GEOMETRY HW 4

CLAY SHONKWILER

3.3.5
Consider the parametrized surface (Enneper’s surface)
3 3
o(u,v) = <x — % +uv? v — % + vu?, u? — v2>
and show that
(a) The coefficients of the first fundamental form are
E=G=(1+u*+v)? F=0.

Answer: We know that £ = ($1,®y), F' = (P, P2) and G = (g, Pa),
so we need to calculate ®; and ®5. Now,

= (1 —u? 4 02, 2uv, 2u)

and
Oy = (2uv, 1 — v* +u?, —2v).
Hence,
E=(®,®) =(1—u+0?)?+ 0?4 4u?
=1+ 2u? + 2v% + u* + v12u%0?
= (1 +u® +v?)?
F=(91,®) =2uv(l—u?+v?)+2uv(l —v?+u?) —4uw
= 2uv — 20’V + 2uv® + 2uv — 2uv® + 2uPv — duw
=0
and

G = (‘1)27 ‘I>Q> = 4u2v? + (1 — 2 u2)2 1 402
=1+ 2u® + 202 +ut + v12ut0? .
= (]_ + u2 + ’l}2)2

(b) The coefficients of the second fundamental form are
e=2, ¢g=-2, f=0.

Answer: Recall that

P P P P
N — 1 X Py 1 X P9

|®1 x ®o|]  VEG — F2

(—2uv? — 2u — 2u3, 2u?v + 20 + 203, 1 — 2u0? — ut — v?)

(14 u?+0v2)*
1
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2
e = <N, %>
= m(( 2uv? — 2u — 2u?, 2uv + 2v + 203, 1 — 2u?v? — ut — v?),
(*211,, 20’2»
= mzu +2u? 4 202 + ut 4+ vt + 2u0?)
2(1+u +v2)?
(14+u2+v2)2
2.

Now,

<N’ 8u8v>
m(( 2uv? — 2u — 2u3, 2u?v + 2v + 203,
1 —2u?v? —ut —v?), (20,24, 0))

m%—qug — 2uv + 2ulv — 2uBv + 2uv + 2uv?)

= areree (0)
— 0.

and ,
g = <N7 %>
m((—hwz —2u — 2u?, 2u?v + 2v + 203,
1 —2u?v? —ut — ), (2u, —2v, —2))
= —m«—Quzﬂ — 2u — 2u?, 2u?v + 2v + 203,
1 —2u?0v? —u* —ov?), (2u, —2v, —2))
= —e
= 2.

That is to say,

)
(c¢) The principal curvatures are
2 -2
k = - ]{j et
T a0 T (T4 u2 1 0?)
Answer: Now,
by — _ —fF+eG fo — _ —[F+gE
1= = paT g k= mem = paTy
Since f = F =0,
eG e gFE g
k ky =+ = =,
'""EGTE 7T EG G
Hence,
2 -2
ki=——-—55 ka=——5—5>.
T+ 02?2 T 1+ u? 4 2)2
&

(d) The lines of curvature are the coordinate curves.
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Proof. As given on pg. 161, the differential equation giving the lines of

curvature is )

(a))* —ajah (ab)
E F G |=0
e f g

where a(t) = ¢(ai1(t),aa(t)) is a regular curve. Now, recalling that F' =
f =0, this reduces to the equation

0= —ajdh(Eg —eG) = —ajah(—2(1 + u? +v*)* — 2(1 + u? + v?)).
Since —4(1+u?+v?)% # 0, it follows that either o = 0 or oy, = 0. However,

this occurs precisely when « is a coordinate curve, so we see that the lines
of curvature are the coordinate curves. [l

(e) The asymptotic curves are u + v = const., u — v = const.

Proof. From pg. 160, we see that a connected regular curve C' is an asymp-
totic curve if and only if, for any parametrization a(t) = ¢(a(t), aa(t)),

e(a})® + fadah + g(ah)* = 0.
Now, plugging in our values for e, f and g, we see that this reduces to the
condition that
2(a})? — 2(ah)? = 0.
Reducing, we see that

which is to say that
u =+,
Integrating both sides of the above, we see that,
u==xv+C.

In other words,
uFov=C.
Hence, curves of this form are precisely the asymptotic curves. [l

3.3.7

d(u,v) = (y(v) cosu,y(v)sinu,(v)) is given as a surface of revolution
with constant Gaussian curvature K. To determine the functions + and ),
choose the parameter v in such a way that (7/)? + (¢’)? = 1. Show that

(a) v satisfies v/ + K~y = 0 and ¢ is given by ¢ = [ /1 — (v/)2dv; thus,
0 < u < 2w, and the domain of v is such that the last integral makes sense.

Proof. We start by computing ®1, ®a:
®1 = (—v(v) sinu, y(v) cosu,0), ®o = (7' (v)cosu,v (v)sinu, ' (v)).
From this, then, we can compute
E = (@1,1) = (7(0))X(sin u + cos? u) = (1(0))?,
F = {(®1,®3) = —y(v)y (v) sinucosu + y(v)y'(v) sinucosu = 0
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and
G = (Dg, Ba) = (7' (v))*(sin® u+cos® u) + (¢ (v))? = (7/(0))* + (V' (v))* = 1.

Recall that

62

e = 1/M(<I)1, (IDQ, 871:;25)
a%
—1/M(<I>1,<I>2,6 5 )
and

0%¢

where M = VEG — F? and (a,b, ¢) denotes the determinant of the matrix
with columns given by a, b and c¢. Now,

VEG - F2 = /(7(v)? = 6(v)

Hence,
—~vsinu ’y COSU —7yCOSU
e = % vycosu 7' sinu  —ysinu
0 W 0
= (42 sin? u + 2 cos® u
g ’7 ’7
= .
Furthermore,
—vysinu 7 cosu —v'sinu
f = ﬁ yeosu 'sinu 7 cosu
0 o 0
= % — /(= sinu cosu + ' sinu cos u)
= 0.
and
—vsinu 7 cosu v’ cosu
g = v(lv) veosu v sinu sinu
0 w/ w//
= Y[ P (=" sin? u + 9" cos? u) + " (—yy' sin® u — 7 cos? u)]
= (" = Y"y)

— w,yll wl/ /‘
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Now, if we differentiate both sides of the equation (v')? + (¢)? = 1, we see
that v'v" = —1/¢". Hence,

_ eg—f?

K = g6
= w/(/lp/,y//_w//,yl)
= e
_ =YW=y

- v

>
WA "+(")2y

1" ’y
.
L
Re-arranging, we see that ~ satisfies
v 4+ ky = 0.
Now, on the other hand, since (7/)? + (/)% = 1, we can re-arrange to see
that
U =1- ()%
Hence,
v [VI= 0P
where v is such that this integral makes sense. U

(b) All surfaces of revolution with constant curvature K = 1 which inter-
sect perpindicularly the plane xOy are given by

v(v) = Ccosv, P(v) = / V1 — C2?sin? vdv,
0

where C' is a constant. Determine the domain of v and draw a rough sketch
of the profile o f the surface in the zz plane for the cases C =1, C' > 1,
C < 1. Observe that C' =1 gives the sphere.

Proof. Recall that in part (a) we showed that ~ satisfies the equation 7" +
K~ = 0. Plugging in K = 1, we see that
v +v=0.

This has characteristic equation \> + 1 = 0, meaning the solutions are
A = £/—1. Hence,

v(v) = C1€% cosv + e sinv = Oy cosv + Cy sinv.

After translating the curve, we may assume that at v = 0 the curve (y(v), ¥ (v))
passes through (C,0) and (7/(0),/(0)) = (0, 2). Then

0 =+/(0) = —C} sin(0) + C3 cos(0) = Cs.

Hence, v(v) = C} cosv.
Now, using our formula for ¢ given in part (a) and plugging in the above
for ~, we see that

P(v) = /OU V1= (y)%dv = /OU V1 — C2?sin? vdv.
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where v € [—sin™1(1/C),sin"1(1/C)]. O

(c) All surfaces of revolution with constant curvature K = —1 may be
given by one of the following types:

1. y(v) = Ccoshv, ¥(v) = [ V1— C?sinh®vdv.

2. v(v) = Csinhv, (v) = [ V1 — C?cosh? vdv.

3.9(v) =¢", P(v) = [y V1—edu.

Determine the domain of v and draw a rough sketch of the profile of the
surface in the xz plane.

Proof. Plugging the value K = —1 into the expression derived in (a), we see
that
"
v —v=0.
The characteristic equation, then, is A2 — 1 = 0, so the solution of the

differential equation is

v(v) = Cie" + Cae™
since A = £1 is the solution of the characteristic equation. Since there are
no initial conditions given, we cannot necessarily reduce vy to one of the
above three forms. If we had initial conditions that dictated that C; = +=C5
or C1 = 0 or Cy = 0, then we could clearly reduce to one of the above three
cases.

O
(d) The surface of type 3 in part (c) is the pseudosphere of Exercise 6.

Proof. Now, the coordinates of a point p € S are given by
v
(e’ cosu, e’ sinu, / V1 —e2vdv).
0

Now, the pseudosphere is given by taking a curve in the zz-plane such that
the length of th tractrix is equal to 1 at every point on the curve, and then
rotating this curve about the z-axis. So we first demonstrate that the v and
1 in 3 agree with such a curve in the zz-plane. To that end, let y = 0. Since
y = e sinu, this implies that u = 0. Hence, a point a in the plane that lies
on this surface is given by

(e, O,/ V1—e?dv).
0

We let « = e, making z = [ V1 — z2dv = — fUO V1 — 22, Since v < 0 (and
so 0 <z < 1). Now, differentiating, we see that the tangent to the curve is

given by
(€,0,—V1—e2") = (2,0, —\/1 — 22).

This tangent, then, clearly has length

Vet (V1@ =VZrl =1

Therefore, the surface agrees with the pseudosphere on the xz-plane.
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Now, if we fix v and let u vary, then we see that the coordinates of points
on the surface are given by

v
(e’ cosu, e’ sinu,/ V1—e?).
0

Hence, this describes a circle of radius e, so we see that our surface is just
the surface of revolution of the xz-plane curve we described above. However,
this is precisely the pseudosphere. O

(e) The only surface of revolution with K = 0 are the right circular
cylinder, the right circular cone, and the plane.

Proof. If K = 0, then, using the differential equation established in (a), then
/7// — 0'

The only possibilities for 7, then, are that v is a line, a constant not equal
to zero, or zero. If 7 is a line, then we see that the coordinates give a right
circular cone, with its peak at the point where ~ intersects the axis. On
the other hand, if v is a nonzero constant, then the coordinates give a right
circular cylinder. Finally, if v = 0, then the surface is completely determined
by z, which is itself constant, so the surface is simply a plane. O

3.3.22

Let A : S — R be a differentiable function on a surface S, and let p € S
be a critical point of h (i.e., dh, = 0). Let w € T,,S and let

a:(—ee) — 8
be a parametrized curve with «(0) = p, ¢/(0) = w. Set
d*(hoa)
th(w) = Thzo.

(a) Let ¢ : U — S be a parametrization of S at p, and show that
Hyh(u/' @1 + 0'®g) = hy(p) (t)? + 2hp (p)u/'v” + By (p) (V)2

Conclude that Hyh : T,S — R is a well-defined quadratic form on 7,S. Hy,h
is called the Hessian of h at p.

Proof. First, we note that

and so
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Note, furthermore, that

_ (Oh Oh 0Oh gy
o = G480
Oh Ox Oh Oy 6h 0z Oh Ox Oh Oy Oh 0z
(3$8u+8y8u+77 77+3y8v+3787)

0z Ou’ Oz Ov
= (hu, h).
Since p is a critical point, recall that dh, = 0 and so h, = h, = 0 when
evaluated at the values associated with p. Putting all of this together, and
recalling that w = v/ ®; + v'®5, we see that
Hoh(u/®y + v/'®y) = de’;;’a =0
dt2 (h °© O‘)
= a,f z((hog)o (<z5 Loa))
g (dhpddgd(¢™ Oa)t 0)

- [(hu,m(v

INESHNSEST

QJ‘Q‘Q)‘ Q:QJ‘@
< 8

= L (hyu' + hyv')

:%“u + hyu! + ¢ d;v + hyv"

_ ha, d Ohy d Oh, d Bhvd
_(6u7?+8vﬁ)u+h“u// (8ud71tL Bv dg) U,

I

= huu(W)? + 2RtV + By (V)2 4 hytt! + hyv

= Ry (u)? + 2RtV + By (V)% + 0u” + 00"

= Ry (u)? + 2RtV + hyy (V)2
Since Hph : TS — R does not depend on the choice of a, we see that H,h
is indeed a well-defined quadratic form. U

+

= (hyutt + hyv' )" + hyu” + (hwu + hy ')V + hyv
)?
)

(b) Let h : S — R be the height function of S relative to T},5; that is,
h(q) = (¢ — p,N(p)), ¢ € S. Verify that p is a critical point of h and thus
that the Hessian Hph is well defined. Show that if w € T},S, |w| = 1, then

H,h(w) = normal curvature at p in the direction of w.

Conclude that the Hessian at p of the height function relative to 7,5 is the
second fundamental form of S at p.

Proof. Denote q := ¢(u,v). Then
h(u,v) = (¢(u,v) —p, N(p)) = (¢(u,v), N(p)) — (p, N(p))-

Hence,

O = (1, N(p) +0 = (&, N (o)
and

O = (B, N(p) +0 = (2, Np).

However, since ®1, ®3 € T),5,
(@1, N(p)) = (P2, N(p)) = 0.
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Hence, dh, = 0, so we see that p is indeed a critical point of h.
Now,

_ 000 o 0
haw = 5o (5 N @) = (5.5, N0)) =
0,09 8%

huv - %<%v (p)> = <8’LL6U,

and
0,0 0?
oo = 5-(52 N (p) = (5.5, Np)) = g

Hence, by the work we did in (a) above,
Hyh(w) = e(u))? + 2fu'v' + g(v')? = I (w).

Now, since the normal curvature at p in the direction of a unit vector v is
simply I1,(v), we see that, in fact

H,h(w) = normal curvature at p in the direction of w.

3.3.23

A critical point p € S of a differentiable function h : S — R is nondegen-
erate if the self-adjoint linear map Ay,h associated to the quadratic form H,h
is nonsingular. Otherwise, p is a degenerate critical point. A differentiable
function on S'is a Morse function if all its critical points are nondegenerate.
Let h, : S € R? — R be the distance function from S to r; i.e.,

hr(q)zv<q—r,q—r>, qu,T€R3>T¢S'

(a) Show that p € S is a critical point of h, if and only if the straight line
pr is normal to S at p.

Proof. Let a(t) be a curve on S with a(0) = p, ¢/(0) = w. Then p is a
critical point if and only if

0= dh(w) = $(a(0) = r,a(0) = )'/?)=
= a7z (@ (0),2(0) = r)(a(0) -, a/(0))
1

- W(w,p —r){p—r,w)
—2{(w,p—7)

= 2((p-rp—r))1/?
—(w,p—T1

<p—r,p—7”)

Hence, we see that it must be the case that (w,p —r) = 0. Since this
implies that the vector on the line joining p and r is orthogonal to w. Since
w € T(S) and our choice of av was arbitrary, we see that the line joining p
and r is normal to S at p if and only if p is a critical point of h,. O
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(b) Let p be a critical point of h, : S — R. Let w € T),S, |w| = 1, and
let @ : (—€,€) — S be a curve parametrized by arc length with a(0) = p,
a/(0) = w. Prove that

1
—— — knp,
h.(p)

where k,, is the normal curvature at p along the direction of w. Conclude
that the orthonormal basis {e1, ea}, where e; and e are alon gthe principal
directions of T},S, diagonalizes the self-adjoint linear map A,h,. Conclude
further that p is a degenerate critical point of A, if and only if either h,(p) =
1/ky or h.(p) = 1/ka, where ky and ko are the principal curvatures at p.

Hpyh,(w) =

Proof. Let ¢ be a coordinate chart at the point p. Then

he(q) = V(g =70 — 1) = V(o(u,0) — 7, ¢(u,0) — 1) = \/($,6) — 2(¢, ) + (r,7)
If we let
Z(U,U) = <¢7 ¢> - 2<¢7T> + <’I",7“>,

then
hy = V1,
ly = 2{¢u, @) = 2(Pu, 1) = (Pu,; ¢ — 1)
and
ly = 2(pv, ®) — 2{bv,7) = (Pu, P — 7).
Hence,
lyw = 2<¢uw ¢ - T> + 2<¢u; ¢u>a
lyw = 2<¢vva (b - T> + 2<¢U7 ¢u>a
and

luv = 2<¢uv7 ¢> + 2<¢u7 ¢v>

Hence, since p is a critical point,

T
0= hy, = 517,

and .
0=h,, = 51*1/%.
Therefore,
Y A E PR S P S S PR P
hruu - 2l luu 4l (lu) - 2l luu 4lhru - 2l luua
Ly Lispge Ly by 1y
hrv’v - 2l l’U’U 4l (l’u) — 2l lq)'u 4l h’/’v - 2l lU’U
and
hr — 1l_1/2luv o 1l_3/2lulv —_ ll—l/Qluv . llhr N ll_l/Zluv.

Now, since p is a critical point, p — r is normal to the surface at p, and so
is equal to h,(p)N,, since h,(p) is definde to be the length of p — r. Also,
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notice that I,(w) = 1 since |w| = 1. Hence, by what we showed in 22(a)
above,
thT (w) = h’ruu (u/)2 + 2h’7'uvu/v/ + h"'vv( )

— ;l—l/Ql ( ) 4= 1/2l U+ ll 1/211;11( )
L (Sl ()2 + Lyt —i—llm,( ?)

hy(p) 2

hrl(p) ((<¢uwp - T> <¢u> ¢u>)( )

F2({Puvs P = 1) + (Pu, D)UY + ((vo;p — 7) + <¢uu¢v>)( %)
= (ke + E)Y(W')? + (kf + F)u'v' + (kg + G)(v')?)
= s (I(w) = he(p) [T (w)
= %@ — I, (w).

Now, we need only recall that, since w is a unit vector, II,(w) = ky. Plug-
ging this into the above equation, we see that

1
ha(p)
Since h,(p) is fixed in this context, we see that the value of the quadratic
form H,h, depends solely on the value of k,,. Now, k1 and kg are the maxi-
mum and minimum values, respectively, of k, = II,(w). With these values
are associated the unit vectors e; and eg, respectively, which are mutually or-
thogonal. Now, it is clear that e; minimizes Hy,h, and es maximizes Hyh,.
Hence, e; and es are the eigenvectors of the associated self-adjoint linear
map Aph,. Since {e1, ez} is an orthonormal set, these vectors diagonalize
the map Aph,.

Finally, p is a degenerate critical point of h, if and only if A,h, is singular;
Aph, is singular if and only if Hph,(e1) = 0 or Hph,(e2) = 0. Now, solving
for h,(p), we see that

Hyh,(w) = — k.

1 1
0= H,h, =———-k < h(p)=—
p (el) hr (p) 1 (p) kl
and ) )
0= H,h, =———ko & h(p)=-—.
p (62) hr (p) 2 (p> ]{:2
Therefore, p is a degenerate critical point if and only if h,(p) = % or h.(p) =
1
. U
ko

(c) Show that the set

B = {r € R®: h, is a Morse function}
is an open and dense set in R3; here dense in R? means that in each neigh-
borhood of a given point of R? there exists a point of B.
Proof. A point a € R? is associated with a non-Morse function h, if and
only if hy(p) = % or he(p) = é for some p € S such that the line from p
to a is parallel to IV,. Hence, if we attach line segments of length ﬁ and
1712 parallel to N, and —N,, to each p € S, then the endpoints of these line
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segments will comprise the entirety of the set R®\ B. We want to show that,
for any point ¢ € R, and any e-ball B.(q) centered at ¢, there is a point
7 € Be(q) such that » € B; that is, r is not an endpoint of one of these line
segments.

Now, suppose B is not dense in R3. Then there exists a ¢ € R3 and
an € > 0 such that the open e-ball Bc(q) centered at ¢ is contained in the
complement of B. That is to say, every point in B¢(q) is the endpoint of
one of the line-segments constructed above. Specifically, ¢ is the endpoint
of such a line-segment [; suppose, without loss of generality, that the length

of [ is 1711 In this situation, there are two possibilities:

(1) If we translate B((q) by a distance % such that the image of ¢ is

in S, then the image of the ball is contained in S. However, this is clearly
impossible, as S is locally diffeomorphic to R? and, as such, certainly cannot
contain such a ball.
(2) If, when we perform the above, there are points in the ball whose image
is not contained in S. Denote by B.(q) the ball with all points whose image
1

under this E-translation is contained in S deleted. Then, if we translate

Bl(q) by a distance of 1?127 then its image will be contained in S. However,

again this is impossible, since B(q) is not locally diffeomorphic to R?, either.
From this contradiction, then, we conclude that, in fact, B is dense in
R3. O

3.4.1

Prove that the differentiability of a vector field does not depend on the
choice of a coordinate system.

Proof. Suppose w is a vector field on a neighborhood U C S with a coordi-
nate chart ¢(u,v) such that a(u,v) and b(u,v) are differentiable, where

w(p) = a(u,v)®y + b(u, v)Pa.
Now, suppose there is another coordinate chart ¥ (u,v) on U such that
w(p) = c(u',v')T1 +d(u, ) Vs,

Then it suffices to show that ¢ and d are differentiable.
Recall that

ou’ o'
=2y, + Vg
1 ou * + ou 2
and
/ /
oy — 2y, 4 Yy,

=90 1T oy
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Hence,
w(p) = a(u,v)®1 +blu, v)®,
= a(u, )( \Ill—i—— >+b(uv)(au\111+ \I/2>
:<a( 94 b(u, v) )\1/1+(( 0) 22 4 b, v) 2 )\1;2
= c(u U)\Il1+d(u V') Wy.

Hence, since we see that ¢ and d are merely sums of products of differentiable
functions, ¢ and d are differentiable. Therefore, w is a differentiable vector
field with respect to v as well. Since our choice of ) was arbitrary, we see
that differentiability of the vector field w is independent of the choice of
coordinate system. U
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