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Let p > 2 be a prime number and let f(z) =z 2 — 1.

(a): Show that every square in (Z/p)* is a root of f(z) € (Z/p)[x].

(b): Deduce that f(z) = [[i_;(x — a;), where f is as in (a) and where
{ai1,...,a,} is the set of squares in (Z/p)*.

(c): Show that —1 is a square in (Z/p)* if and only if p =1 mod 4.

Proof. Suppose —1 is a square in (Z/p)*. Then, by part (a),
o

0=f(-1)=(-1)"7 -1 = (-1)"7 =1 mod p.

Now, since (—1)¥ = £1, with (=1)¥ = 1 exactly when k is even, we
see that % is even (since 1 # —1 in (Z/p)*). Hence, p — 1 must be
divisible by 4, which is to say that p=1 mod 4.

On the other hand, if p =1 mod 4, then % is even and so
=)= ()% —1=1-1=0.

By part (b), the roots of f(x) are precisely the squares in (Z/p)*, so
we see that —1 is a square in (Z/p)*. O
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(a): Let a € Z[i]. Show that if its norm N(«) is prime in Z then « is
prime in Z[i].

Proof. Suppose « € Z][i] such that N(a) = aa is prime in Z. Sup-
pose there exist (3, € Z[i] such that 8y = a. Then, since norms are
multiplicative, N(G)N(y) = N(a). Since N(«) is prime in Z, this
implies that either N(3) or N(v) is 1. However, the only elements
of Z[i] with unit norm are 41, +i, each of which is a unit in Z][i].
Hence, either § or 7 is a unit, so we conclude that « is prime in
Z[i). O

(b): Show that the converse fails.

Proof. In PS 7 # 8, we saw that 3 is prime in Z[i]; however, N(3) =9,
which is clearly not prime in Z, so we see that the converse of the
statement in (a) is false. O
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In Z[/n], define the conjugate of & = a+ by/n to be &@ = a — by/n. Define
the norm of a to be N(a) = aa = a® — nb?.

(a): Show that a3 = a3 and that N(aB) = N(a)N(B).
Proof. Let a = a + by/n, = ¢+ dy/n. Then
afl = (a + by/n)(c+ dyn) = ac + nbd + (ad + be)v/n,

afl = (ac + nbd) — (ad + be)y/n = (a — by/n)(c — dv/n) = aB.
Hence,

N(apf) = (af)(af = apfaf = aaff = N(a)N(3).
U

(b): For which n < 0 is there a division algorithm in Z[/n], relative
to a+— N(a)?
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(a): Show that Z[/2] has infinitely many units, whereas Z[v/—2] has
only finitely many.
(b): Can you make a general conjecture about the number of units in

ZlJ/n)?
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Let p > 0 be a prime number in Z.

(a): Show that if p =1 mod 4 then p is not prime in Z[i], but instead
splits as the product of two distinct primes.

(b): Show that if p =3 mod 4 the p remains prime in Z[i].

(c): Show that if p = 2 then up to a unit, p is the square of a prime
in Z[i].

Proof. Note that
—i(1414)? = —i(1 4+ 2i 4+ 4%) = —i(26) = —2i* = 2.

Now, N(1+i) =1 +1' = 2. If B = 1 + 1, then N(a)N(B) = 2;
since 2 is prime in Z, either N(«) of N(3) is 1. The only elements
in Z[i] with unit norm are +1, i, each of which is a unit, so we see
that, in fact, 1414 is prime in Z[i] so, up to a unit, 2 is the square of
a prime in Z[]. O
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Suppose « is prime in Z[i] and let p; - - - p, be the prime factorization of
N(a) in Z.
(a): Show that «|p; for some j.
(b): Deduce that if a ¢ Z U iZ, then N(«) is prime.
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Show that o € Z[t] is prime if and only if either
(i): a = ep where € € {£1,+i} and p > 0 is a prime in Z with p = 3
mod 4; or
(ii): N(«) is prime in Z.

Let R be a commutative ring.
(a): Let I,...,I, be ideals in R, and let p C R be a prime ideal
containing I; N --- N I,. Show that I; C p for some 1.
(b): Let p1,...,p, be prime ideals in R, and let I C R be an ideal
that is contained in p; U--- U p,. Show that I C p; for some i.
(c): Explain the content of (a) and (b) geometrically.
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