ALGEBRA HW 1

CLAY SHONKWILER

1

Define the center of a group G to be Z = {g € G|(Vh € G)gh = hg}.

(a) Is Z a subgroup? Is it normal?

Answer: Yes to both questions. To demonstrate that Z is a subgroup,
we must demonstrate that it is closed under the group operation and that
each element in the center has an inverse in the center (since associativity
will be inherited and the identity is clearly in the center). To that end, let
a,b € Z and let h € G. Then

h(ab)h ™! = hah ™ hbh™1 = ab,

so Z is closed under the group operation. Now, let a € Z. Then a has an
inverse ! in G; we want to show that ¢! € Z. Let h € G. Then

(ha *h™ )™t = hah™! = q,

which implies that ha=*h™! = a=!, so a~! € Z. Therefore, we conclude that
Z is, in fact, a subgroup of G. Furthermore, the calculation we did above
to demonstrate that Z is closed under the group operation is precisely the
calculation necessary to demonstrate that Z is normal in G.

&
(b) Find the center of Cy,, Dy, Sy, An, Q, Z, GL2(R).
Answer: Let a € C,,. Then, for all b € C,,, ab = ba, since C,, is abelian.
Since our choice of a was arbitrary, we see that the center of C,, is C), itself.
Consider D,, under the presentation (z,ylz" = y?> = 1,yzy~! = 271).
Then if 0,7 € D, there exist i,j € {0,...,n — 1}, a,b € {0,1} such that
o=2ay* 7 =aly’. Thenifa=05b=1,
o1 = Tylalyd = gz Iytyb = i~y th
and

ro = diyhaiy® = ity = iy

a—&-b‘

If o in the center of D,,, then it must be the case that z'~7 = 2/~ for all

choices of j; Clearly this is impossible. On the other hand, if a = 0, then
or = zlady? = 2iyP

and -

STy { 2T i b =0,

1
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If o in the center of D,,, then it must be the case that
i+j=j—1i modn)

for all choices of j. This, in turn, implies that 2i = 0(modn), which is to
say that ¢ = n/2, which is only possible if n is even. Therefore, we conclude
that the center of D,, is trivial when n is odd and is {1,2™2} when n is
even.

Since Sy = Cs, the center of Sy is itself. If n > 3, let o € 5,,. We can write
o as the product of a unique decomposition of disjoint cycles, o = (1 - - - (;.
If j =1 and o is just a transposition, then

o= = (ab)

for some a,b € {1,...,n}. Then

(bc)o = (be)(ab) = (acb) # (abc) = (ab)(be) = o(be),
so o is not in the center of S,,. If j > 1, then we know that (; = (a1az...an)
for m <mn, a; € {1,...,n}. Then, since a; is fixed by ¢; for i > 1 (because
the cycle decomposition of o is into disjoint cycles), the product

(a1a2)o = (a1a2)C1 -+~ ¢ = (araz)(arag . .. am)C2 -~ Gj
fixes a;. On the other hand,

o(aiaz) = (a1az...am)C - (jlaraz) = (araz ... d)& - - - &,

where d € {1,...,n} and the & are disjoint cycles. Specifically, a; is not
fixed by o(aias2), so we see that o is not in the center of S,,. Since our choice
of o was arbitrary, we see that the center of S, is trivial.

When n < 3, A, is cyclic and so its center is all of A,. If n > 4, let
0 € 5,. Then we can write o as the product of disjoint cycles o = (; - - - (.
Suppose (1 is at least a 3-cycle. Then

o=C -G =(a102a3...am) 2
for m > 3. Then (aja2a3) = (ajas3)(ara2) € A, and
(a1a2a3)0 = (ar1az2a3)(arazas ... am)C1 -+ -G = (a1az...d)& - - &

for d € {1,...,n} and disjoint cycles §. On the other hand,

a(a1a2a3) = (a1a2a3 e am)g e Cj(a1a2a3)

fixes a1, so (ajazaz)o # o(ajazas) and so o is not in the center of A,,.
Therefore, if o is to be in the center of A,, it must be the case that (7 is a
transposition; specifically,

0 =C1--C = (brb2)(bgbs---by)(3- - (;
for r > 2. Now, again, (b1bebs) = (b1b3)(b1b2) € A,, and
(bibabz)o = (bibabs)(b1b2)(b3bs ... by )(3--- (G = (bibz...c)é1 -~ &
for ¢ € {1,...,n} and disjoint cycles &. On the other hand,
0 (b1bgbs) = (b1b2)(bgbs ... by)C3 -+ - (j(b1b2b3)
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fixes by, meaning (b1babs)o # o(b1babs) and so o is not in the center of A,,.
Since (4 must either be a transposition or a cycles of length > 3 and we’ve
just demonstrated that in both cases o ¢ Z, we conclude that the center of
A,, is trivial.

Suppose a € Q. If a = £1, the fact that ag = ga for all g € @Q follows
directly from the definition of Q). Otherwise, since

ij =k
ji = —k
ik =—j
ki =j

we see that a cannot be in the center of (). Thus, the center of @) is simply

{17 _1}‘
Since Z is abelian, the same argument we gave to show that the center of
C,, is the entire group suffices to show that the center of Z is Z itself.

To characterize the center of GL2(R), let A = ( Z Z > be in the center

of GLy(R) and let B = < ; {z ) € GLy(R). Then it must be the case that
a b e f\_( ae+bg af+bh
c d g h )] \ce+dg cf+dh

e f a b\ [ ae+cf be+df
g h ¢c d) \ag+ch bg+dh )-

Hence, it must be the case that

is equal to

ae + bg = ae + cf,
or
bg = cf.
Since our choice of B was arbitrary, we see that this relationship must hold

for any choice of g and f. The only values of b and ¢ for which this is true
are if b = ¢ = 0. Using this fact, then the equation

af +bh = be + df

reduces to
af =df

or a = d. Hence, elements in the center of GLy(R) must be of the form

( @ 2 ) Furthermore, if a # 0, then

() e (1 0)e
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so every matrix of this form is in the center. Hence, the center of GL2(R)
is the set
a 0O
(o )irof

2

If H is a subgroup of G, define the normalizer of H by N(H) = {a €
GlaHa ' = H}. Is N(H) a subgroup of G? Is H a subgroup of N(H)? Is
H < N(H)? Is N(H) < G?

Answer: To demonstrate that N(H) is a subgroup of G, we need to
demonstrate that it is closed under the group operation, that the identity
is in N(H) and that the inverse of each element in N(H) is in N(H). To
that end, let a,b € N(H) and let h € H. Then we know that bhb~! = b/ for
some h' € H. Therefore,

(ab)h(ab)™t = abhb~ta™! = ah/a™! € H.
Therefore, ab € N(H). The identity e is clearly in N(H), since
ehe ™t = ehe =eh =h € H.

Now, suppose a € N(H) and h € H. Then a has an inverse a~! in G.
Furthermore, since a € N(H), aHa™' = H, so there exists h’ € H such that
ah/a=! = h. Multiplying both sides of this equation by a~' on the left and
a on the right, we see that

B =a"tha=ath(a™)™ 1,

so a~! € N(H). Therefore, we conclude that N(H) is a subgroup of G.

To see that H is a subgroup of N(H), it suffices to show that H is con-
tained in N(H ), since both H and N (H) are subgroups of G. However, this
is clear, since for any a,b € H,

bab~!' € H.

This implies that b € N(H). Since our choices of a and b were arbitrary,
we see that every element of H is in N(H), and so we conclude that H is a
subgroup of N(H).

The fact that H <« N(H) follows directly from how we have defined N(H).
For any a € N(H), aHa™' = H, which is precisely what it means to say
that H < N(H).

To see that it is not necessarily the case that N(H) < G, consider the
case where G = S3 and H = ((12)) = {1, (12)}. Now,

(13)(12)(13) 3)
(23)(12)(23) 13)
(123)(12)(132) = (23)
132)(12)(123) 13)

= (2
= (
= (
(132) = (

I
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so we see that N(H) = H. However, the above calculations demonstrate
that H is not normal in G, so it’s clear that N(H) is not normal in G.

&

3

(a) If H is a subgroup of G and H # G, we say that H is a mazimal
subgroup if the only subgroups containing H are itself and G. Show that if
H is maximal then so is aHa ™!, for any a € G.

Proof. Suppose H is a maximal subgroup of GG. Let a € G and let K be a
maximal subgroup containing aHa~'. Let g € H. Then aga™' € aHa ' C
K, which implies that

ataga ta =g € e 'Ka.

Since our choice of g was arbitrary, this in turn means that H C a~'Ka.
Since a~'Ka is a subgroup of G and H is maximal, either ¢ 'Ka = G or
a 'Ka = H. In the first case, K = G, which is impossible, since K is a
maximal subgroup, and in the second case, K = aHa ™', which implies that
aHa™! is a maximal subgroup. Since our choice of a was arbitrary, we see
that aHa™! is maximal for all a € G. O

(b) Define the Frattini subgroup ® of G to be the intersection of the
maximal subroups of G. Show that & < G.

Proof. Let g € ® and let a € G. Let H be a maximal subgroup of G. Then
g € H. Furthermore, by part (a) above, a~!Ha is also a maximal subgroup
of G, meaning that g € a~!Ha. Now, since

a(a'Ha)a™' = H,

aga™' € H. Since our choice of H was arbitrary, we see that aga™' is

an element of every maximal subgroup of G, which means that aga™! €
®. Since our choices of a and g were arbitrary, this in turn implies that
aba ' Cdforallae G, sod® <G. O

(c) Find the Frattini subgroup ® of Dy, Cy4, and (. In each case, find
G/®. Conjecture?

Answer: On the attached sheet are reproduced complete subgroup dia-
grams for each of these groups. From these, we can conclude that the Frattini
subgroup of Dy is {1,22}, of Cy is {1,a®} and of Q is {£1}. Tt’s immedi-
ately clear, simply on the basis of order considerations, that Cy/® ~ Co,
since this is the only group of order 2. As for D4/®, we can derive a group
presentation for Dy/® by adding the relation 22 = 1 to the presentation for
Dy, yielding

(z,yl2* = y* = Lyzy = 2) = (z,y[2? = y* = L,yz = 2y) ~ Co x Cs.
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As for @, taking the quotient by ® = {1} means that, viewed as elements
of Q/®, i? = j2 = k> = 1. Since Q/® has order 4 and contains three
elements of order 2, it must be the case that Q/® ~ Cy x Cy as well.

&

4

(a) If z € G, define its centralizer C(x) = {g € G|rg = gx}. Show that
C(x) is a subgroup of G, and that its index (G : C(z)) equals the number
of elements in the conjugacy class {gzg~!|g € G} of z.

Proof. To show that C(z) is a subgroup, we need to demonstrate that it
is closed under the group operation, contains the identity and, for each
element in C(z), there is an inverse of that element in C'(x). Let z € G and
let g,h € C(x). Then

x(gh) = (zg)h = (gx)h = g(zh) = g(hx) = (gh)z
which implies that gh € C(x). Since our choice of g and h was arbitrary, we
see C(x) is closed under the group operation.
Now, obviously le =cl =¢, so 1 € C(xz).
Finally, let ¢ € C(x). Then g has an inverse, g~
g € C(z), xg = gz, which in turn implies that x = gzg~
the left by ¢g~!, we see that

L in G. Then, since

L. Multiplying on

g lr=ag",
which is to say that ¢! € C(z).
Having shown that C'(x) is a subgroup of G, we move on to showing that
(G : C(x)) equals the number of elements in the conjugacy class of z. To
that end, let’s define a map

f = {left cosets of C(x)} — {gzg~'|g € G}

where, if aC(z) is a left coset of C(z), then we choose a representative
h € aC(x) and let

f(aC(z)) = hah™!.
First, we need to check that this map is well-defined. To that end, let
h,h' € aC(z), where aC(z) is a coset of C(z). Then h = ag for some
g € C(x) and h' = ag’ for some ¢’ € C(x). Then

1 -1

haxh™' = (ag)z(ag) ™' = agzgta™ !

= ara
and
R'zh' ™t = (ag)z(ag) ™! = ag’zgla™t = aza™!.
Hence, we see that no matter what representative element h we choose from
aC(x),
f(aC(z)) = haeh™' = axa™,
so f is well-defined. On the other hand, we define

f:{g9zg g € G} — {left cosets of C(x)}
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given by f(grg~!) = gC(x). Again, we need to check that f is well-defined.

To that end, suppose g,h € G such that gzg~' = hah™'. Let a € C(x).

Then . o
= glaza')g!

=gxg

= hah™!

= haza~'h1.

This implies that ga = haza™'h~'gaz; if we can show that aza™'h~lgax €

C(z), then this suffices to show that gC(x) = hC(x). To see this, note that

-1 -1

(ga)x(ga)

= (zh~'gaz)z(xh~'gazx)
= thlgax(xmfl)aflgflhxfl
=zh~ g(amail) “Lhy~t

(axa=*h~lgar)r(ara=th~lgax)

:mh (ga:g 1)h:1:_1
= (ha:h Dhg=t
= xxr”

=z,

so, indeed, aza~'h~'gaz € C(z) and thus f is well-defined. Finally, we see
that
foflgzg™) = f(gC(x)) = gzg™
and
fo f(gC(x)) = flgzg™) = gC(a),
which means fo f = id and fo f = id. Therefore, the cardinalities of the set
of cosets of C'(x) and the conjugacy class of x are equal or, stated another
way,
(G: C(x)) = #{gzg"|g € G}.
O

(b) Consider the conjugacy classes in G that have more than one element.
Chose one element from each such class, and gather them together as a set
S. Show that #G = #Z + >, x(G : C(x)), where Z is the center of G.

Proof. First, suppose the € G such that the conjugacy class of z is a
single element. It’s clear that, if e is the identity in G, exe = x, so x is in
it’s own conjugacy class. Therefore, the conjugacy class of = is simply {z}.
This implies that grg~! = x for all ¢ € G. Multiplying both sides of this
equation on the right by g, we see that gr = zg, which is to say x € Z, the
center of G.

Now, suppose x € G has a conjugacy class with more than one element
in it. Let y, z be in the conjugacy class of x. Then there exist g, h € G such
that y = gxg~ ', 2 = hah™!. Then x = h™'zh, so

y=grg ' =g(h~'zh)g~" = (gh™")z(gh™")~!
in other words, y and z are in eachother’s conjugacy classes. Since our

choices of y and z were arbitrary, we see that the conjugacy classes of ele-
ments in G form a partition of G. Thus, we can compute the cardinality of
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G by summing the cardinalities of these partitions; since Z contains all and
only those elements in singleton partitions we could compute this by adding
the cardinality of Z to the sum of the cardinalities of the partitions contain-
ing more than one element. By part (a) above, we know that the cardinality
of each of these partitions can be determined by choosing a representative
element x and computing (G : C(x)), yielding the equation:

#G =#Z+ Y (G:C(x)).

zeX

5

Let H and K be subgroups of G. If k € K, call the subgroup kHk 'a
K-conjugate of H. Show that the number of K-conjugates of H is (K :
KN N(H)), where N(H) is the normalizer of H.

Proof. Much as we did in 4(a) above, we will construct and invertible set
map between C, the set of K-conjugates of H, and L, the set of left cosets
of KNN(H). Let

f:C—1L
be given by f(kHk™') = k(K N N(H)) = k. To see that this is well-
defined, suppose ki1, ko € K such that k:lHkl_l = kQHk;l. Then we need to

demonstrate that k; = ko. To this end, let a € K N N(H) and let h € H.
Then there exist hq,...,hg € H such that

kihkit = kohiky!

ahsa™! =
ahga_l = hy
hy = ahg_la_1
Therefore,
kiahga 'k = kyhky!
= kohyky !
= koahza™'ky !,
or

kia = keahsa™'ky 'kiahy ™t
= kohyky 'k1hy.

To show that ki = ko, it suffices to show that b = h1k51k1h4 e KNN(H).
Since a € K, and kia = kob, b = k:;lkrla € K. To see that b € N(H), we
need to conjugate some element of H by b. To that end, let ¢ € H and note
that there exist hs, hg € H such that

hs = haghy'
koheky ' = kihsk!.



ALGEBRA HW 1 9

Therefore,
bgb~! = (hiky 'kiha)g(hiky Ykihg) ™!
= hiky "ky (haghy M) kT ko b
= hiky H(kihsky kahy!
= hiky H(kaheky kahy!
= hihhy' € H.

Therefore, we conclude that b € K N N(H) and so ki = k.
On the other hand, define

f:L—C
given by

f(k) = kHEL.

Suppose k1 = ky. Then there exist a1, as € KNN(H) such that kja; = koas.
Therefore,

f(ky) = k1 Hk' = ky(ayHay Dkt = (ka1) H(kyay) ™!
= (ktgag)H(k)QaQ)*l
= ko(agHay ' )ky!
= koHky!

= f(k2),

so f is well-defined.
Now, if k € K, then

o f(k) = f(kHE™) = F

and

fof(kHE™) = f(k) = kHE™ L.
Therefore, since we’ve created an invertible set map between L and C, their
cardinalities must be equal, which is to say that the number of K-conjugates
of His (K: KNN(H)). O

6

Define the commutator subgroup G’ of G to be the subgroup of G gener-
ated by the set C' := {aba"'b"1|a,b € G}.
(a) Show G’ < G.

Proof. Since C generates G’, if we can show that cCc™! C G’ for all ¢ € G,
that will suffice to show that G’ <t G. To that end, let g € G and ¢ € C.
Then there exist a,b € G such that aba='b~! = c. Now, we consider what
conjugation of ¢ by g looks like:

geg~! = gaba b 1gh

1

Now, gag~ta™' € C, as is

agbat(gb) ™! = agba= b1t
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Now, if we multiply these two elements of C', we see that

(9ag—'a"")(agba™'b"'g™") = gaba™ b~ 'g™! = geg ™.

Thus, geg~! is the product of two elements of C, meaning that gcg™' € G.
Since our choices of g and ¢ were arbitrary, we see that ¢gCg~! C G’ for all

g, which means that G’ <1 G. O
(b) Show that G/G’ is abelian.

Proof. Let @,b € G/G'. If we let a € @,b € b be representative elements,
then aba='b~! € H, so
aba— 5 ' = H,
which is the identity in G/G’. This in turn implies that
ab = ba.
Since our choice of @ and b was arbitrary, this implies that G/G’ is abelian.

O

(C) Find G’ and G/G/ if G = Z, D4, Sg,CQ X Cg.
Answer: Let a,b € Z. Since Z is abelian,
a+b+(—a)+ (=b)=a+ (—a)+ b+ (=b) =0.
Our choices of a and b were arbitrary, so we see that the commutator sub-
group of Z is trivial, which in turn implies that G /G’ is isomorphic to G = Z
in this case.
When G = Dy, let 0,7 € G. Then there exist i,j € {0,1,2,3} and
a,b € {0,1} such that o = 2'y® and 7 = 27y®. If a = b = 0, then
oro 1rt
Ifa=0b=1, then

oro !

=glplaTip™I = T = 0 = 1.

= gyl yryr Iy = dle T yyr T ialyy = o' Il Tt = oI T = 0 = 1,
If a=1,b=0, then

oro IrTl = glyadaTlye T = 2t Tyt Ty = 2Tty = 220-9),

Since 2k( mod 4) is either 0 or 2, this implies that either o707~ is equal
to 1 or 22. Finally, if a = 0,b =1,

oro lr7t = xixjyx_ia:_jy = :Uiﬂyx_i_jy = xz(i”),
which is again either 1 or z2. Having exhausted all possibilities, we see that
C = {1,2?}; since this is a group, G’ = {1,2?}. As we saw in 3(c) above,
the quotient G/G’ ~ Cy x C.

Now we consider when G = S3. Let a,b € S3. Now, for any g € S3, the

parity of g~! is the same as the parity of g. Hence,
aba= b1
must be an even permutation. Hence, G’ C A3. Now,
(12)(13)(12)71(13)7! = (12)(13)(12)(13) = (123)
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and

(12)(23)(12)71(23) 7' = (12)(23)(12)(23) = (132),
so it’s clear that G’ D As. Hence, we conclude that G’ = As. Furthermore,
we know that G/G’ = S3/As, which is just the cyclic group of order 2.

Finally, if G = Cy x Cs, since G is cyclic, its commutator is trivial by the
same argument given for Z above.

&

(d) Is it always the case that G’ = C for an arbitrary group? for a finite
group?

(a) Show that Inn G < Aut G.

Proof. The elements of Inn G are of the form ¢, where a € G and ¢4(g) =
aga~! for all g € G. Now, let ¢, € Inn G and let ¢ € Aut G. In order to
demonstrate that Inn G' <1 Aut G, we must show that oo ¢, 00! € Inn G.
To that end, let g € G. Then,

(000007 )(g) =0(¢alo™(9))) = o(ac™ (g)a™") UE ; (? N (9))0(a_1)
- qso(a (Q)

Since our choice of g was arbitrary, we see that, in fact,
goggoo = Go(a) € Inn G.
Furthermore, since our choices of ¢, and o were arbitrary, we see that
o(Inn G)o~! C Inn G
for all 0 € Aut G, so Inn G < Aut G. ([

(b) Find Inn G and Aut G for G = S,,, n < 4. Conjecture?

Answer: When G = 51, everything is trivial. When G = S, Aut G
is again trivial, as any automorphism of S2 must map the identity to itself
and, therefore, the other element of Sy to itself. The identity automorphism
is clearly inner, so when G = Sz, Inn G = Aut G = {1}.

When G = S3, note that there can be at most 6 automorphisms of
S3. This is because an automorphism must preserve the order of elements;
as such, if o € Aut G, then there are three possible choices for o((12)),
(12),(13) and (23), and there are two possible choices for o((123)), (123)
and (132). Since

(12)(123) = (23), (123)(12) = (13), and (123)(123) = (132),

these choices completely determine o. Since there are at most 6 automor-
phisms of G, if we can show that there are 6 distinct inner automorphisms,
then this will suffice to demonstrate that Inn G = Aut G. Let us examine
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what each of the six possible inner automorphisms (one for each of the six
elements of S3) does to the element (12):

1(12)1 = (12)
(12)(12)(12) = (12)
(13)(12)(13) = (23)

(123)(12)(132) = (23)
(23)(12)(23) = (13)
(132)(12)(123) = (13).

Thus, there are three pairs of possible inner automorphisms that have the
same effect on the element (12). However, as we will see, all define distinct
automorphisms, as elements of the same pair from above map elements other
than (12) to different places:

1. 1(13)1 = (13)
(12)(13)(12) = (23)

2 (13)(13)(13) = (13)
(123)(13)(132) = (12)

3. (23)(23)(23) = (23)
(123)(23)(132) = (13).

Therefore, each of the six possible inner automorphisms is distinct from the
others, so we see that Inn G = Aut G. Furthermore, if a,b,¢c € G and ¢,,
¢p are the inner automorphisms associated with a and b, respectively, then

(¢a 0 ¢)(c) = Pa(db(c)) = da(beh™") = abehb™ a™! = (ab)c(ab) ™" = dup(c).

Since our choice of ¢ was arbitrary, this implies that ¢, o ¢, = ¢gp. In other
words, Inn G has the same group structure as G, so we can, finally, conclude
that Inn G = Aut G = G.

When G = S4, there are 9 elements of order 2, 8 of order 3 and 6 of
order 4, so there are a maximum of 9 - 8 - 6 = 432 possible automorphisms,
assuming that we can generate the entire group with one element of each
order. In fact, we can generate all of Sy with only two elements, namely
(12) and (243). To see this, note that we can generate at the very least the
following 11 elements:

(12)(12) =1
(243)(243) = (234)
(12)(243) = (1243)
(1243)(1243) = (14)(23)
(1243)(14)(23) = (1342)
(14)(23)(12) = (1324)
(12)(14)(23) = (1423)
(1423)(1423) = (12)(34)
(12)(12)(34) = (34)
(243)(34) = (24)
(34)(243) = (23).
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Along with (12) and (243), this is 13 elements in the subgroup generated by
{(12), (243)}; since the order of this subgroup must divide the order of Sy,
which is 24, we see that, in fact, ((12), (243)) = S4. Therefore, if ¢ € Aut
Sa, ¢ is completely determined by its action on (12) and (243). Since (12)
must be mapped to another element of order 2 and (243) to an element of
order 3, our upper bound on the order of Aut Sy is now 9-8 = 72. However,
since (12) is not the product of transpositions, it cannot be mapped to an
element that is; namely, ¢((12)) cannot be (12)(34), (13)(24) or (14)(23).
Our upper bound, then is now 6 - 8 = 48. Suppose that

¢((243)) = (abe).

Then (ac)(abc) = (ab), (ab)(abc) = (bc) and (be)(abe) = (ac); since, as we've
already seen, (12)(243) = (1243), it’s clear that ¢((12)) ¢ {(ab), (ac), (bc)}.
Therefore, the order of Aut Sy is at most 3 - 8 = 24.

On the other hand, suppose o € S4. Then there corresponds to ¢ an
inner automorphism ¢, such that ¢,(7) = oro~!. Thus, we can construct
the surjection

f . 54 — Inn S4
given by
[0 ¢

To see that this is a homomorphism, let o,~v, 7 € 54 and note that

G50 04(T) = (YT ) = oy Lo = By (7).

The kernel of f is simply the center of Sy; since we determined in 1(b) that
the center of Sy is trivial, this implies that f is injective as well. Therefore,
Inn S; ~ S4. Since the order of Sy is 24 and we know there are a maximum
of 24 automorphisms of Sy, we conclude that

Aut Sy =Inn Sy ~ Sy.

Based on this information, we conjecture that Aut S,, = Inn S,, ~ S,, for all
n.

&

8

Prove or disprove: A group is abelian if and only if every subgroup is
normal.

Counter-Example: Consider the quaternion group Q = {£1, +i, +j, £k}.
We want to demonstrate that every subgroup of () is normal, even though
it’s clear that @ is not abelian, since ij = k # —k = ji. To that end,
let a,b € Q. We want to demonstrate that bab~! € (a). Since (a) must
be contained in any subgroup containing a and our choices of a and b are
arbitrary, this will demonstrate that every subgroup of () is normal.
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Now, if either a or b is £1, then it’s clear that bab~! = a, since +1
commute with all elements of ). Hence, suppose a,b € {+i,+j, +k}. Note
that ™' = —a and b~ = —b, so

bab~! = ba(—b) = —bab.
Since (a) = {£1, +a}, we need to show that —bab = £1 or +a. The following

list of calculations demonstrates that, in fact, —bab = —a for all possible
choices of a and b:

—iji =—ki = =—j
i) =ki =
—iki = —(—j)i =—k
—i(—k)i =—ji =
—jij =—(—k)i =—i
—j(=i)j =—kj =i
—jkj = —ij =k
—j(=k)j =1j =k
—kik =—jk = =—i
—k(—i)k = jk =i
—kjk =—(-i)k =—j
—k(—j)k =—ik =}

Hence, every subgroup of () is normal, even though @ is not abelian.
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