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(a): If A is a square matrix satisfying 4% — A> + A — I =0, find A™!
in terms of A.
Answer: If A3 — A> + A— 1 =0, then

(A —A+DNA=A -A+A=T=A - A+ A=AA*-A+])
so ATl =A2 - A+ 1.
&
(b): If A is a square matrix satisfying A7 = 0, find (I — A)~! in terms

of A.
Answer: Note, first of all, that

(1-z)1+z+a?+a®+at +25+28) =1-2".
Hence, if A7 = 0, then
(I—A)T+A+A2 B LA L A A =T-AT=1,

so(I—A)t=T4+A+ A%+ A3+ A* + A5 4 AS.

2

(a): Let V = {differentiable functions on R}. Prove that the functions
e, e2* €3 are linearly independent in the vector space V.

Proof. Suppose that these three functions are not linearly indepen-
dent. Then there exist a,b € R such that

e = ae®® + be®®.
Differentiating, we see that
e = 2ae*® + 3be>® = 2(ae®® + be3?) 4 bedT = 26T + be3?,

which is to say that e® 4 be3® = 0. Differentiating to get the second
line, we obtain the system

e+ beT =0

e 4+ 3be’* =0
1
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Subtracting yields: 2be3* = 0, which implies that b = 0. Hence, the
original equation and the first derivative tell us that

ae’® = ¢* = 2ae*®

which means ae?® = 0, so a = 0. However, since e* # 0 for any =,

this is clearly impossible. From this contradiction, then, we conclude
that e®, e?*, e3* are linearly independent. O

(b): Let W be the set of solutions to the differential equation " — f =
0, and let V be the set of solutions to f” — f' = 0. Show that W is
a vector subspace of V, find a basis for W, and extend this basis to
a basis of V.
Answer:Suppose f € W. Then f” — f = 0. Differentiating both
sides, we see that [/ — f/ = 0, so f € V. Hence, W is a subset of
V. Now, if f,g € W and a,b € R, then

(af +b9)" — (af +bg) = af"’ +bg" —af —bg=a(f"— f)+b(g" —g) =0,

so W is closed under addition and scalar multiplication. Similarly,
if f,g €V and a,b € R, then

(af +b9)" = (af +bg)" = af” +bg" —af'—bg" = a(f" — ) +b(¢" —g') = 0,

so V' is closed under addition and scalar multiplication. Since V and
W inherit all the other requisites of a vector space from the space of
all differentiable functions, we see that, indeed, W is a subspace of
the vector space V.

Now, if f € W, then f” — f = 0. This homogeneous differential
equation has characteristic equation

0=r*—1=(r+1)(r—1),

and so solutions to the differential equation are of the form f(z) =
c1e”® + coe®.  Since our choice of f was arbitrary, we see that
{e=*, e"} gives a basis for W.

Now, an element of V is a solution of the equation f” — f' = 0,
which has characteristic equation

0=rP—r=r@?>=1)=r(r+1)(r—-1),

and so solutions are of the form cie™ + c2e” + ¢3; hence, the basis
for W can be expanded to the basis {e™*,e”,1} for V.

&

3

Let n be an integer, and let aj,...,an4+1 be distinct real numbers. Let
P, C R[z] be the vector space of polynomials of degree < n. Define F' :

P, — R"H by f = (f(al)a s '7f(an+1>)'
(a): Show that F'is an isomorphism.
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Proof. First, we need to show that F' is linear. Suppose f,g € P,
and a,b € R. Then

Flaf +bg) = ((af +bg)(c), ..., (af + bg)(ani1))

= (af(o1) +bg(a), ..., af (ant1) + bg(ani1))

= (af(a1),...,af(ans1)) + (bg(aa, . .., bg(ani1))
= a(f(al)a RN f(an+1)) + b(g(al)a s 7g(a'n+1))
= aF(f) +bF(g),

so F' is linear.

Now, since 1, z, 22, ..., 2" is a basis for P,, dim P, = n+1. Thus,
we need only show that F' is injective to be assured that it is an
isomorphism. To that end, suppose f € ker F. Then

(07"')0):F(f):(f(al)ﬂ"'vf(an-i-l))

SO Q,...,0ant+1 are roots of f. Since f is of degree < n, f can
have at most n roots if it is nonzero. Thus, we conclude that f
must be the zero polynomial. Since our choice of f € ker F' was
arbitrary, we conclude that ker F' = {0}, so F' is injective and, thus,
an isomorphism. O

(b): Eaplicitly find F~1(e1),..., F71(ent1) in the case n = 3, aj = j

F- 1
F- 1
F- 1

for j =1,2,3,4.
Answer: We know that, if a1, as, as are the roots of a degree 3
polynomial f, then

f(@) = e(z — ar)(z — az)(x — a3)

for some constant ¢ € R. Hence, if F(f1) =e; = (1,0,0,0), then f;
has roots 2, 3,4, so

fi(x) = c(x —2)(x — 3)(z — 4).

Furthermore, f1(1) =1, so

1= fi(1) = (1~ 2)(1 = 3)(1 — 4) = ¢(6),
so ¢ = —1/6. Hence,

fil@)= e -2 -3 -4 = Lat 2t Pag
Similarly, we see that

(@)= ) = 4o D@4 = jad e 4 B
(¢0) = Fa(a) = o= Dla = 2)(e = 4) = Fa¥+ Fa? ~ To+ 4
(e1) = fulz) =g(@—1)(z—-2)(z—3). =223 —a?+ Lz -1

&

(c): Deduce that F~'(e1),...,F~!(ens1) form a basis of P,. In the

case considered in (b), express x as a linear combination of them.
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Proof. Since F is an isomorphism, F~! is an isomorphism as well
and, thus, must map basis elements of P, to basis elements of R,
Since eq,...,enq1 form a basis for R"*1 it must be the case that
F~Yey1),...,F (ens1) form a basis for P,.

Now, in the case considered in (b) above, we see that

F("B) = (17 27 374) = 161 + 262 + 363 =+ 464.
Therefore,

r=F"11,2,3,4) = F~l(e; + 2eq + 3e3 + dey)
= F~Y(e1) + 2FY(ex) + 3FY(e3) + 4F L(ey)
=fi+2fo+3f3+4fs

Double-checking with the solutions for fi, fo, f3, f1, we see that

fit2fo+3fs+4f1 = (Fad+ 327 — Ba44)+2(323 43@ -|-1%9 —6)
+3(_71x3+;x2 T +4) +4(32% — 2 + Ho - 1)
= (Tt + 32— Ba44)+ (2? —83: +19x—12)
3

3

6 2

+(F2a? + Fa? 21:c+12) (% — 4z + Bo — 4)

—3—1—3):6 —i—(2 1 — 4)x?
21+22—2)x+(4—12+12—4)

just as we suspected. ([

4

(a): If V and W are vector spaces over a field K, and if F : V — W
is a homomorphism, let F* : W* — V* be the map on dual spaces
given by F*(¢) = ¢oF. Show that F' — F™* defines a homomorphism
Hom(V, W)toHom(W*, V*), satisfying (FoG)* = G*oF*if F: V —
Wand G:U — V.

Proof. Let F,G € Hom(V,W). Then, if a,b € K
aF + bG — (aF 4+ bG)*
and, if ¢ € W*, then
(aF+bGQ)*(¢) = ¢po(aF+bG) = ¢poaF+¢obG = a(poF)+b(¢poG) = aF*(¢)+bG*(¢),

since ¢ is linear, so F' +— F* defines a homomorphism.
Now, if F : V — W and G : U — V are homomorphisms and

¢ € W*, then
(G*oF*)(9) = G*(F*(9)) = G*($0F) = ($oF)oG = ¢o(FoG) = (FoG)'(9),
so we see that G* o F* = (F o G)*. O

(b): Show that the above map Hom(V,W) — Hom(W*,V*) is an
isomorphism if V' and W are finite dimensional.
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Proof. Let us denote the map defined in (a) by H : Hom(V, W) —
Hom(W*,V*). Now, suppose F' € Hom(V, W) and H(F) = 0. Then,
for p € W*

0= H(F)(9) = F*(¢) = ¢ F.

Since our choice of ¢ was arbitrary, we see that ¢ o F' = 0 for all
¢ € W*. Now, if F # 0, then F(v) # 0 for some v € V. Let
w1, ..., Wy, be a basis for W. Then

F(v) = aqwy + ...+ apwy,

for some aq,...,a, € K such that a; # 0 for at least one k €
{1,...,n}. Define ¢ : W — K such that ¢(wg) = 1 and ¢(w;) = 0
for all i # k. Then ¢ € W* and ¢(F(v)) = ar. However, this
contradicts the fact that ¢ o F¥ = 0 for all ¢ € W*. From this
contradiction, then, we conclude that F = 0.

Hence, ker H = {0}. Since H is an injective homomorphism and
Hom(V, W) and Hom(W™*,V*) have the same dimension, H is also
surjective and, therefore, an isomorphism. ([l

(c): Show that if 0 - U — V — W — 0 is exact, then so is 0 —
W* —=V*—-U*—0.

Proof. First, name the maps as follows:

0 v—Ssv—Low 0
0 Ur <y < e 0

In order to show that 0 - W* — V* — U* — 0 is exact, we need
to show that following three facts:

ker F* =0; ker G* =image F*; image G* =U".
First, suppose ¢ € W* such that F*(¢) = 0. Then
0=F"(¢) =¢oF;

since F' is surjective (because the first sequence is exact), the image
of Fis all of W, so ¢(w) = 0 for all w € W. This, in turn, implies
that ¢ = 0, so we see that ker F* = 0.

To show that ker G* = image F™, suppose ¢ € W*. Then, since
the first sequence is exact, FF'o G = 0, so

(G* 0 F*)(6) = G*(F*(9)) = G*(d0 F) = g0 (FoG) = 600 = 0.

Hence, image F* C ker G*. On the other hand, suppose ¢ € ker G*.
Then

0= G(6)(u) = do Glu)
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for all w € U. Now, since the first sequence is exact, for all v € ker F,
there exists winU such that G(u) = v. Hence, we see that

¢(ker F') = 0.
Now, let w € W. Then w = F(v) for some v € V. Definey : W — K
by
Y(w) = d(v).
To see that this is well-defined, suppose w € W and w = F(v1) =
F(v2). Then
0= F(v1) — F(vg) = F(v1 — v2),

so v; — vg € ker F. Now, since ¢(ker F') = 0, we see that

0= ¢(v1 —v2) = P(v1) — P(v2),

so ¢(v1) = ¢(v2), so Y(w) is well-defined. Additionally, if wi,wy €
W and a,b € K, then there exist vi,vy € V such that F(v;) = wy,
F(v3) = 2), 50

awy + bwe = aF(vy) + bF (v2) = F(avy + bua),
SO

P(awy + bwe) = P(avy + bvg) = ag(vy) + bp(ve) = arp(wr) + bip(ws),
so ¢ € W*. Finally, we see that

F*(¥)(v) = ¢ o F(v) = ¢(v),
so F*(¢) = ¢ and, hence, ker G* C image F*. Since containment
goes both way, we conclude that ker G* = image F™*.
Finally, to show that image G* = U*, let ¢ € U*. If v € V,
then v = vy + vy for v; € image G and vy € (image G)* and this
decomposition is unique. Let ¢ : V — K be defined by

P(v) = d(u1)

where v = v1 + v and v; = G(u1). Now, suppose v = v; + vy and
G(u1) = G(u}) = v1. Then

0=G(u1) — Gu)) = G(uy —ul),

so u; —u} € ker G = {0}; hence, u; = u), so we see that, since
the decomposition v = vy + ve is unique, ¥ is well-defined. Now,
if a,b € K and v,v" € V such that v = v + vo = G(u1) + v2 and
v =] + v = G(u)) + vh, then

P(av + b)) = (a(vr + v2) + b(v] + b))
Y((avy + bvy) + (ave + buh))
¢(auy + bu))

ag(u1) + bp(uy)

ah(v) + bp(v'),
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so ¢ € V*. Now, given how we’ve defined v, we see that, if u € U,

G (Y)(w) = Yo G(u) = Y(G(u) = @(u),

so we see that, indeed, image G* = U™.
Therefore, we conclude that, indeed, 0 — W* — V* — U* — 0 is
exact. 0

(d): What if instead we consider modules over rings?

Answer: It’s clear that the proof given in (a) works just as well for
modules M and N over a ring R as for vector spaces. Furthermore,
the proofs in (b) and (c) still work if M and N are free modules of
finite rank. To see that the proof in (b) does not work for general
modules, consider the Z-modules M = 2Z and N = Z. Let F' : 27 —
Z be the inclusion map. Then we want to show that F™* : Z* — (2Z)*
is not surjective. To that end, let f : 2Z — Z be defined by

Then, for a,b € 2Z and ¢,d € Z,
1 1 1 1 1
f(ca+db) = §(ca—|— db) = §ca+ idb =c (2a> +d (2b) =cf(a)+ df(b),

so, in fact, f € (2Z)*. Now, if g € Z*, then g(1) = n for some n € Z
and, since g is linear, g(a) = na for all a € Z. Hence,

F(g)(2) = (9o F)(2) = g(F(2)) = 9(2) =2n # 1

for any n € Z, so we see that F*(g) # f no matter what g € Z* we
choose, so F* : Z* — (2Z)* is not an isomorphism.
As for exact sequences, consider the sequence of Z-modules

0 97, -S~7 L. 7/2 0.

This sequence is certainly exact if G is the inclusion map and F' is
the standard projection. We want to show that the induced sequence

0—= (2/2)" “ 7+ — (22)" —=0

is not exact. Now, the only homomorphism Z/2 — Z is the trivial
homomorphism, so (Z/2)* = 0 so, in order for this sequence to be
exact, it must be the case that G* : Z* — (2Z)* is an isomorphism.
However, we just showed that this is not an isomorphism, so we see
that the sequence is not exact.

&



8 CLAY SHONKWILER

5

For any finite dimensional vector space V with basis B = {ej,...,en},
and dual basis B* = {01,...,0,} of V* define ¢y p: V — V* by > ] aie; —
Y1 aidi, and let Yy, p = dpy= g 0 Pv,B.

(a): Show that ¢y,p : V — V* is an isomorphism, but that it depends
on the choice of B.

Proof. To see that ¢y, is a homomorphism, suppose v,w € V. Then

n
v = Zaiei
i=1
and .
w = ijej
j=1
for at,...,apn,b1,...,b, € K. Then

dvp(v+w) = ovp (3 aie + > bjej)
= ¢v,B (D_(a; + bi)e;)
= (a; + b;)d;
= E aiéi + Z bj(Sj
= ¢v,p (D aiei) + ¢v.p (D bjey)
= ov,5(v) + ¢ov.p(w),
so ¢y p is linear. Furthermore, if f € V*, then f = )" a;0; for some
a; € K. Then

f=ai=ove (D aei)

so ¢y, p is surjective. Therefore, since ¢y p is a surjective homomor-
phism between finite-dimensional vector spaces of the same dimen-
sion, ¢y, p must be an isomorphism.

To see that this isomorphism depends on the choice of basis, let
B’ ={f1,..., fan} be another basis for V and let {31, ...,3,} be the
associated dual basis. Then e; = Y a;f; for aj,...,a, € K and we
may assume that Y a? # 1 (if Y a? = 1, then just scale each f;
by some ¢ # 1 such that ¢ # 1 and then e; = Y a;c !(cf;) and
S (a;ch)? = c¢2 # 1). Now, certainly

pv,p(e1) = b1

ovp(e1) = dvp (Z aifi) = aibi.
Now, d1(e1) =1, but
Zaiﬁi(el) = Zaz’ﬁi (Z ajfj) = Zaf # 1,

so we see that ¢y, g # ¢y p/; hence, the isomorphism ¢y, p depends
on the choice of basis B. (|

and
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(b): Show that ¢y, p : V. — V** is an isomorphism which is indepen-
dent of the choice of B (so we may denote it 1y). For v € V| show
that 1y (v) is the element of V** taking f € V* to f(v).

Proof. Let B** = {71, ...,7} be the double dual basis for V** asso-
ciated with the dual basis B* = {01,...,0,}. Then, for aq,...,a, €

K,
Yv.B (Z aiei) = ¢v+B* ° Pv,B (Z aﬁi) = Qv+,B- <Z ai&‘) =>

Clearly, then, if > bjv; € V**, it’s clear that

> bivi =vve (Z bjej) ;

so Yy, g is surjective. Furthermore, if v,w € V, then v = ) a;e; and
w =) bjej for ai,...,an,b1,...,b, € K. Hence,

@ZJV’B(’U + w) = @Z)V,B (Z a;e; + Z bjej)
=Yy, (D_(ai + b;)e;)
= > _(ai +bi)vi
=Y ;i + Db
=Yv,p (D aiei) +Yv.p (D bje;)
= Yv.(v) + Yvp(w),
so 9y, g is a homomorphism. Hence, since 1y, g is a surjective homo-
morphism between vector spaces of the same dimension, 1y, is an
isomorphism.
Now, suppose B’ = {fi1,...,fn} is another basis for V, with
associated dual basis B* = {fi,...,3,} and double dual basis

B™ = {aq,...,an}. Now, e = > a;f; for some ay,...,a, € K.
Then

wv,B(el) =M
and

Yvpr(e1) =dv,p (Z aifi) = aio;.

Now, if g € V*, then g = > b;9; for by,...,b, € K. Hence,

vvs(en(e) =g =7 (D bi8) = D bym(E;) = by = (3 bsdy) (e1) = glen).
On the other hand, g = > ¢ for ¢1,...,¢, € K, s0

gler) = crBrler) = by (Z aifi) = crax.

Therefore,

Yv,p(en)(g) =D aiai(g)
= > ajo; (O crfr)
=2 ai¢;
= g(e1)

psiv,p(e1)(g)-
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By the same argument, we see immediately that, for alli =1,...,n,

Yv.p(ei)(g) = gler) = dvp(ei)(9),

so, since ¢y, g and 1y g are both linear, we see that

Yv.(v)(9) = 9(v) = Yy, (v)(9)
for all v € V and g € V*. Therefore, we conclude that ¢y p is

independent of the choice of basis and that 1y (v) is the element of
V** taking g € V* to g(v). O

(c): Show that if F': V — W is a vector space homomorphism with
induced homomorphism F** : V** — W** then ¢y o F' = F** o¢y.

Proof. Letv € V. Thenv =Y ase; foray,...,a, € K and {e1,...,e,}
a basis for V. Thus, if f € W*,

(Yw o F)(v)(f) = dw (F())(f) = f(F(v)) = f o F(v).
On the other hand,

(F o) (0)(f) = (v (v) o F)(f) = Yv (0)(F*(f)) = v (fo F) = fo F(v).
Therefore, since our choices of v € V and f € V* were arbitrary, we
conclude that

Yw o F = F™ oy

6

If U is a subspace of a vector space V', then the annihilator of U is defined
to be Ann U = {f € V*|f|y = 0}.
(a): Show that Ann U is a subspace of V*. When can it be all of V*?
When can it be 0?7

Proof. Suppose f,g € Ann U. Let w € U. Then

(f +9)(u) = f(u) + g(u) =0+ 0=0;
since our choice of u was arbitrary, we see that (f + g)|y = 0, so
f+geAnmm U. If c € K, then, if u € U,

(cf)(u) = cf(u) = ¢(0) =0,
so c¢f € Ann U. Thus, we see that Ann U is closed under addition
and scalar multiplication; since Ann U inherits the rest of the prop-
erties of a vector space from V*, we see that Ann U is a subspace of
V.

Now, suppose Ann U = V*. Then, for all f € V* f|ly = 0.
Therefore, it must be the case that U = {0}.

On the other hand, suppose Ann U = 0. Then there is no non-
zero f € V* such that f|y = 0. Let uq,...,ux; be a basis for U and
expand it to a basis uy,...,u, for V. Let f : V — K be defined
by f(u,) = 1 and f(u;) = 0 for ¢ # n. Then, if n # k, we see
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that fly = 0 and f # 0. Therefore, we conclude that k = n, so
U=V. O

(b): Let V be a finite dimensional vector space and let U, W be sub-
spaces of V. If V. =U x W, show that V* = Ann U x Ann W.

Proof. Let ¢ € V* and v € V. Then, since V. =U x W and U and
W are subspaces of V, it must be the case that v can be uniquely
decomposed as v = u + w for u € U and w € W. Hence,

¢(v) = ¢(u +w) = ¢(u) + p(w).
Now, define ¢; : V — K and ¢ : W — K be defined such that, if

v = u+ w, then

and

$2(v) = d(w).
Now, suppose v,v’ € V and a,b € K. Then v = u+w and v/ = o'+’
uniquely for u,v’ € U and w,w’ € W. Then

br(av+b) = du(alu+w) + b + )
= ¢1((au + bu') + (aw + bw'))
= ¢(au + bu')
= ag(u) + bo(u')
= a¢1 (U) + bqbl (U/),

so ¢1 is linear and, hence, ¢; € V*. Similarly,

d2(av + ') = d2((au+ bu') + (aw + bw'))
= ¢(aw + bw')
= ag(w) + bp(w')
= apa(v) + bpa(v'),
S0 o € V*.
Furthermore, if w € W, then ¢1(w) = ¢1(0+w) = ¢(0) = 0 and, if
u € U, then ¢2(u) = ¢pa(u+0) = ¢(0) = 0. Hence, ¢; € Ann W and
¢2 € Ann U. Furthermore, note that for v € V, v can be uniquely
decomposed as v = u + w and

P(v) = ¢(u +w) = p(u) + p(w) = ¢1(v) + P2(v),
so ¢ = ¢1 + ¢o. Hence, since our choice of ¢ was arbitrary, we see
that for all p € V*, ¢ = ¢1 + ¢o for ¢1 € Ann W and ¢ € AnnU.
To see that this decomposition is unique, suppose ¢1, ¢} € Ann W
and ¢2, ¢4 € Ann U such that ¢1 + ¢2 = ¢ + ¢, then, for v = u+w
P1(v) = d1(u) = d1(u) + d2(u) = ¢ (u) + ¢y (u) = ¢1(u) = ¢} (v),

so ¢1 = ¢} Similarly,

$2(v) = P2(w) = ¢1(w) + P2(w) = ¢1(w) + ¢y (w) = P(w) = P(v),
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so ¢2 = ¢,. Hence, we conclude that the above decomposition is
unique and, therefore, that

V*=Ann U x Ann W.

7

Call T € End(V) an idempotent if T?> = R. Show that if V is finite
dimensional and T is an idempotent, then there are subspaces X,Y C V
such that V = X x Y, T|x = 0, T|y = identity. Deduce that with respect
to some basis of V, the idempotent map T is given by a diagonal matrix
whose diagonal entries are of the form (1,1,...,1,0,0,...,0).

Proof. Let T be an idempotent, and let v € V. Let w = Twv. Then
Tw=T%*vw=Tv =w,

SO
Tw—w)=Tv—Tw=w—w=0,

sov—w € ker T. Then v = w+(v—w) where w € image T and v—w € ker T.

Now, suppose v = wi+x1 = wa—+x2 for wy, ws € image T and x1, 2 € ker T.

Then

T(wi) = T(w1)+T(x1) = T(witx1) = T(v) = T(we+x2) = T(we)+T (x2) = T (we).
Since T is idempotent,
wy =T(wy) =T(v) =T (wz) = ws.

Furthermore,
1 =0V —W1 =0V— W2 = T,
so the decomposition is unique.

Hence, since our choice of v € V was arbitrary, we see that all vectors
v € V can be decomposed uniquely as the sum of an element of image 7" and
an element of ker T" and so V= X XY where Y = image T and X = ker T
Clearly, T'|x = 0 and, since T is idempotent, T'|y = identity.

Now, if x1,...,z; is a basis of X and y;,...,y; is a basis for Y, then
Yiy--, Y1, 1, .., T is a basis for V. Then T'(y;) = y; and T'(x;) = 0, so the
matrix of T' with respect to this basis is given by a diagonal matrix with
diagonal entries of the form
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