GEOMETRY FINAL

CLAY SHONKWILER

1. ADVANCED CALCULUS

Prove the following result:

Theorem 1.1. Let U C R™*! be a non-empty open set and let f : U — R be
a smooth function and suppose S = f~1(c) is a non-empty subset such that
Vf(q) #0 for allq € S. Now let g : U — R be a smooth map and suppose
that p € S is a local extrema of g : S — R, then there exists a real number
A € R such that Vg(p) = AV f(p). The number X is known as a Lagrange
multiplier.

Proof. Let o : (—¢,€) be a smooth curve on S such that a(0) = p. Define
h(t) = g(a(t)). Then, since p is a local extremum of g, zero must be a local
extremum of h. Now, since h : R — R, we know that this implies that

0= "1'(0) = (90 @)'(0) = dga(o) - &/(0) = Vg(p) - &/ (0).
Now, for any v € T,S there exists a smooth curve a : (—¢,€) such that
a(0) = p and o/(0) = v, this means that Vg(p) is normal to the tangent
plane at p. On the other hand, we know from calculus that, since S' is simply
a level surface of f, Vf is normal to S at every point in S. Hence, V f(p) is
parallel to Vg(p).

Therefore, since V f(p) is non-zero, we see that there exists some A € R
(possibly zero if Vg(p) = 0) such that Vg(p) = AV f(p). O

2. A UseruL RESULT

Let f : R — R be given by

0 <0

(a) Show that f is a smooth function and hence the function g(z) =
f(z —a)f(b— x) is smooth, where a < b.

-

Proof. Certainly, the constant function 0 is smooth and the function e=? is
-1
smooth, so problems can only arise if some derivative of e=? is non-zero at
-1
x = 0. Now, if we denote g(x) = e=?, then
-1
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g'(z) = 23
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g'(x) = P ——;
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and so, in general, higher derivatives of g will be linear combinations of terms
;1
of the form e;; for positive integers k. Therefore, we need to show that,

when x — 0, terms of this form vanish. To do so, we make the substitution
Yy = % and repeatedly apply L’Hopital’s rule:
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4ev?

= limy .0
= limy
= limy .0

= limy .

We see that eventually we get to the point where the numerator is just a
constant term and the denominator is either a constant multiplied by e¥” or
a constant multiplied by yeyQ. In either case, it’s clear that g(j)(O) =0 for
all j =1,2,.... Therefore, we see that all of the derivatives of f from both
the right and left vanish at the origin, so f is, indeed, smooth.

Since f is smooth, both f(z —a) and f(b— x) are smooth functions of z,
meaning their product, g(z) = f(z — a)(b — z) is also smooth. O

(b) Show that given 0 < a < b there exists a smooth function H : R" — R
such that
i. H(z)=1forz e B(0,a) CR"
ii. H(x) =0 for ||z|| > b
iti. 0< H(x) <1fora<||z|]| <b0.

Proof. Define
M gt
S gt)dt

Now, if t > b, then b — ¢t < 0, meaning that g(t) = f(t — a)f(b—1t) =
f(t—a)(0) = 0. Similarly, if ¢ < a, then g(¢) = 0. Therefore, we see that

/_Z o(t)dt = /abg(t)dt.

Hence, it’s clear that, for all ||z|| > b,

H) =1 - LW Lot foo0dt

oo 9(t)at Iy g(t)dt Iy g(t)dt

H(z)=1
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Similarly, if ||z|| < a, (i.e., x € B(0,a)),

Moa

J2oadt Pyt

Now, since g(t) > 0 for all ¢t € R, fﬂiy g(t)dt is strictly increasing as ||z||
increases. Therefore, H(z) is decreasing as ||x|| increases, meaning that, for
a <zl <b,

H(z) =1 =1-0=1.

0< H(z) <1.

Therefore, H is a function fulfilling the above requirements. U

3. FRENET FRAME REVISITED

Let S be an orientable regular surface with fixed orientation IV and let « :
I — S be a curve parametrized by arc length. At the point p = a0 consider
the orthonormal basis {T'(s) = o/(s), N(s) = Nu(s), V(s) = N(s) x T(s)}.
(a) Show that

T'(s) = 0 + rgV + N

Vi(s) = —kT + 0 4+ 74N

N'(s) = =T — 1,V 4+ 0
where k4 and &, are the geodesic and normal curvaturers of «, respectively,
and 7, =V’'- N = —N'.V is referred to as the geodesic torsion.

Proof. First, let us compute T"(s) for s = 0. Now,

T'(s) = 4L —do
Yoo NN s NN
 ds ds ds

T+ (' (s), N)N
=kg(N xT)+ Kk, N
= kgV + K, N.

Now, turning to V'(s), we see that
V()= (NxT)(s)=N' xT+NxT.

Note that, by the anti-commutativity of the cross product and the fact that,
for vectors u, v, w,

(uxv) xXw=(u,w)v — (v,w)u,
we have the following equality.
NxV=NXx(NxT)=—-(NxT)xN=—(N,N)T+(T,N)N = -T,
since N is orthogonal to T and ||N|| = 1. Hence,
N'XT = N'x—(NxV) = (NxV)xN' = (N, N'YV—(V, N')N = —(V,N)N = 1,N.
On the other hand,
N xT' =N x (kV + £,N) = kgN X V 4+ k,N x N = 5,N x V = —r,T.
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Putting these results together, then, we see that
V()= N'xT+ N xT =1,N—r,T.
In order to compute N'(s), first we note the following:

VxT=(NxT)xT=(N,T)T— (T, T)N = —N.

Hence,
N'(s)=—(VxT)(s) =-V'xT-VxT
= —(kgT +14N) xT =V x (kgV + kpN)
= —KgDT'XT —7gN XT — 5V XV —r,V XN .
= —7gN xXT — £,V x N
=74,V — k,T.
Hence, compiling the above results, we see that, in fact,
T(s) = 0 4+ KV + kN
V'i(s) = —kT + 0 4+ 74N
N'(s) = =k, — 1,V + 0

(b) Show that « is a line of curvature if and only if 7, = 0.

Proof. Suppose a is a line of curvature. Then /(s) is contained in a principal
direction at p, then it must be the case that o/(s) = T'(s) is an eigenvector
of dN. Hence,
A()T(s) = AN (0 (5)) = N'(s)
for some «. However, from part (a) above, we know that
v(8)T'(s) = N'(s) = —k, T — 1,V.

Since V' is orthogonal to 7', this can only be true if 7, = 0.
On the other hand, suppose 74 = 0. Then

—kpd/(8) = —k,T = N'(s) = dN(d/(s)),

meaning that o/(s) is an eigenvector of dN. Since the directions given by
the eigenvectors of dN are the principal directions, this implies that « is a
line of curvature. O

4. SINGULAR POINTS

Let S be an oriented regular surface and X a smooth vector field on S
with an isolated singularity at p € S. Can Ind,(X) be zero? If your answer
is yes, please give an example of such an oriented regular surface S and a
smooth vector field X on S with an isolated singularity at some p € S such
that Ind,(X) = 0. If your answer is no, please provide a proof.

Answer: Yes, it is possible to construct such a surface. Let S = R?
parametrized by ¢ : R? — R? where ¢ is the identity map. Then, at each
point p in R?, ®; = (p;1,0). Let X be given by X,, = (p;||p||, ||p||). Since
llp|| = 0 if and only if p = 0, it is clear that the only singular point of X
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is the origin, so the origin is an isolated singular point. Now, at each point
q € R?, the angle between X, and ®; is simply 7/4. Let o : [0, 27] — R? be
given by

a(t) = (cost,sint),
the unit circle, which is a closed curve around the origin. Then, if we let
1 (t) denote the angle between a(t) and ®1, we know that ¢ (t) = 7/4 for all
t € [0,27]. Hence,

2rInd g o) = ¥(27) — ¥(0) = 7/4 — 7/4 = 0.

Therefore, the index of X at the origin is zero.

5. DISCONTINUOUS GROUP ACTIONS

(a) Let G act properly discontinuously on a smooth manifold M. Show
that M /G has a differentiable structure with respect to which 7 is a local
diffeomorphism.

Proof. Let p € M. Then, since G acts properly discontinuously on M, there
exists a neighborhood O of p such that g(O) N O =  for any g € G\{e}.
Now, let ¢ : V C R®™ — M be a coordinate chart containing p and let

W=yWV)nO
Now, let
U = Tnt(yp~ (W)

and ¢ be 1) restricted to U. Then, for any coordinate chart v : U’ — S
such that ¢(U) Ny (U’) # 0, ¢~ oy and v~ ! o ¢ are differentiable precisely
because 1)1 oy and 7! 04 are differentiable and ¢ is simply a restriction of
the domain of . Therefore, by the maximality condition in the definition
of manifolds, ¢ : U — ¢(U) C O C M is a coordinate chart containing p.
Note that this implies that ¢(U) N g(p(U)) = 0.

Since our choice of p above was arbitrary, we see that to each point in M is
associated a chart ¢, : Uy, — M containing it such that g(¢(Us))Néa(U) =
(). Hence, the family ¢, (Uy) covers M and so

UaT 0 ¢ (Us) = M/G.
Now, suppose « and ( are such that

(70 6a) (Ua) N (7 0 63) (Us) = A # 0.

Let Uy = (70 ¢o) 1(A) and let Uy = (70 ¢5) 1 (A). Now, it may well
be the case that ¢o(Ui) N ¢3(Uz) = (. However, it must be true that
ba(U1) = g(¢3(Usz)) for some g € G. Since the action of G is properly
discontinuous, g(¢g(Uz2)) N ¢g(Usz) = O for non-identity g € G. Hence,

( for
(moa) ™" o (m0¢p)(Un) = (moda) ™' (A) = ¢5" (171 (A)) = d5" 0 g0 dp(Ua).
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Since g is a diffeomorphism, this map is differentiable on R™. A similar
calculation ensures that

(7T0¢5)_1 o(mogy): U — Uy

is differentiable. Therefore, we conclude that, indeed, the family {U,, mo¢dq}
gives a differentiable structure on M/G.

Now, let p € M and let ¢, : Uy, — M be a coordinate chart containing p
and let 7o ¢ : Ug — M /G be a coordinate chart containing m(p). Then

(mo ¢ﬂ)71 oMo gy = (mo ¢ﬁ)71 o (70 ¢a),

which we already know is differentiable at p from our calculations above.
On the other hand

o' o o (o dg) = (mopa) " o (o pp),

which, again, we already know is differentiable at 7(p). Therefore, since 7 is
differentiable at p and has a differentiable inverse at 7(p), we conclude that
7 is a local diffeomorphism in a neighborhood of p. Since our choice of p
was arbitrary, we conclude that 7 is a local diffeomorphism on all of M. [

(b) Let S™ C R™""! be the n-sphere. Let I : R"*! — R"*! denote the
identity map. Show that the group G = {I,—I} acts properly discontin-
uously on S™. The resulting quotient S™/G is called the real projective
space and is denoted RP™.

Proof. First, note that for p € S™,
(=IoI)(p)=—I(I(p)) = —1(p) =1(-1(p)) = (Lo —=I)(p)

Now, the identity map on S™ is clearly a diffeomorphism, so we need only
check that —1I is a diffeomorphism to ensure that G acts on S™. Let p € S™.
Thenp = (z1,...,%n41) where 2 > 0 for some k = 1,...,n+1. Parametrize
S™ by maps ¢; : U — S™ where U = {qg € R" : ||q|| < 1} where

d)i(a:l,...,xn) = ($17--'7$i—17\/1 - (.CC% +...+xn),xi,...,xn).

Then each ¢; is a differentiable map with differentiable inverse. If p €
¢i(U) N ¢;(U), then

¢ od;
and

¢; ' o ¢
are differentiable on this intersection, so this parametrization gives a dif-
ferentiable structure on S™. Note that, since ¢ is differentiable for all
k=1,...,n+1, sois —¢;. Hence,

¢ o—Tog;=¢; o—¢;

and

¢;' o —Togi=¢;' o—¢
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are differentiable. Since —1I is its own inverse and our choice of p was arbi-
trary, this suffices to show that —1 is a diffeomorphism. Hence, we see that
G acts on S™.

Again, let p € S™. Hence, p = (x1,...,Tp4+1) Where x > 0 for some
E=1,...,n+1 Let O = {(x1,...,2n41) € S" : 7, > 0}. Then O is
certainly a neighborhood of p. Furthermore,

—I(O)ﬂ@ = {(xl, - ,xn+1) eSS < 0}0{(.7}1,. . .,xn+1) e S" x> 0}

Since —1I is the only non-identity element of G, this demonstrates that, in
fact, G acts properly discontinuously on S™. O

(c) Suppose G acts properly discontinuously on a manifold M, then one
can show that M /G is orientable if and only if there exists an orientation
of M which is preserved by all the diffeomorphisms g = ¢4 : M — M. Use
this fact to prove that RP™ is orientable if and only if n is odd.

Proof. (=) Suppose RP" is orientable. Then, by the given theorem, there
exists an orientation of S™ which is preserved by the action of all elements
of G. Specifically, there exists an orientation N of S™ which is preserved
by —I. Hence, there is a parametrization {(Uy, ¢o)} which is compatible
with the orientation of S™ such that {(Uy, —1I © ¢o)} U {(Us, ¢a)} gives an
orientation on S™. Specifically, if

¢a(Ua) N—Io ¢B(Uﬂ) =W 75 @

then
0 <det(dy((—10¢p)~" 0 da))
= det(dg(¢5' 0 =17 0 $a))
= det(dq(gb{gl o—1I0¢y))
(1) = det(do, - —dlq- dgba_;;m)
= det(dﬁbzl(q) I x(nt1) - d¢&:&1(q))

- (_1)”“‘1 det(d¢§f1(q) ) d(b;;_l(q))
= (1) det(dy (95" © ¢a))-

Since ¢3 and ¢, are compatible with the orientation, it must be the case
that

det(dy(¢5" © ¢a)) > 0.

Hence, in order for inequality (1) to hold, it must be the case that (—1)"*1 >
0, i.e., n is odd.

(<) On the other hand, if RP" is not orientable, then, by the given
theorem, it cannot be the case that any orientation on S™ which is preserved
by the action of all elements of GG. Since all orientations are preserved by
the identity map, it must be the case that each orientation fails under the
action of —I. Now, as we just showed above,

det(dg((—I 0 ¢5) ™" 0 ¢a)) = (—1)" " det(dg(¢5" © ¢a))
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which must be non-positive for each set of coordinate charts ¢, ¢ such
that ¢, —1 o ¢g that intersect non-trivially. Now, since S is orientable, we
know there exist ¢, ¢ such that

det(dg(¢5" © ¢a)) >0,

so it must be the case that (—1)"*! < 0, i.e., nis even. By the contrapositive,
then, we see that if n is odd, RP" is orientable. O

6. VECTOR FIELDS ON M

(a) Show that for any smooth n-manifold M the tangent bundle T'M ad-
mits the structure of a smooth 2n-manifold such that the natural projection
w:TM — M is a smooth submersion.

Proof. Let {(Uq, ¢o)} be the differentiable structure on M. Then the coor-
dinates on U, € R™ are given by (uf,...,ud); let {®F, ..., 2} be the corre-
sponding coordinate vector fields on M. Let p € M and let ¢, : U, — M be
a coordinate chart containing p. Let v € T,M. Then, in local coordinates,
v can be expressed as
v=uy1P7, + ... ynPpy-
In fact, for all ¢ € ¢po(Uy) and w € T4M,
w =107, +... +y. Py,
for some y1,...,y, depending on w. Now, let
Yo : Uy X R" = T (Uy) C TM
be given by

(ul's - st Y1y Un) = Y11 () T - - T UnPoga ((ue,..ue))-
Now, this is clearly surjective, as two elements mapping to the same point
requires that the u{'’s must be equal or else we end up in an entirely different
tangent space and the y;’s must be equal or else we get a different linear
combination of the ®,’s.

Now, since M = Uy ¢ (Uy), we see that every tangent plane is hit by such
a Yo, SO
TM = Uyya(Uy x R™).
Suppose that
W = ya(Ua X Rn> N yg(Ug X Rn)
for some o and B. Then we consider yﬂ_l Yo : Yo (W) — y/gl(W). Let

(67

qg=(uf,...,uy) and let v = (y1,...,yn). Then

ygl oyYa(us, ... U Y1,y Yn) = ygl ° Yalq,v)
= Y5 (1P ((uguz)) T - T YnPogo((up,uz))
= (65" © da(@): d(95" © Pa)q(v))
Now, these coordinate functions are smooth, so we can conclude that, in
fact, yﬁ_l 0 Yo is smooth. Therefore, this construction gives a differentiable
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structure on TM. Since each U, x R" is an open subset of R?", we see that
TM is a smooth 2n-manifold.

Now, we need to demonstrate first that = is a smooth map under this
structure. Let g € TM, p = w(q) € M. Let ¢ : Uy — M be a coordinate
chart containing p and let y, : U, x R™ — T'M be the associated coordinate
chart containing q. Now, for any

v=(uf,...,upn,Y1,...,Yn) € Uy x R",
let po = ¢a(uf,...,ug). Then
(

ToyYa(v) = T(Y1Pipy + - - - + UnPap,) = Do = Pa(u, ..., uy).
Hence,
gb;lo7roya :QS(;I ° Pa,
which is certainly differentiable. Hence, 7 is a smooth map.
To see that 7 is a smooth submersion, let p € M and let X, € T,M.
Recall that X, is a map from C*°(p) — R. Now, define Yx, € Tx, (T'M)
such that, if f € C°°(X,) is constant on T),M,

Yx,(f) = Xp(for™).
Then, for any g € C*°(p), we see that

dn(Yx,)(9) = m(Yx,)(9) = Yx, (g0 m) = Xp((gom) o) = X,(g),
where this last two equalities hold because g o7 is constant on T}, M. There-
fore, we see that

dW(YXp) = X);
since our choice of p, and hence X, was arbitrary, we see that dm is sur-
jective. Since 7 is a smooth map, this implies that 7 is a smooth submer-
sion. ([l

(b) Let M be a smooth n-manifold and let "M have the structure defined
in the previous part. Show that X : M — TM is a smooth vector field if
and only if X : M — TM is a smooth map such that 7 o X = idyy.

Proof. (=) Suppose X : M — T'M is a smooth vector field. Then, if p € M
and ¢, : U, — M is a coordinate chart containing p,

n
Xp = Z Y;(P)®jp
j=1

for smooth y;. If uf, ..., ul are such that ¢, (uf,...,us) = p, and y, is the
coordinate chart on X, given above, then

Yo o X oo (uf,. ., uf) = ya {(Xp) =y O_yi(0)®jp) = (uf,. .. ud, y1, .. Yn)
j=1

Each of these coordinates is a smooth function of the u{,...,u5, so, since

our choice of p was arbitrary, we see that this map is smooth and, therefore,
X is a smooth map.
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Now, choose the same p as before. Then
n
moX(p) = 7> ui(0)®)p) = p,
j=1

so, since our choice of p was arbitrary, we see that m o X = id,,.

(«<=) On the other hand, suppose X : M — T'M is a smooth map such
that mo X =idy;. Let p € M and let ¢, : U, — M be a coordinate chart
containing p; let y, be the associated coordinate chart on T'M containing
X(p). Then, since X (p) € TM, we know that X (p) € T,M for some q € M.
However, since mo X = idjy, it must be the case that, in fact, X (p) € T, M.
Since this is true, we know that we can express X (p) as a linear combination
of the ®;’s:

n
X(p) = yi(p)®jp.
j=1
Furthermore, since X is smooth,

n
Yo o Xoga(uf, . uf) =y (Xp) = v O ui(p)®ip) = (s ug, Y1, )
j=1

must be smooth. In particular, the coordinate function y; must be smooth
for all k =1,...,n. Hence, we see that

X(p)=>_yi(p)jp
j=1

where y; smooth for all k = 1,...,n. However, this is precisely the condition
that X is a smooth vector field on M. ([
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