ALGEBRA HW 11

CLAY SHONKWILER

1

Let V,W.,Y be finite dimensional vector spaces over K.

(a): Show that there are natural isomorphisms (V@W)* = V*@W* =
Hom(V, W*) = Hom(W, V*).

Proof. (V. @ W)* = V* @ W*: Define the map ¢ : V* x W* —
(V@ W)* by
(F,9) = (0@ w s f(0)g(w).
Then, if fi, fo € V*, g1,90 € W* and a,b € K, then
dlafi +bf2,91) = (v@w— (afi +bf2)(v)g1(w))
v@w i (afi(v) + bf2(v))gi(w)
= v@wwr (afi(v)gr(w) + bfz(v)gr(w))
= (vewrafi(v)g(w))+ (v@w— bf2(v)gi(w))
= a(v@wr— f1(v)g1(w)) +blv @ w— fa(v)gi(w))
= ag(f1,91) +bd(f2,91)

and

o(f1,a91 +bg2) = v@wr fi(v
= vw+r fi(v

) agi + bgg)(w)

)(agi(w) + bga(w))

(v)g1(w) + bf1(v)g2(w))

= (vewr afi(v)g(w)) + (v@w = bfi(v)gz(w))
a(v®@w— fi(v)gi(w)) +bv @ w — f1(v)g2(w))
= ad(f1,91) + bo(f1, 92),

so ¢ is bilinear. Therefore, by the universal property of the tensor
product, ¢ induces a unique linear map ® : V@W* — (VW)*. To
show that ® is an isomorphism, then, it suffices merely to show that
® is injective, since V@ W* and (V @ W)* have the same dimension
(namely dim V' - dim W). Now, suppose f € V* and g € W* such
that ®(f ® g) = 0. Then

0=2(f®g)=(v@w— f(v)g(w)),
Suppose f # 0. Then f(vg) # 0 for some vy € V. Then, since

0= (vo®@w — f(vo)g(w))
1

(
(

= vwwr (afi(v
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for all w, we see that g(w) = 0 for all w € W. Alternatively, if g # 0
then f = 0. Therefore, if f ® g € ker ®, then

®0
feg= { g@ g } =0
so ker ® = 0 and so @ is injective and, therefore, an isomorphism.
V* @ W* = Hom(V,W*): Define the map ¢ : V* x W* —
Hom(V, W*) by
¢ (z,y) = (vi—x(v)y.
Ifx,20 € V* y1,y2 € W* and a,b € K, then
¢(az1 +bra,y1) = v (az1 + bx2)(v)y1
= v (ax1(v) + bxa(v))y1
= v azi(v)y1 + bza(v)ys
(v = az1(v)y1) + (v = baz(v)y1)
ad(x1,y1) + bd(x2, y1)

and

d(z1,ay1 +by2) = v (21(v)(ayr + bys)
= v axi(v)yr + b1 (v)y2
= (v azi1(V)y1) + (v bxi(v)ya)
= ad(z1,y1) + bo(x1,y2)

so ¢ is bilinear. Therefore, by the universal property of the tensor
product, it induces a unique linear map ® : V*@W* — Hom(V, W*).
We want to show that ® is an isomorphism; to that end, since V* ®
W* and Hom(V,W*) have the same dimension (namely dim(V) -
dim(W)), we need only show that ® is injective. Suppose

o(fog)=0
for f € V* and g € W*. Then

0=2(f®g)= (v f(v)g),
which is to say that f(v)g(w) =0 for all v € V and w € W. Clearly,
this occurs only if f =0 or g =0, so

f®g={ ggg }=0,

so ker ® = 0 and, thus, ® is injective and, therefore, is an isomor-
phism.
Hom(V, W*) = Hom (W, V*): Define ® : Hom(V, W*) — Hom(W, V*)
by
(V= g) = (= (v g(w)))
and ¥ : Hom(W, V*) — Hom(V, W*) by

(W= f) = (v (0= f(v)).
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Then, if (v +— ¢1), (v — g2) € Hom(V, W*), then

(v g) + (v g2) =

P(v = (g1 + 92))

w i (v (g1 + g2)(w))

w = (v (g1(w) + g2(w)))

w = ((v—= g1(w)) + (v = ga(w)))

(w
(
(w))) + (w = (v = ga(w)))

(wi= (v = g1

= ®(vr—g1)+ P(v go),
so ® is a homomorphism. If (w — f1), (w — f2) € Hom(W, V™),

then

U(w— fi) + (w— f2)) =

V(w— (f1+ f2))
v (W (fi+ f2)(v)

— e (e (i(0) + fo(0))

= (v (we fi(v) +

so ¥ is a homomorphism. Now, if (v —
(v+— g(w)), then

Tod(vrsg) =

let f =

On the other hand, if (w — f) € Hom(W,V*) and we let g = (w

f(v)), then
&0 U(w )

Therefore, we see that

Vo ® = Idyom(v,wr)

so, in fact, ® and ¥ are

(b): Show that there is a natural isomorphism Hom(V ® W,Y)

Hom(V,Hom(W,Y)).

v ((w e fi1(v) + (w = fa(v)))
(v = (w = fa(v)))
U(w  fa),

g) € Hom(V,W*) and we

U(w e f1)+

Y(w = (v g(w)))
U(w — f)

v (w = f(v))

v (w— g(w))

Vg

—

(v = (w— f(v)))
(v —g)

w = (v— g(w))

w = (v f(v))

w— f.

oV = IdHom(W,V*)7

isomorphisms.

O
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Proof. Let m : V. x W — V ® W be the standard projection and
suppose f € Hom(V ® W,Y). Then f o is a bilinear map from
V xW toY. Define & : Hom(V @ W,Y) — Hom(V, Hom(W,Y")) by

f—= (e (w— fomr(v,w))).

Then, since f o7 is bilinear, w +— f o (v, w) is a linear map. Now,

if f1, fo € Hom(V @ W,Y) and a,b € K, then
D(afi +bfs) = v (w— (af; +bf2) onm(v,w))

w i (afi om(v,w) + afsom(v,w)))

v (
= v ((wr—afon(v, + (w = bfy om(v,w))
v ( )

s
s

+ b(w — fyom(v,w
) (0 b e foo
)+ b(v = (w fro

)
(v, w)) )
a(w — fi om(v, w)) )

= (v a(w— from(v,w)) (v, w)))
(v, w)) (

w v,w)))

a(v = (w— from(v,
= a®(f1) +b2(f2),

so ® is a homomorphism. Since the dimensions of Hom(V @ W,Y)
and Hom(V,Hom(W,Y")) are the same (namely the product of the
dimensions of V, W and Y'), we need only show that ® is injective.
Suppose, then, that ®(f) =0 for f € Hom(V ® W,Y). Then

0=2a(f) = (v (wr fom(v,w))),
so form(v,w) =0 for all v € V and w € W. Thus, for v € V and
we W,
0= fom(v,w) = flvew),

so f = 0. Therefore, we see that ker ® = 0, so ® is an isomorphism.
O

(c): Show that Hom(V ® W,Y") is naturally isomorphic to the vector
space of bilinear maps V x W — Y.

Proof. Let B = the space of bilinear maps V x W — Y. By the
universal property of tensor products, if f € Hom(V ® W,Y’), then
fom is a bilinear map from VxW toY (where 7 : VW — VW is
the standard projection). Therefore, define ® : Hom(V@W,Y) — B
by

(f) = fom.
Then, if fi, fo € Hom(V @ W, Y) and a,b € K, then

D(afi +bfs) = (afi +bfa)om=afiom+afyom =a®(f1)+ bP(fo),

so @ is a homomorphism. On the other hand, if g € B, then, by the
universal property of the tensor product, g induces a unique linear
map g € Hom(V ® W,Y) such that g = gow. Define ¥ : B —
Hom(V @ W,Y) by ¥(g) = g. Now, suppose g1,92 € B, a,b € K.
Then

ag + bga = Y(agy + bge) o™ = agy + bgz o .
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Therefore,
(a¥(g1) +0¥(g2))om = (agr+bgz)om
= agiom+bgpomw
= ag1 +bgo
T(agy + bgs) o T;

since the induced map is unique, we see that a¥(gy) + b¥(g2) =
V(ag; + bga), so ¥ is a homomorphism.
Now, if f € Hom(V ® W,Y), then

Voo(f) = W(for)=f
and, if g € B, then
PoW(g) =V(g)om =g,

so Vo ® = Idyomvewy) and ® oV = Idpg, so we see that ¢ and ¥
are isomorphisms. ([l

2

Let R be the ring of polynomial functions on the unit sphere S? C R3.

Thus this ring is given by R = R[z,y, 2]/(2? + y* + 2% — 1).
(a): Let P = (0,0,1) € S?, and let Rp = {g\f,g € R;g(P) # 0}.
Show directly that Rp is a local ring, and find a set of generators

for I.

Proof. Let U C Rp be the set of units in Rp. Let g € U. Then
2 € Rp, which means that f(P) # 0. On the other hand, if g € Rp

f
such that f(P) # 0, then % € Rp and so 5 € U. Therefore,

U= {§|f,g € R, f(P) #0,g(P) #o}.

Therefore, if J C Rp is an ideal, J C Rp — U. However, Rp — U is
itself an ideal: if £ € Rp — U and £ € Rp, then

fr_fr
g9 9 g9
and f(P)f'(P) =0 f'(P) = 0,50 L. L, € Rp — U; call this ideal

I. Then [ is clearly the unique maximal ideal, since we’ve just seen
that all other proper ideals must be contained in I. Specifically,

e )
I—{grf,geR,ﬂP) o,g<P>7éo}.

Now, certainly z,y,z — 1 € I; we claim that these three elements
generate I. Now, if f(P) =0, then

flz,y,2) = xay’B(z - 1)7h(z,y, z)
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for a, 8,7 > 0 and at least one of the «, 3, strictly positive and
h € Rp, so we see that the set {z,y,z — 1} generates I. O

(b): Show that I2 C I but that 12 # I. Let I/I? be the image of I
under the ring homomorphism Rp — Rp/I?. Show that I/I? is a
2-dimensional vector space over R.

Proof. Clearly, since I is an ideal, I? C I. Let f,g € I. Then, in
R[x7 y7 z]’

deg(fg) = deg(f) + deg(g)-
The only relation in R is

22 y? 22 =1,

2 2

which gives the relations 22 = 1 — y? — 2%, 4> = 1 — 22 — 22 and
22 = 1—22—y%. Note that none of these relations (except the original
one) are degree-reducing. Hence, viewed in R, deg(fg) is equal to the
degree of fg in Rz, y, 2] unless fg is divisible by 22 + y? + 22. Since
22 +y%+2? is irreducible in R[z, y, 2], fg cannot be so divisible unless
either f or g is divisible by 224+y?+22. However, since z2+1y%+2%2 =1
in R, we can make this substitution prior to multiplying and so, if
we take deg(f) and deg(g) to be the minimal degrees of elements of
the equivalence classes of f and g in R[x, y, 2], we see that deg(fg) =
deg(f) + deg(g) in R.
Now, suppose = € I?. Then there exist f,g € I such that

f(ZE, Y, Z)g(l‘,y, Z) =x.

Hence,

1 = deg(z) = deg(fg) = deg(f) + deg(g),
so either deg(f) = 0 or deg(g) = 0. This, however, implies that
either f or g is constant in R; since there are no constant terms in I,
this is impossible. Therefore, we conclude that = ¢ I? and so I? # I.
Now, let f € I/I?. Then, since x,y,z — 1 generate I,
f(.’IJ, Y, Z) - fl(x7 Y, z)xa + f2($7 Y, z)yﬂ + fg(.’E, Y, Z)(Z - 1)7
for fi, f2, fs € Rp and o, 8,7 € N—{0}. Now,

) (z+1)(z=1) 22-1 —(2®+9?) -1
zZ — — = = —
z+1 z+1 z+1 z+1
since z2 + y? € I?, so, in fact,
f(wvyaz) = fl(xvya Z)'ra + fQ(CC,y, Z)yﬂ

in I/I?. Now, if a > 1, then

(z* +y?) € I?,

2@ =2"lxel?
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and, similarly, if 3 > 1, y® € I?, so we see that & = 3 = 1. Since
fi.fp€Rp, = and fa = 92 for g1, 92, h1, he € R and hy(P) #
0, ha(P) # 0. Hence,

f(CC,y,Z) _ gl(wvyvz)l‘_’_ Q(xvya Z)

g
hl(l‘aya Z) hg(m,y,z)y'

Let N
hi(z,y,z) = hi(x,y, z) — h;i(0,0,1).
Then h;(P) = 0 and so h; € I2. Thus, in I/12, hihy = 0 and

ff? =0, so
ho(z,y,2)g1 (2, y, 2)x + ha(2,y, 2)92(2, ¥, 2)y
= flz,y,2)(h(2,y, 2)ha(2,y, 2))
= f(@,y,2)((h(z,y,2) — h1(0,0,1) + h1(0,0,1))(ha(z, y, 2) — h2(0,0,1) + h2(0,0,1)))
= fz,y,2)((hi(z,y, 2) + 71(0,0,1)) (h2(z, y, 2) + ha(z,y, 2)))
= f(@y2)(ha(z,y, 2)ha(w,y, 2) + h1(2,y, 2)h2(0,0,1)

+h2(l‘a Y, Z)hl (Oa O’ 1) + h1(07 07 1)h2(03 07 1))
= f(z,y,2)11(0,0,1)h2(0,0,1).

. h h

Therefore, since ¢} = W’%(U:O,l) and g, = Wii(o,o@) € R,
f@,y,2) = gi(2,y, 2)x + g5(2,y, 2)y

for g1, ¢4 € R.

Let _
9(2,y, %) = gi(@,y,2) = 4:(0,0,1).
Then gl( ) =0, so gz € I and hence gz(x,y, z)x € I?. Thus,

g (2,9, 2)z = (g} (2,1, 2)—7;(0,0,1)+4; (0,0, 1))z = ¢, (z,y, 2)z+4} (0,0, 1)z,

which is equal to simply ¢/ (0,0,1)z in I/I%. A similar argument for
gh and y yields the result

Therefore, since ¢1(0,0,1) and ¢5(0,1,0) are simply scalars, we see
that I/I? is a 2-dimensional vector space over R with basis {z,y}.
O

In the situation of problem 2:

(a): Let T C R? be the tangent plane to S? at P. Thus, T =
{(z,y,1)|z,y € R}. Show that T is a 2-dimensional vector space
over R, under the addition (z,y,1) + (2/,3/,1) = (x + o',y + ¢, 1)
and scalar multiplication ¢(z,y, 1) = (cz, cy, 1). What is the 0-vector
of T7
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Proof. Let (x,y,1),(2',y',1) € T. Then
(.9, )+ (@ ¢ 1) = (x+a"y+y 1) eT
and, if ¢ € R,
c(z,y,1) = (cx,cy,1) € T,
so T is closed under addition and scalar multiplication. Also,
o((z,y,1) + (¢, 1)) =cle+ 2",y +y,1) = (c(z+a),cly+y)1)

= (cx+cx',cy+cy,1)
= c(z,y,1) +c(@y,1)

and, for d € R,

(c+d)(z,y,1) = ((c+d)z, (c+d)y, 1) = (cx+dx, cy+dy, 1) = c(x,y, 1)+d(x,y, 1),

so the distributive laws hold and so T is a vector space. Note that
(0,0,1) is the 0 vector of T. If (z,y,1) € T, then

(z,y,1) =x(1,0,1) +y(0,1,1)
and, if ¢,d € R such that
¢(1,0,1) +d(0,1,1) =0,

then

0=c(1,0,1) +d(0,1,1) = (c,d, 1),
so ¢ = d = 0. Therefore, we see that {(1,0,1),(0,1,1)} is a basis for
T, and so we conclude that T is two-dimensional. O

(b): Let f € T*, the dual space of T'. Show that f : T — R extends
to a unique linear functional f’ : 1@3 — R. Let f:5? — R be the
restriction of f’ to S?. Show that f € R, and moreover f € I.

Proof. Let f € T*. Then define f': R? — R by
f’(x,y, Z) = f(xvyv 1)'
Let (z,v,2),(2',y,2') € R and let a,b € R. Then
f(a(z,y,2) +b(z',y,2") = flax+bx' ay+ by, az+b2')
= flax + b’ ay+by',1)

= af(x,y,1)+bf(a',y,1)
= af'(z,y,2) +bf' ("¢, ),

so we see that f’ is linear. Furthermore, if there exists linear g :
R? — R such that g|7 = f, then, for c € R,

9(0,0,¢) = g(c(0,0,1)) = cg(0,0,1) = c- 0 = 0.
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Hence, for any (x,y,2) € R3,

f(@,y,2) —g(x,y,2) = flx,y,1) —g((z,y,1) + 0,0,z — 1))
= flz,y,1) = (9(2,y,1) +9(0,0,2 — 1))
= (‘73 ya ) f( Y, )_9(07072_1)
= —9(0,0,2—1)
= 0

since our choice of (z,y,2) was arbitrary, we see that g = f/, so f’
is the unique linear extension of f to R3. Let f : S?> — R be the
restriction of f to S2.

Now, let ¢; = £(1,0,0), c2 = f(0,1,0) and ¢c3 = f(0,0,1). Then
c3 = 0 since (0,0,1) is the 0 element of T and, for (z,y,2) € R3,

f(x,y,2) = f((%,0,0)+ (0,y,0) + (0,0, 2))
f(2,0,0) + f(0,y,0) + f(0,0, 2)
= zf(1,0,0) +yf(0,1,0) + zf(0,0,1)
Cc1Z + coy + c3z

= c1x + ¢y,
so f € R. Furthermore,
f(P) = f(0,0,1) =0,
so fel. O

(c): If f € T*, let ¢(f) € I/I? be the image of f € I under I — I/I?.
Show that ¢ : T* — I/I? is an isomorphism of vector spaces.

Proof. Note, first, that if f € T%,
o(f)=1r

where f’ is as defined in (b) above.

Let e; = (1,0,1) and e2 = (0,1,1). Then ej, ey defines a basis
on T'. Let fi, fo be the corresponding dual basis for 7. Now, since
fi(z,y,2) = x extends f; and fa(x,y,2) = y extends fy and we saw
in (b) that such extensions are unique, we see that f; and fo are the
unique linear extensions of f; and fa to maps R? — R. Let f] and
f} be their restrictions to S?. Then

¢(fi) = fi==zand ¢(f2) = f3 =y,
the basis on I/I%. Now, let f € T*. Then
f=afi +bfs
for a,b € R. Furthermore, if f(z,y, z) = ax + by, then

flz,y,1) = az + by = afi(z,y,1) + bf (z,y,1) = f(z,y,1),
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so f is the unique extension of f to a linear functional on R3. Hence,
if f’ is the restriction of f to S?, then

(f)(&f1+bf2)(.’1?, Y, Z) = ¢(f)($, Y, Z) = f/(xv Y, Z) = ar+by = a(b(fl)(xa Y, Z)+b¢(f2)($a Y, 2)7
so we see that ¢ is linear on the basis elements of T*. Thus, ¢ is
linear; since ¢ maps the basis of T bijectively onto the basis of I /12,
we see that ¢ is, in fact, an isomorphism. O
(d): Conclude that T is isomorphic to (I/1%)* via ¢.
Proof. Since ¢ : T* — I/I? is an isomorphism, the following se-
quence is exact:

¢

0——=T*——I/I? —0.

In PS10#4, we showed that induced maps on duals preserve exact
sequences, s0O

O<7T**<i(f/12)*<70

is exact, and so ¢* : (I/I?)* — T** is an isomorphism. Now, T**
is naturally isomorphic to 7" by the map v : T** — T defined in
PS10+4#5, so we see that the composition

Yod*: (I/I)" =T

is an isomorphism. ([l

4

Let V be a K-vector space and let 0 — W' — W — W” — 0 be an
exact sequence of K-vector spaces. Show that the induced sequences 0 —
VoW - VeW - VoW’ — 0; 0 - Hom(V,W') — Hom(V,W) —
Hom(V,W") — 0; and 0 — Hom(W", V) — Hom(W,V) — Hom(W',V) —
0 are also exact.

Proof. Let us denote the maps as follows:

G F

(1) 0 w’ w w" 0
(2) 0 vew —& —vew — sy oW 0
(3) 0 — Hom(V, W) "> Hom(V, W) ——> Hom(V, W") — 0
(4) 0 ~— Hom(W’, V) <&— Hom(W, V') <X— Hom(W", V) <— 0

Let e1,..., e, be a basis for V.
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(2): To see that (2) is exact, we need to show:
ker G® =0 im G® = ker F® im F* =V o W".
To see that ker G® = 0, suppose v ® w’ € ker G®. Then
0=Gvew) =G,

so either v = 0 or G(w’) = 0. Since G is injective, this implies that either
v=0orw =0. Since 0@ w =0 =v®0, we see that v ® w € ker G®
implies v ® w’ = 0. Hence, G® is injective.

To see im F® =V @ W”, let Zle v; @w € V@ W". Then, since F is
surjective, there exist wy, ..., wy € W such that F(w;) = w!. Therefore,

k k
F® (Zw@wi):ZF@(vi@wZ sz®FwZ Zv,@wé’,
i=1

=1

so we see that F'® is surjective.
Finally, to see that im G® = ker F®, first let Zle v; @ w; € im G®.
Then there exist w] € W’ such that G(w}) = w; for all i = 1,..., k. Now,

k k
P (z we wi) - S P
=1 =1
k
= Z v; @ F(w;)
=1

k
= > v @ F(G(w))
=1
k
= Z%’@O
=1
= ()’
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since im G = ker F, so we see that im G® C ker F'®. On the other hand, if
Zle v; @ w; € ker F®, then, for eachi =1,...,k, v; = > i1 aisej and

k
0 = F® (Zv@-@wi)
=1

k
= Z v; ® F(wz)
=1

k n
= Z Zaijej ®F(wi)
=1 \j=1
n k
= Z €4 & (Z CLZ‘jF(wi))
7j=1 i=1

n k

= Zej & (Z F(aijwi)>
j=1 i=1
n k

= Zej ® F (Zaiij) ;

j=1 i=1

since e; ® w is linearly independent of e; ® w’ for any w,w’ € W and ¢ # j,
we see that this implies that

k
F (Z al-jwl-> =0
i=1

for all j = 1,...,n. Therefore, since (1) is exact, there exists w; € W’ such
that G(w}) = Ele ai;w; for each j =1,...,n.
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Now,

n

G® Zej@)w} = ZG®(e]~®w;~)
j=1

Jj=1

n
= Z ej ® G(w))
j=1
n k
= Zej & <Z (lijuh')
j=1 i=1
n k
= Z Z e; ® Q;;W;

j=1i=1

n k
- SN agon

j=1 i=1
k n
- > wsou
i=1 j=1
k n

= E aijej & w;
1

i=1 \j=
k

= Zw@wi,

=1

so ker F® C im G®. Having proved containment both ways, we conclude
that ker F® =im G®, and so conclude that (2) is exact.
(3): To see that (3) is exact, we must show that

ker G, =0 im Gy = ker F, im F, = Hom(V, W").
Note that for ¢ € Hom(V,U) and H : U — U’, H, : Hom(V,U) —
Hom(V,U’) is defined by
H.(¢)(v) = (H o $)(v)

for any vector space U.
Now, let ¢ € ker GG,. Then

0=Gu(9)(v) = (Gog)(v) = G(¢(v))

for all v € V. Since G is injective, this in turn means that ¢(v) = 0 for all
v €V, so ¢ = 0. Therefore, we see that ker G, = 0.

Now, let ¢ € Hom(V,W"). Let v € V. Then there exists w € W such
that F'(w) = ¢(v), since F is surjective. Therefore, define ¢ : V.— W by

Y(v) = w.
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To see that v is linear, let v,v" € V and a,b € K. Then t(v) = w and
P(v') = w' for w,w’ € W. Then F(w) = ¢(v) and F(w'") = ¢(v') and, since
F is linear, F(aw + bw') = aF(w) + bF(w'). Hence,
P(av + bv') = aw + buw' = a(v) + by (v'),
so 1 € Hom(V,W). Furthermore, for all v € V, there exists w € W such
that F'(w) = ¢(v) and
F(¥)(v) = (Foy)(v) = F(¢(v) = Fw) = ¢(v),

so we see that Fi(¢) = ¢, so Fi is surjective.

Now, to see that im G, = ker Fj, let ¢ € im G,. Then there exists
¥ € Hom(V, W’) such that G«(¢) = ¢. Hence, for v € V,
Fi(9)(v) = (Fog)(v) = F(¢(v)) = F(G+(¥)(v)) = F(G(¥(v))) = (FoG)(¢(v)) =0,
since F' o G = 0. Since our choice of v was arbitrary, we see that Fi(¢) =0,
so im G, C ker F,. On the other hand, if ¢ € ker F, then

0= Fi(¢)(v) = (Fo¢)(v) = F(¢(v))
for all v € V. Since (1) is exact, there exists w € W’ such that G(w) = ¢(v)
for allv € V. Hence, define ¢ : V.— W’ by ¥(v) = w. Then, if v,v" € V and
a,b € K, then ¢(v) = w and 9 (v') = w’ for some w,w’ € W'. Furthermore,
G(w) = ¢(v) and G(w') = ¢(v') and, since G is linear, G(aw + bw') =
aG(w) + bG(w'). Hence,
P(av + bv') = aw + bw' = a(v) + by (v'),
so ¢ € Hom(V,W’). Now, for v € V, ¢(v) = w for some w € W' and

Gu(P)(v) = (Goy)(v) = G(Y(v)) = G(w) = $(v),
s0 G«(1)) = ¢ and so we see that ker F, C im G,. Therefore, since contain-
ment has been shown both ways, we see that im G, = ker F, and so (3) is
exact.
(4): To see that (4) is exact, we must show that

ker F* =0  im F* =ker G* im G* = Hom(W’, V).
Note that for ¢ € Hom(U',V) and H : U — U’, H* : Hom(U',V) —
Hom(U, V) is defined by
H*(¢)(v) = (¢ 0 H)(u)

for any vector space U.
Now, let ¢ € ker F'*. Then, for all w € W,

0=F(¢)(w) = (¢ o F)(w) = ¢(F(w)).
Since F' is surjective, this implies that ¢(w”) = 0 for all w” € W”, so ¢ = 0.
Hence, ker F* = 0.
Let ¢ € Hom(W', V). mg : W — W be the orthogonal projection onto
the image of G in W. Define ¢v : W — V by

Y(w) = (o Gt omg)(w).
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Then 1 is well-defined, since G=! : im G — W' is well-defined (because G
is injective). Note that, if w1, ws € im G and a,b € K, then G(w}) = w;
and G(wh) = wsy for some w,w) € W' and
G(aw] + bwh) = aG(w]) + bG(wh) = aw; + bw,,
so G~ (aw; +bwy) = aw] + bw). Therefore, if w,w’ € W and a,b € K, then
Y(aw +bu') = (¢0G™! omg)(aw + bu')

= H(G Y mg(aw + bw')))

= ¢(G*1(G7TG( ) + b (w ')))

= ¢(a(G™ omg)(w) +b(G ™ o 7TG)( )

= a(¢po G omg)(w) +b(po Gt omg)(w')

= ay(w) + by (w')

since ¢ and 7 are linear. Therefore, we see that ) € Hom(W, V). Further-
more, for all w’ € W,

(GT o) (w') = G*(¥)(w) = (Yo G)(w') = P(G(w))

= (poG M omg)(G(w))
= ¢(G(na(G(W")))

= ¢(G7H(G(w"))

= ¢(u'),

so G* o1 = ¢ and thus G* is surjective.
To see that im F* = ker G*, let ¢ € im F*. Then ¢ = F* o ¢ for some
¥ € Hom(W" V). Therefore, for w' € W',

(GTog)(w') = (¢oG)(w') = (Fo))(G(w)) = (¥oF)(G(w')) = ¢(F(G(w")))
since F'o G = 0. Therefore, since our choice of w’ was arbitrary, we see that
G*o¢p=0,s0im F* C ker G*.
On the other hand, suppose ¢ € ker G*. Then, for all w’ € W/,
P(G(w) = (¢ 0 G)(w') = G*(¢)(w') = 0.
Define ¢ : W — V by
P(w") = plw),
where F'(w ) = w”. Since F is surjective, this 1/1 is defined for all w” € W".
Then, if w},w) € W” and a,b € K, F(w;) = w{ and F(wz) = w} for some
wy, wy € W. Furthermore,
F(aw; + bws) = aF (wy) + bF (w2) = aw! + bw)
SO

U(awy +bwy) = ¢lawy + bwz) = ag(wy) + bp(wz) = ap(wy) + bib(wy);

hence, ¢» € Hom(W”, V). Now, if w € W, then ¢(F(w)) = ¢(wy) for some
wp € W such that F'(w) = F(wp). Hence,

0= F(w) — F(w) = F(w — wo),
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so w—wy € ker FF = im G. Hence, w — wg = G(w') for some v’ € W'.
Therefore,

Fr ) (w) = (Yo F)(w) = (F(w)) = ¢
= o(w+ (wo — w))
= o(w)+¢
= ¢(w) + ¢(G(w'))
= o(w),

since ¢(G(w')) = 0 for all w’ € W’. Since our choice of w was arbitrary, we
see that F* o) = ¢, so ker G* C im F*. Having shown containment both
ways, we conclude that im F* = ker G* and thus that (4) is exact. O

5

Call T € End V nilpotent if T™ = 0 for some m > 0. Show that if T is
nilpotent, then 7' has no non-zero eigenvalues.

Proof. Suppose a € K is an eigenvalue of T'. Then, for some non-zero v € V,
Tv = av.
Since T™ = 0,
0=T"=T""YTw) =T" " av =aT™ v =... =™ 'Tv = ™.
Since v # 0, this implies that a™ = 0, so a is a zero divisor. However, since
no field contains any non-zero zero divisors, this in turn implies that a = 0.

Therefore, since our choice of eigenvalue a was arbitrary, we conclude that
T has no non-zero eigenvalues. U

6

Let V be a vector space. If T' € End V and W C V, call W a T-irreducible
subspace if W is T-invariant and the only T-invariant subspaces of W are 0
and W.

(a): Suppose that V is a finite-dimensional C-vector space, that T €
End V and its powers form a group of order n under composition,
and that W is a T-invariant subspace. Show that W has a T-
invariant complement W',

Proof. Let W be an arbitrary complement of W. Then V = W x
W that is, if v € V, then v can be uniquely decomposed as

v=w+w"
for w € W and w” € W”. Define P: V — W by
P)=Pw+w") =w.
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Then, if v1,v2 € V and a,b € K, then v1 = wi+w] and vy = wo+w}
for wy,wy € W and w/,w) € W" and thus
P(v1 +v9) = P(a(w; +wy) + blws + wh))
= P((aw; + bws) + (aw] + bw?))
= awjy + bws
= aP(v1) + bP(vy),

so P is linear. Now, define S : W — W by
1 n—1

S(v) ==Y T'PT (v).

0= LT PT)

Then, if v1,v2 € V and a,b € K,
1 n—1
S b = =Y 17ipT b
(aU1 + 'UQ) " ; (owl + UQ)
n—1

_ % N TPl (vr) + 5T (v2))
=0

n—1
_ % ST aPT (0)) + bPT (1))
=0
1= . . .
= - > (@T"PT™(vy) + b PT " (vp))
=0
1 n—1 ‘ ) 1 n—1 ‘ )
= a- > TPT (1) + b— > T'PT(vp)
1=0 1=0

= aS(v1) + bS(v2),

so S is linear. Now, since P(v) € W for all v € V, we see that
P(T~%(v)) € W for all v and i and, since W is T-invariant, T°PT~%(v) €
W for allv € V and i = 1,...,n. Hence, S(v) € W for allv € V
and so im S C W. On the other hand, since P is the identity on W,
we see that

T'PT (w) = T'T " (w) = w

for all w € W, so

n—1 n—1
1 . . 1
S(w) = - E T'PT ' (w) = - g w=w
=0 i=0

Therefore, W C im S. Having shown containment both ways, we
conclude that im S = W. Furthermore, since we just showed that
S|y is the identity; since im S = W, this implies that S = S. Thus,
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by our work in PS10#7, we know that
V=WxW

where W’ = ker S, so W’ is a complement of W. Now, let w’ € W’.
Then

n—1
STw)) =+ TPTTW)
=0

1 n—1 ) .
= =Y 7P Y W)
n =0

n—1
1 , .
- TTZ*lpr(’Lfl) /
- ; (w')
1 n—1
— 7T TZ—IPT—(’L—I) /
L (z )
1 n—1
— T - T’L'f].PTf(ifl) /
(n > )
= T(S(uw")
= T(0)
0,
so T'(w") € W' and, hence, W' is T-invariant. O

(b): Under the hypotheses of (a), show that V' can be written as the
direct product of T-irreducible subspaces.

Proof. By induction on dim V. If dim V' = 0, then we’re done. Sim-
ilarly, if dimV = 1, then V = V is already the direct product of
T-irreducible subspaces.

Now, suppose all vector spaces of dimension < k can be written
as a direct product of T-irreducible subspaces. Let V be a vector
space of dimension k + 1. Then, by our result in (a), we know that

V=WxW

where W and W' are T-invariant. Furthermore, dim W < k and
dim W’ < k so, by the induction hypothesis,

w=][w
=1

and
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for T-irreducible subspaces W1, ..., Wy, W7, ..., W/ . Then

V= (HWZ> X HWJ’ =Wi X ...x Wy x Wi x...x W],
i=1 j=1

so V' is the product of T-irreducible subspaces.

Having shown the base case and the inductive step, we conclude,
by induction, that for any finite-dimensional vector space V', V can
be written as the direct product of T-irreducible subspaces. ([

DRL 3E3A, UNIVERSITY OF PENNSYLVANIA
E-mail address: shonkwil@math.upenn.edu



