified in
switching limits and integrals:

Jo 2 Ftydt = [y F(t)dt

— [Pty oo fu(t)dt — fll/Q limy oo fo(t)dt
= limy, o fy /% fu(8)dt = limp oo [ Fu(t)dlt
= limn—>oo < 01/2 fn(t)dt - f11/2 fn(t)dt)

=1.

Hence, f € K, so K is closed. Also, for 0 < a <1 and f,g € K,

JoP(af(t) + (1= a)g(t))dt — [ p(af(t) + (1 — a)g(t))dt
o (10— gL ) + (2 ooy 3 o)

- ( o2 g(tydt — [ g(t)dt
= a+l-a
= 1L

Hence, K is convex.
Finally, consider the sequence f, as drawn below:
Then, certainly, f,, € K. Now, for each n,
n
n—2

|| follunit = max | fr(z)| =

Hence, inf || fn||unif = limp o0 -5 = 1. However, suppose there exists f €
K such that ||f||unif < 1. Then

1/2

1/2 1/2
F(t)di— €L, f(t)dt < / Lt — / b =1/24+1/2 = 1.
0 0 0

Since f € K, this inequality must actually be an equality, meaning that

1 t<1/2
f(t):{ ~1 t>1?2

However, this is not a continuous function, so f ¢ K. Hence
inf =1
feK Hf”umf
but this infimum is never achieved, so there is no point in K closest to the
origin. ([
3

Let K C L'(0,1) be the set of all f with fol f(t)dt = 1. Show that K is
a closed convex set (of L(0,1)) that does not contain the origin but there
are infinitely many points in K that minimize the distance to the origin.
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Proof. To see that K is closed, suppose that f is the limit of a sequence
fr € K. Let € > 0. Then there exists N € N such that, if n > N,

1f = fullr <e

Now,

’fo dt_l) = |fo F(t)dt — fo Jn(t) dt‘

= fo ))dt’
< fy \f - n()ldt
=|If = fulla

< €.

Since ‘ fo t)dt — 1‘ is arbitrarily small, we conclude that fo t)dt = 1,

which is to say that f € K. Hence, K is closed. To see that K is convex,
suppose f,g € K. Then, for 0 < a <1

Jolaf(t) + (1 —a)gt)dt = [ af +9(t) - ag( ))dt

:ozfo dt—l—fo dt—afo
=a+1l-«
=1.

Hence, K is convex. Certainly the origin is not in K, since fol 0dt =0 # 1.
However, for any f € K,

1 1
1= oll = sl = | rf<t>|dtz]/0 f(t)dt]:

Furthermore, if ¢ € K such that f > 0,

1 1
Hg—oulzugm:/o |g<t>rdt=/0 g(t)dt =1

There are infinitely many such g, so there are infinitely many points in K

that minimize the distance to the origin. O
4
Consider points © = (x1,22) in R? with the norm ||z|| = |21| + |22].

Let the subspace V be the z; axis and define the linear functional ¢ by
((21,0)) = 1.
a) Show that ¢ is a bounded linear functional on V.

Proof. Let (21,0), (y1,0) € V. Then
£(c(x1,0)+d(y1,0)) = £((cx1+dy1, 0)) = cr+dyr = cl((21,0)) +dl((y1,0))

for any c,d € R, so { is certainly linear on V. Now, to see that £ bounded,
we need only note that, if x = (21,0) € V

[£(2)| = (21, 0))] = [21] = |22] + 0 = |||
so [€(x)] < [[z]. 0
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b) Find all extensions of £ to a continuous linear map on R2.
Answer: Consider functionals of the form F.((x1,x2)) = 1 + cxy for
0 <c¢ < 1. Then, for x € V,

F.(x) = F.((21,0)) = 21 + ¢(0) = 1 = £(x).
Furthermore, for any y = (y1,12) € R?,

[Fe(y)] = [Fe(yr y2)l = lyr + cyol <yl +clyol < lya] + [y2] = [[yll-
Since, F,(1,0) =1 = ||(1,0)||, we see that, in fact, ||F¢|| = ||¢]|-
[ )
¢) Construct a related example for L1(0,1).
Construction: Let V = {f € L' : f(t) =0 for t € [1/2.1)} and define ¢
by
1/2

U(f) = ft)dt.

0
Then /¢ is certainly linear and bounded on V. To see this, suppose f,g € V,
¢,d € R. Then
1/2

1/2 1/2
U (cf+dg) :/O cf(t)+dg(t)dt = c f(t)dt+d/0 g(t)dt = cl'(f)+dl' (g).

For boundedness, if f € V,

1/2

F(t)dt

0

1/2 1
()| = < / F(0)dt = / F@)ldt = 1111

Now, any functional of the form
1/2 1
L(f) = ft)dt+c f(t)dt
0 1/2
where 0 < ¢ < 1 will be an extension of # to all of L*(0,1). Since there
are infinitely many such, we see that the Hahn-Banach extension is far from
unique.

&

5

Let ¢',¢> denote the Banach spaces of all complex sequences z = {z;}
with the usual norms ||z|[1 = ) |z;| < oo and ||z||sc = sup |z;| < oo and
let cg be the subspace of sequences in £*° that converge to zero.

a) If z € ¢! show that ¢(z) := Y z;jz; defines a bounded linear functional
on g with [[£]] = [[2]]1.

Proof. Let x € £°°. Then

)] = 32z < 3 sl < D 1zlllalloo = (32 121 ) lalloo = 112111l ]|
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so £ is bounded. Furthermore, if x,y € £*°, ¢,d € R,

lcx + dy) = Z zj(cxj + dyj) = cszxj + dz zjy; = cl(z) + dl(y),

so ¢ is linear. To see that [[{|| = ||z||1, let € > 0. Then, since ) |z
converges, we know there exists N € N such that, if n > N,

00
Z |Zj| < 6/2.

j=n+1
Let z = (x;)72,, where z; = Zj for j < N, z; =0 for j > N. Then x € ¢
and
oo
€)= llzlhl = |3 zas = D lal| = [ lel| < /2
N+1
Hence, we see that [[4]| = ||z]]1. O

b) Every bounded linear functional on ¢y is as above. In other words, ¢!
is the dual space of c¢g.

Proof. Suppose / is a bounded linear functional on ¢y. Denote by e; the
vector with a 1 in the j*® position and zeros everywhere else. Let = € ¢.

Then
(@) =t g e
= 20 zjt(e;)]
<20 lzjlle(es)|
<20 el lool (e
= [|2lleo 220" [€(e5)]

=l

where Y |/(ej)] = ¢ < o0, so {£(ej)} C ¢*. Hence, we see that the dual space
¢y C ¢*. Since we showed the reverse containment in part (a), we conclude
that cf, = (1. O

¢) Show that ¢ is the dual space of £!.
Proof. Let x € £*°. Define ¢(z) := > x;z;. Then, for y,z € ¢!, ¢,d € C,
Uey+dz) = ij(cyj +dz;) = chjyj + dejzj = cl(y) + dl(z),
so ¢ is linear on ¢'. Furthermore, if z € ¢!,

=) =[S wsz| <D Izl < D lalloclzsl = lelloo (3 1231) = lzllocl 211

so ¢ is bounded. Furthermore, just as in part (a), ||¢|| = ||2||cc-
Now, if £ is a bounded linear functional on ¢! and z € ¢!, then

)] = [e (D mies)| < 3 killeten] < el lal = el

Since we’ve shown a correspondance between the linear functionals on ¢!
and the elements of £>°, we conclude that ¢ is the dual space of £ O
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d) Show that ¢! is contained in the dual space (£*°)’ of />, but is not all
of (£>°) since there are elements in (£°°)’ that are zero on all of ¢.

6

a) With the positive linear functional £(f) := [ f(t)dt on C.(R) show
that the set {x € R: 0 <z < 1} is measurable.

Proof. Let A ={z € R:0 <z < 1}. Let € > 0. Define  := (—¢/2,1).
Then

QAA = (QUAN\NA) = (—€/2,1)\[0,1) = (—¢/2,0).
Then

M*(QAA) = i ~ Vol((— _
QA4) = Jdof ., Vell0) = Vol((~¢/2,0)) 9651(13270)(1(9))

where 0 < g(z) < 1. Suppose f(x) is 1 on (—€/2,0) and zero everywhere
else. Then
0
M*(QAA) = sup (L(g)) <LU(f) = / lde = —€/2 < e.
9€C(—e/2,0) —e/2

However, this is just the definition of measurable, so we see that A is mea-
surable. O

b) With the positive linear functional £(f) := [go f(z,y)dzdy, on Cc(R?)
show that the set {(z,y) € R?:0< 2 < 1,0 <y < 1} is measurable.

Proof. Let B = {(z,y) € R?:0< 2 <1,0 <y < 1} and let € > 0. Define
Q:=10,1] x [0,1].
Then
QAB = ([0,1] x [0,1]) N ([0,1] x (0,1)) = (0 x (0,1)) U (1 x (0,1)).
Now,

M*(QAB) = _inf Vol(O)
C

where O is open. Now, consider the sequence of open sets O,, = ((—1/n,1/n)x
(0,1)U((1—-1/n,141/n) x (0,1)). Then

Vol(Oy) = SupgeCc(On%OSg(m)gl(6(9)) < fi{7n fol ldydx + 11j11//: fol ldydx
=2/n+2/n=4/n.

Certainly, the sequence 4/n — 0, so we see that

M*(QAB) < inf Vol(Op) = inf — = 0.
neN neN N
Since M*(S)/geq0 for any set S, we conclude that
M*(QAB) = 0.

Therefore, B is measurable, O
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¢) With the positive linear functional ¢(f) := f(0) + 2f(1) on C.(R)
discuss which sets are measurable. Can you compute their measures?

Answer: Suppose S is a set containing neither 0 nor 1. Then we can
construct an open set {2 containing S such that Q contains neither 0 nor
1. If f € Cu(Q), then f(0) = f(1) = 0, meaning ¢(f) = f(0) +2f(1) = 0.
Hence

M*(S) = infScQO open VOI(O) < Vol(Q2)
= Supgeoc(g),ogg(x)gl(5(9)) =0.
Therefore, .S has measure 0.
On the other hand, if S’ is a set containing 0 but not 1, then we can
construct an open set 2’ containing S’ such that €’ does not contain 1.
If f € C.(O) where O is an open set not containing 1, then f(1) = 0, so

0(f) = f(0) +2f(1) = f(0). Furthermore, if O is an open set containing
zero, then there exists a function hp € C.(O) such that hp(0) = 1. Thus,

M*(Sl) == infS”C0,0 open VOI(O)
< infS’CO,O open (SupgeC’c(O),Oﬁg(m)Sl(g(g))>
< infS”CO,O open(g(hO))
= 1.

Thereforre, S’ has measure 0.

A parallel argument demonstrates that if S” contains 1 but not 0, then
the measure of S” is 2.

Finally, if S; contains both 0 and 1, then

* = inf 1(0).
M (Sl) Slc(%,nO open\/0 <O)

If Q is any open set containing S, there exists fo € C.(Q) such that
fo(0) = fo(1) =1 and 0 < f(x) < 1. Hence, {(fg) = fo(0) +2fo(1) = 3,
SO

Vol(Q) = sup (L(g)) = 3.
9€Cc(Q),0<g(x)<1

If we let gg denote the function that is 1 on ) and zero outside, then it is
also clear that

Vol(Q) = sup (L(g)) < (L(gq)) = 3.
9€Cc(Q),0<g(z)<1

Therefore, for any open @ containing S, Vol(Q) = 3. Therefore,

M* = inf | =
(Sl) S1COl,nO open Vo (0) 3’

so S7 has measure 3.
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7

In a Hilbert space H, amap U : H — H is called unitary if
(i). (Uz,Uy) = (x,y) for all z,y in H.
(ii). U is onto.
Let Q :={x € H:Ux =z} =ker(I — U) of all points left fixed by U.
a) Show that in finite dimensions property (ii) is a consequence of property
(i).
Proof. Let H be finite dimensional and let U be unitary. Suppose z,y € H
such that Uz = Uy. Then 0 = Uz — Uy = U(x — y), which is to say that
0=U—y),Ulx—y)=(-yzr—-y)=>r-y=0.
Hence, x = y, so U is injective. Since U : H — H is injective, it must be
surjective, since H is finite-dimensional. ([l

b) In the Hilbert space ¢, show that the right shift S : (z1,29,...)
(0,1, 22, ...) has property (i) but not property (ii).

Proof. Let z,y € ¢2. Then z = (x1,22,.-.,),y = (y1,Y2,...,) for z;,y; € C.
Then

(w,y) =Y 2 =0+ _ afi = (Sx, Sy),
=1 =1

so S fulfills property (i). However, There is no z € ¢? such that
Sz =(1,0,0,...,),
so S is not unitary. O
¢) View functions on the circle S! as functions periodic with period 2.

If H= L?(S') and « is real, show that the map L : f(z) — f(x + 27a) is
unitary.

Proof. Suppose f € L?(S'). Then
L(f(x —27a)) = f(x — 27 + 27ar) = f(x),

so L is surjective.
Now, let f,g € L?(S'). Then

(LfLg) = [o(LA)(Tg)
= fO; flx 4+ 2ma)g(z + 2ra)dz
= [ 2 f(u)g(u)du
= J1()(9)
= (f,9)

where we let u = x 4+ 2wa. Therefore, L is unitary. O

d) If « is irrational, find the set Q.
Answer: If « is irrational, then, if f € @),

fle)=Lf=L"f= f(x+2mma)
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for all m € Z. Since Q C L?(S'), f must also be 27-periodic. Hence, either
2mma = 27 for some integer m or 2wra = n2x for some integer n. Dividing
by 27 on both sides of each, we see that

ma=1ora=n.

Since « is irrational, neither of these is possible, so we conclude that @ is
empty if « is irrational.
)

e) If « is rational, find the set Q.
Answer: If « is rational, then, again, if f € Q,

flx)=Lf=L"f= f(x+ 2rma)
for all m € Z. Since « is rational, o = p/q for p € Z, q € Z*. Also, if

f € Q, f must be 2w-periodic. Hence, the elements of () will be precisely
those functions which are i—’;—periodic, where n € Z*.

&

f) If U is unitary, show that U* = U~! and hence that Uz = x if and
only if U*z = x. Consequently ker(I —U) = ker(I — U)*.

Proof. Let x,y € H. By definition,
(x,Uy) = (U*z,y) = (UU x,Uy).
Hence,
0= (z,Uy) — (UU*z,Uy) = (x — UU x,Uy).
Since our choice of y was arbitrary, we see that it must be the case that
x—UU*x =0, or
r=UU2= U 'o=U"z
Since our choice of x was arbitrary, this means that U~ = U*.

Hence, Uz = z if and only if z = U~z = U*z, and so ker(I — U) =
ker(I — U)*. O
g) Using (ImageL)t = kerL* for any bounded linear operator L in a
Hilbert space, conclude that H = ker(I — U) @ Image(I — U).

Proof. From problem 1 above, we know that
Tmage(I — U) " = (Image(I — U))* = ker(I — U)* = ker(I — U),

where we use the given fact to get the second equality and part (g) to get
the third. Now, since we are in a Hilbert space,

(ker(I — U))* = (Tmage(I — U)")* = Image(I — ).
Applying this result to the conclusion proved in problem 5 of last week’s
homework, we see that

H =ker(I — U) @ (ker(I — U))* = ker(I — U) ® Image(I — U).
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8. (CONTINUATION)
von Neumann’s mean ergodic theorem states that for any f € H, one has

| Nl
(1) A}gnooNZO:U r = Px

where P is the orthogonal projection onto the set Q :={x € H : Uz =z} =
ker(I — U). Equation (1) is clarly true for all z in @ = ker(I — U).

a) Prove that for all z € Image(I — U), that is z = (I — U)x for some
x € H, then

N-1

1 n
NZUZ

0

@ ~|| gt -0

‘—>O.

Proof. We see immediately that

Yo tune =Y UM = U)a
St g g,
=(x—-Ux)+ Uz —-U22)+ ...+ (UN 1o - UN2)

=z —UNz.
Hence,
1 Nl 1
n _ N
N 50 U"z —HN(Z‘—U .T})‘

b) Conclude that (2) holds for all z € Image(I — U).

Proof. First, note that, for all x € H,
|Uz|]? = Uz, Uz) = (z,2) = ||=[%,

so [[Uz|| = [|z|].

Now, let z € Image(I — U). Then there exists a sequence {z;} € Image(I—
U) such that z; — z. Let € > 0. Then there exists M € N such that, if
k> M,

||z — zi|| < €/2.
Also, from part (a), we know that for all k& there exists N € N such that, if
n>N,

< €/2.

1 n—1
~> UM%
0
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Let £k > M, n > N. Therefore,

[Ezitome|| = |[E2s U -2 + LS5 U

< %nglUm(z—zk)H—l— % gflzkH
< IO = )l + [[E S U
= L3057 e =l + |2 20 |
= llz =zl + || 57" |
<€/24¢€/2
=e.
Hence, for all z € Image(I — U),
| V-l :
NZO:U z|| — 0.

0

c¢) Use the last part of the previous problem to show that Pz = 0 if and
only if z € Image(I — U). Thus (2) proves (1) for all = that satisfy Pz =0
and thus for all z in the Hilbert space.

Proof. Certainly, as we’ve shown in (b) above, if z € Image(I — U), then
N-1
lim N — 00 Y U™z =0.
0

Furthermore, as we saw in 7(g), if z € Image( — U), then z € (ker(I —
U)*)*, meaning Pz = 0. Hence,

z € Image(I — U).
On the other hand, if Pz = 0, then z € (ker(I — U)*)* and, therefore, by
7(g), z € z € Image(I — U). By (b), then,

N-1
Pz=0= lim Umz.

N—o0

9

Let © C R™ be a bounded open set and a(z) > 0 and f(z) be smooth
functions periodic with period 2. Let H'(S') be the completion of smooth
27 periodic functions on the circle S' in the norm

]2 = /SI(W‘Q + 6?)da.
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Call u € H'(S') a weak solution of —u" + a(x)u = f on St if
/Sl[u’v’ + a(z)uwv)de = . fodx for all ve H'(Sh).
a) (uniqueness) Show that the equation —u” + a(z)u = f on S! has at
most one weak solution.

Proof. Suppose there exist two weak solutions, uq and us. Then

0= [o fvde — [g fvde = [o[u)v' + a(z)uv]de — [o[ubv’ + a(x)ugv]de
= fsl[(u’1 —ub)v' + a(x)(uy — ug)v]dx

for all v € H'(S1). Particularly, when v = uy — ug, v/ = u} — ub, so

[ = t)? + @)~ o)l =0,
Sl

Since a(z) > 0, this means that u; —ug = 0, or u; = ug, so any weak
solution must be unique. [l

b) (existence) Show that the equation —u” + a(r)u = f on S' has a
solution.

Proof. Define the norm|| - ||% such that, for v € H(S?),

Iolfy = [ 167 + afe?ld

Define the functional £(v) := [ fv. Then £ is certainly linear and

wl=| [ s

by the Holder inequality and since this norm is equivalent to the L? norm,
so £ is a bounded linear functional on the Hilbert space. Hence, by the
Riesz-Frechet Representation Theorem, there exists u € H'(S') such that
{(v) = (v,u). Therefore

fo=~L(v) = (v,u) = / [V + a(z)vu]dx,

St St
so 1 is a weak solution. O

<1 fllzzllollze < el fllezllollE

¢) Show that if b(x) is a smooth function on S! with |b(z)| sufficiently
small, then the equation —u” + b(x)u’ + a(z)u = f on S! has exactly one
weak solution.

Proof. A weak solution u to this equation must satisfy
/ [u'v" — bv'u + a(x)vulde = [ fo
St St

for all v € H(Sh).
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To show uniqueness of weak solutions, suppose uq and uy are weak solu-
tions. Then, if we let w = u1 — ug,

0= fsl fU - fsl fv = fSl [Ull'U/ — b(.’E)’U’Ul + a(m)vul]daj
— [gu[ubv — b(x)v'ug + a(z)vu]de
= [a[wv —b(z)vw + a(z)vw]ds

for all v. Particularly, when v = w

= ’U),27 xw'w axw2 ZX.
0= [ [~ byt + aa)ula

If we integrate the second term by parts, we will get

= w'2 $w/2 axw’ T = i w/2 amw2x
0—/51[( P2B()(w)? + a(z)u')d /[<1+B<>>< 2+ a(zyu?ld

S1
where B(z) = [ b(t)dt. Now, if [b(z)] is suffiently small for all 2 € S*, then
|B(z)| > —1, which in turn implies that (1 + B(z)) > 0. Since a(z) > 0,
all terms in the above integral are nonnegative, so w conclude that w = 0,
meaning u; = ue. Therefore, any weak solution to this equation is unique.
To prove existence, we now need to define another new norm, || - H%{u

where, for v € H(S1),

lolff = [ [0 = blop'o -+ a(a)e?lda.

Let £(v) = [¢1 fv. Then, again, ¢ is linear and, using Holder,

o

since this norm is equivalent to the L? norm. So ¢ s a bounded linear
functional on the Hilbert space. Now, in order to construct a weak solution
u, we need to introduce a bilinear form B(-,-), where, for v,w € H'(S'),

[£(v)] = < 1 fllz2loll g2 < el fllz2 ol

B(v,w) = /Sl [V'w" — b(z)v'w + a(z)vw]dz.

Now, we need to check the following:
(i) B is bounded
(ii) There exists b > 0 such that |B(y, y)| > b||y||? for ally € H(S1).
To see (i), let v,w € H'(S'). Then

|B(v, w)] Jor W' = b(z)v'w + a(z)vw]dz|

Jor Vw'dz| + | [o1 b(@)v'wdz| + | [g1 a(z)vwdz]|
Js1 a(z)vwdz

llav||p2[|w]| 2

cllvl iy [lwll -

INIA T IA

To prove (ii), we merely note that

|B(v,v)| = /Sl[(v’)2 = b(z)v'v + a(z)v®)dz| = |(v,0)] = ||v]?,
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so |B(v,v)| > ||v||? for all v. Therefore, by the Lax-Milgram Lemma, there
exists u such that ¢(v) = B(v,u). This means that

/ fv=1~(v) = B(v,u) = / [v'u" = b(x)v'u + a(z)vu]de,
St St
meaning v is a weak solution of the given equation. U
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