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Abstract
We derive a new image reconstruction method for distributed apertures
operating in complex environments. The aperture elements can be distributed
spatially in an arbitrary fashion, can be several hundred wavelengths apart, and
can involve transmission from multiple elements simultaneously. Moreover,
the object to be imaged can be either in the near-field or far-field of the
array. Our method is capable of exploiting information about multi-path
scattering in the environment, statistics of the objects to be imaged and statistics
of the additive (possibly non-stationary) noise. We formulate the image
reconstruction problem as an inversion of a bilinear mapping that maps object
reflectivity to an operator which in turn acts on the transmitted waveforms.
We use transmitted waveforms to reveal the action of this bilinear mapping.
We develop a minimum-norm inversion which takes the form of a family of
linear operators applied to the pulse-echo measurements. This processing is
implemented by means of inner products between the measurements and pre-
computed quantities, separately for each receiving element. Our approach is
therefore well suited for parallel implementation, and can be performed in a
distributed manner.

1. Introduction

Pulse-echo imaging is generally performed by transmitting a waveform, and recording the
resulting scattering from the object to be imaged. The scattering measurements are then
used to form an image, which is a spatially resolved map of the object’s scattering strength
[1]. Pulse-echo imaging covers a wide range of applications including sonar and ultrasound,
microwave, seismic and radar imaging [2–9].

High-resolution imaging techniques such as acoustic tomography or synthetic-aperture
radar use a large effective aperture [5, 9]. The spatial diversity offered by these large arrays
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allow a high-resolution reconstruction of extended objects. Sparse arrays, on the other hand,
have mostly been used in applications where it is important to determine the location, but
not the scattering characteristics, of a particular object [10, 11]. In applications of sparse
arrays, the objects to be imaged are frequently regarded as point scatterers [12, 13]. However,
extended objects can also be imaged by sparse arrays if the waveforms they transmit are wide
band [7, 8].

In this paper, we present a new image reconstruction method that applies to pulse-echo
measurements from a sparse array of transmitting and receiving elements. The array elements
can be distributed spatially in an arbitrary fashion, and can be several hundred wavelengths
apart. Such an array is referred to as a distributed aperture [14].

Distributed apertures typically view regions of interest that are not in the far-field of the
array. This introduces range dependence in the scattering measurements which cannot be
ignored [15, 16]. By using a physics-based measurement model we directly account not only
for this range dependence but also for effects such as multi-path scattering and interference.
In addition, our approach can incorporate a priori statistical information about the scatterers
and additive noise.

We formulate the imaging problem in terms of a bilinear mapping which we refer to
as the channel mapping. This is a mapping from the space of scattering objects to the
corresponding linear operator between transmit waveforms and measured scattering. Under
the distorted wave Born approximation (DWBA), this channel mapping is linear. We derive
an inversion technique which is optimal in the sense that it minimizes the mean-square error
in the reconstructed image. In doing so we allow for multiple transmitters and receivers to
be activated simultaneously [17–20]. We make no additional assumptions about being able to
separate the waveforms from each transmitter by orthogonality [7, 17].

We perform our image reconstruction using an appropriate set of basis functions which
is adapted not only to the physical layout of our array elements, but also to the environment.
Using a finite subset of these basis functions, we reconstruct a projection of the image onto a
subspace spanned by this basis. The resulting numerical implementation requires only a set
of inner products between the measurements and pre-computed quantities for each receiving
array element. Our reconstruction algorithm, therefore, lends itself to distributed processing.

Our work is related to that of Devaney et al, who presented a similar reconstruction
method under the assumption that the impulse response from all pairs of transmitters and
receivers could be obtained for a (finite) number of frequency components [21, 22]. Our work
is distinguished from these earlier papers by the fact that we formulate the problem directly
in terms of time-domain pulse-echo measurements. By conducting our analysis in the time
domain, we are furthermore able to account for transmit waveform diversity.

Our work is also related to that of Yazıcı et al [23], which used a similar general approach.
However, by employing affine Fourier transforms to perform the actual inversion, that work
inherently relies on the free-space propagation model, and deals with one transmitter and one
receiver which are assumed to be co-located. There are no such assumptions in our current
work. In fact, the ability to exploit multi-path propagation is one of the features of our work.
Thus, our work generalizes the inversion technique presented in [23] to distributed apertures
in a multi-path environment.

Our paper is organized as follows: in section 2, we introduce our data model, and formulate
the reconstruction problem. We proceed to analyze the imaging problem under deterministic
conditions in section 3. The main result for this section is theorem 1. Reconstruction in
the presence of additive noise is addressed in section 4, where we incorporate second-order
statistics into a minimum-norm optimal reconstruction. This is formulated in theorem 2.
In section 5, we present some numerical simulations to illustrate the theoretical results and
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Table 1. Definition of variables, operators, functions and function spaces.

Notation Explanation

T0 Positive constant which determines the maximum length of a transmit signal
V Reflectivity function
S(0, T0) Space of transmit waveforms
S(0, T0)

m Space of transmit vectors
s(t) Transmit vector, each component of which is an element of S(0, T0)

L2(R)n Space of measurement vectors
m(t) Measurement vector, each component of which is an element of L2(R)

H Channel mapping: operator from L2(�) to linear operators between S(0, T0)
m and L2(R)n

H(V ) Scattering operator or channel: operator from S(0, T0)
m to L2(R)n

Tr{A} Trace of the operator A
� Compact subset of R

3 where all reflectivity functions have support

the performance of our image reconstruction method. Discussion and concluding remarks
are found in section 6. The paper includes three appendices. Appendix A contains a brief
derivation of our waveform propagation model. Appendices B and C contain proofs of some
intermediate results needed for the reconstruction result in the deterministic setting, while
appendix D contains the derivation of the reconstruction method in the presence of additive
noise.

2. The forward model

2.1. Notational conventions

Throughout this paper we use the following font conventions: bold-face italic font (x) denotes
vector quantities, Latin capital letters in calligraphic font (H) are used for operators and Latin
capital letters in roman font (S) are used to denote function spaces. We use subscript index
(Mij , xi) to indicate a matrix or a vector element, while we reserve superscript indices (sk) for
indexing a set of vectors. Our notation for specific variables, operators, functions and function
spaces is shown in table 1.

2.2. Distributed apertures

We consider an array consisting of m transmitting elements and n receiving elements. The
array elements are arbitrarily distributed, and can be several hundred wavelengths apart. These
spatially distributed array elements constitute our aperture. Furthermore, we assume that we
have a common reference clock for all elements. This common reference clock allows coherent
data processing. An illustration of the distributed nature of an array with two transmitting
elements and three receiving elements is shown in figure 1.

2.3. The channel model

Strictly speaking, any object with properties which deviate from a constant (homogeneous)
background will produce scattering. However, scattering from an object with known location
and scattering strength does not contribute new information. We therefore use the known
objects to define a background medium. Scattering is defined in terms of deviations from this
background. Our ability to observe the additional objects depends on how much the relevant
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Area being imaged

Tx1 at z1

Tx2 at z2

Rx1 at x1

Rx2 at x2

Rx3 at x3

Figure 1. Distributed aperture with two transmitting elements (black circles) and three receiving
elements (white circles). The transmitting elements Tx1 and Tx2 are located at spatial positions
z1 and z2, respectively. The receiving elements Rx1, Rx2 and Rx3 are located at positions x1, x2
and x3. Arrows indicate that scattering as a result of a waveform transmitted from element Tx1
will be measured on all receiving elements; similarly for Tx2.

physical properties deviate from the background. We denote this deviation by the reflectivity
function V (x). For our current work, we will assume that the propagating wave field u is
described by the following scalar wave equation:

∇2u − 1

c2
∂2
t u = V ∂2

t u. (1)

Here c is the propagation speed in the background medium. Our model for the scattering is
given in terms of the Green’s function g(x, y, t) for the background medium. The Green’s
function is the response measured at position x due to an impulse δ(t) transmitted from
position y, i.e., a solution of

∇2
xg − 1

c2
∂2
t g = δ(t)δ(|x − y|). (2)

We denote by zj the position of the j th transmit element, and by xi the position of the
ith receive element (see figure 1). We denote by sj (t) the waveform which emanates from the
j th element. We arrange the transmit waveforms in a transmit vector s(t)

s(t) := [s1(t), . . . , sm(t)]T . (3)

For a given reflectivity function V , our model for the scattering measurement mi(t) associated
with the transmit vector s(t) is

mi(t) =
m∑

j=1

∫
g(xi , y, τ ′)∂2

t g(y, zj , t − τ − τ ′)V (y) dτ ′ dysj (τ ) dτ. (4)

This model assumes that multiple reflections involving the reflectivity V may be neglected,
but allows for multiple reflections in the known background medium. Equation (4) is obtained
as a linearization of the Lippmann–Schwinger equation. Further details, as well as appropriate
references, are found in appendix A.
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We note that (4) models simultaneous transmission of different waveforms from different
elements. For ease of exposition, we have assumed that each array element behaves like
an isotropic point source/receiver, i.e., radiation patterns from each element do not exhibit
directivity. Note that by re-interpreting the Green’s function as the actual field radiated by
each array element, more general antenna models may be treated within the same Green’s
function notation [21].

We collect the measurements into a measurement vector m(t)

m(t) := [m1(t), . . . , mn(t)]
T. (5)

We refer to the mapping from transmit vector s(t) to measurement vector m(t) as the
scattering operator or channel, and denote it by H(V ). By defining an m × n matrix G(y, t)

with matrix elements

Gij (y, t) :=
∫

g(xi , y, τ ′)∂2
t g(y, zj , t − τ ′) dτ ′, (6)

we obtain a compact notation for H(V ) as follows:

m(t) := H(V )s(t) =
∫

G(y, t − τ)V (y) dys(τ ) dτ. (7)

Integration in (7) is understood to be elementwise, i.e.,

mi(t) =
m∑

j=1

∫
Gij (y, t − τ)V (y) dy sj (τ ) dτ. (8)

2.4. Problem statement and inversion strategy

The scattering operator H(V ) is a linear mapping from transmit vectors to measurement
vectors. We can now define the channel mapping H as the linear mapping which takes the
reflectivity function V to the scattering operator H(V ). The kernel of H is in this case G
from (6). Furthermore, if we interchange the order of integration in (7), the inner integral
defines an operator which we denote by Gy:

Gys(t) =
∫

G(y, t − τ)s(τ ) dτ, (9)

The operator Gy is the scattering operator for the reflectivity function consisting of a single
delta function located at the point y. With this notation, we can write

H(V ) :=
∫

GyV (y) dy. (10)

Our overall strategy is to perform imaging by inverting the mapping H, i.e., we will
reconstruct the reflectivity function V from knowledge of H(V ). In order to do this, we
must first construct H(V ) from a set of transmit waveforms and corresponding measurements.
For this we use a set of transmit vectors {sk(t)}, and record the corresponding measurement
vectors {mk(t)}. From this data, we determine the action of H(V ) on the subspace spanned
by the transmit vectors {sk(t)}.

Once the channel H(V ) is known, we find an approximate inverse for H using the Green’s
function for the background medium. Our image is then Ṽ , which, roughly speaking, is defined
by

Ṽ = H−1H(V ). (11)
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2.5. Properties of the channel

In this section, we describe the assumptions and technical machinery needed for the
reconstructions.

Let H1 and H2 be two Hilbert spaces. Furthermore, let {ek} be an orthonormal basis for
H1, and denote the inner-products in H1 and H2 by 〈·, ·〉1 and 〈·, ·〉2, respectively. The space
of Hilbert–Schmidt (HS) operators between H1 and H2 form a Hilbert space when equipped
with the following inner product:

〈A,B〉HS :=
∑

k

〈Aek,Bek〉2. (12)

Using ∗ to indicate the adjoint operator, we may express the inner product in terms of the trace
of B∗A:

〈A,B〉HS =
∑

k

〈B∗Aek, ek〉1 := Tr{B∗A}. (13)

We make some appropriate assumptions on the location of the array elements, Green’s
function for the medium, and transmit waveforms. These assumptions are mild enough to be
valid for most applications.

Assumption 1. Let � be a fixed compact subset of R
3, and let C be a fixed constant.

(i) We assume that we do not measure any scattering from locations outside �. More
precisely, we assume that the reflectivity functions are supported in �, and are square
integrable within �, i.e., they are functions in L2(�).

(ii) We assume that all transmitter locations zj and receiver locations xi are outside �.
(iii) We also assume that the background medium does not focus energy onto an arbitrarily

small region; in other words, we rule out trapped rays. More precisely, let ĝ(x, y, ω)

denote the temporal Fourier transform of the Green’s function g(x, y, t). We assume that

|ĝ(zj , y, ω)ĝ(y, xi , ω)| � C, (14)

uniformly for all frequencies ω ∈ R, all y ∈ �, and all pairs of transmitter and receiver
locations (zj , xi ).

We note that the assumptions (ii) and (iii) can be relaxed somewhat. However, this would
require additional attention to deal with the integrable singularities of the Green’s function.

Next we make some assumptions about the transmit waveforms. In order for the scattering
operator to be HS, we assume that the transmit waveforms have finite energy, are of finite
duration, and are approximately band limited, in the sense that their Fourier transforms decay
rapidly.

Assumption 2. Let ρ > 0 and T0 > 0 be predetermined constants. We assume that the space

S(0, T0) of transmit waveforms is a subset of the Sobolev space
◦
H(5+ρ)/2(0, T0).

Here H(5+ρ)/2(R) consists of functions s whose Fourier transforms ŝ(ω) satisfy∫
(1 + |ω|5+ρ)|ŝ(ω)|2 dω < ∞ (15)

and
◦
H(5+ρ)/2(0, T0) is the subspace of H(5+ρ)/2(R) of functions with support in [0, T0].
On the space S(0, T0), as defined in assumption 2, we will use the H(5+ρ)/2(R) inner

product

〈f, g〉S :=
∫

(1 + |ω|5+ρ)f̂ (ω)ĝ(ω) dω. (16)
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Assumption 3. Let S be as stated in assumption 2. Let SK(0, T0)
m be the subspace of

S(0, T0)
m which is spanned by the transmit vectors

{s1(t) · · · sK(t)}, (17)

where each of the vectors have elements which are supported on [0, T0].

Assumption 4. We assume that {sk} is a set of orthonormal basis functions for the transmit-
vector space S(0, T )m. The corresponding measurements are denoted by {mk}.
Lemma 1. Under assumptions 1 and 2, for each reflectivity function V ∈ L2(�) the scattering
operator H(V ) is a Hilbert–Schmidt operator from transmit vectors with elements in S(0, T0)

to measurement vectors with elements in L2(R).

We provide a proof of lemma 1 in appendix B.

3. Imaging under deterministic conditions

In this section we derive an imaging algorithm which offers a minimum-norm reconstruction
of the reflectivity function V under the assumption that there is no measurement noise. Our
reconstruction method for this case is stated in theorem 1 in section 3.2.

3.1. Replacing the scattering operator by measurements

Our imaging method is derived from applying an approximate inverse of the operator H to the
operator H(V ). The measurement vector obtained from transmitting a certain transmit vector
tells us directly what the action of H(V ) is on the subspace spanned by this transmit vector. If
we transmit an orthonormal basis for the space of transmit vectors, we are essentially mapping
out the whole operator H(V ). However, we do not explicitly construct H(V ). Rather, we base
our inversion on the directly available scattering measurement vectors.

3.2. Imaging by inversion of the channel mapping H

In this section, we develop a general method for reconstructing the reflectivity function V

from knowledge of H(V ).
Lemma 1 implies that the mapping H is a linear operator from the Hilbert space of

reflectivity functions, L2(�), to the Hilbert space of scattering operators. The minimum-norm
solution for the inversion problem is therefore provided by the pseudo-inverse H† of H [24].
We obtain our image of the reflectivity function as

Ṽ = H†H(V ). (18)

In this paper we use the pseudo-inverse H† = (H∗H)†H∗. We therefore establish below
a way to compute the adjoint of H. As it turns out, we are able to express the adjoint directly
in terms of the Green’s function of the background medium. This result is stated in the third
part of the following lemma.

Lemma 2. Under assumptions 1 and 2, the following hold:

(i) Gy : S(0, T0)
m → L2(R)n is a bounded linear operator for each y.

(ii) The family of bounded linear operators {Gy}y∈� is uniformly bounded.
(iii) The adjoint of H evaluated at A is [H∗A](y) = Tr{GyA∗}, where the trace is defined

in (13). Here A denotes a Hilbert–Schmidt operator from the space S(0, T0)
m of transmit

vectors to the space L2(R)n of measurement vectors.

We prove lemma 2 in appendix C.

7
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Lemma 3. Under assumptions 1 and 2, the operator H∗ is bounded.

Proof. To see that H∗ is bounded we apply H∗ to an HS operator A and compute the norm of
the result as follows:

‖H∗A‖2
2 =

∫
|H∗A(x)|2 dx =

∫
�

∣∣∣∣∣∑
k

〈Ask,Gxsk〉
∣∣∣∣∣
2

dx �
∫

�

∑
k

|〈Ask,Gxsk〉|2 dx. (19)

To the right-hand side, we apply the Cauchy–Schwarz inequality to obtain

‖H∗A‖2
2 �

∫
�

∑
k

〈Ask,Ask〉〈Gxsk,Gxsk〉 dx. (20)

From lemma 2 we now use the result that Gx is a uniformly bounded family. Let an upper
bound for their norm be C0. Then

〈Gxsk,Gxsk〉 � C0, (21)

since the transmit vectors are assumed to be of unit norm. Thus, we rewrite (20) as

‖H∗A‖2
2 �

∑
k

〈Ask,Ask〉C0

∫
�

dx (22)

= C2
0n‖A‖2

HS

∫
�

dx. (23)

The last integral is finite since � is compact. Therefore H∗ is a bounded operator. This
concludes the proof of lemma 3. �

We next obtain an expression for the pseudo-inverse H† needed for our inversion method
given in (18). We do so in several steps: (1) first we applyH∗ toH(V ) and obtain an expression
for the operator H∗H. (2) Next we use eigenfunctions of H∗H to determine a singular-value
decomposition (SVD) of H [24]. (3) Finally we state our inversion algorithm in terms of the
SVD of H.

Step 1. In order to obtain a useful expression for the pseudo-inverse H† appearing in (18),
we need the following fact.

Lemma 4. Under assumptions 1–3, the operator H∗H is bounded and self-adjoint, and has
kernel Tr{G∗

xGy}.
Proof. The operator H∗H is obviously self-adjoint. Boundedness follows from the
boundedness of H∗ (see lemma 3). To obtain an expression for the kernel, we use (10)
and (13) to obtain

[H∗H(V )](x) = Tr{GxH(V )∗} =
∑

k

〈H(V )sk,Gxsk〉. (24)

=
∑

k

〈G∗
xH(V )sk, sk〉 (25)

=
∫ (∑

k

〈G∗
xGysk, sk〉

)
V (y) dy (26)

=
∫

Tr{G∗
xGy}V (y) dy, (27)

8
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.Step 2. Below we obtain an inversion of H∗H using the measurements corresponding to
the action of H(V ) on the finite-dimensional space of transmit vectors. Note, however, that
even though H(V ) has finite-dimensional range, the operator H does not; the space of HS
operators between transmit vectors and measurements is infinite dimensional. What the finite-
dimensionality assumption does for us is to reduce Tr{G∗

xGy} to a finite sum, terms of which,
by part (iii) of assumption 1, are each square integrable. This implies that the kernel of H∗H
is square integrable, which in turn implies that H∗H is compact.

Spectral decomposition of H∗H. Under assumptions 1–3, H∗H has a spectral representation
in terms of a discrete set of orthogonal eigenfunctions. Let {(λp, Up)} be the set of non-zero
eigenvalues and associated orthonormal eigenfunctions for H∗H

H∗H(Up) = λpUp. (28)

These eigenfunctions can be thought of as a basis of functions out of which we will construct
the reflectivity function V . We will always assume that the eigenvalues are ordered according
to their size, i.e., λp � λp+1. We define a set of operators Up by

Up = 1√
λp

H(Up), (29)

where the action of Up on a waveform s is obtained by using (7). The operators Up are the
normalized scattering operators associated with the ‘eigenscatterers’ Up.

Step 3. With this notation, we can now state the reconstruction theorem.

Theorem 1. Let H and its adjoint H∗ be as defined in lemma 2.

Under assumptions 1–4, the minimum-norm least-square-error reconstruction Ṽ (x) for the
reflectivity function V (x) is given by

Ṽ (x) = (H∗H)†H∗H(V )(x) =
∑

p

1√
λp

K∑
k=1

〈mk,Upsk〉Up(x), (30)

where λp and Up satisfy

λpUp(x) =
∫ (∑

k

〈G∗
xGysk, sk〉

)
Up dy. (31)

Here Up is given by (29) and G∗
xGy is defined in (28).

Proof. First we note that from (24) and the fact that H(V )sk is precisely the measurement mk

resulting from transmitting waveform sk , we have

[H∗H(V )](x) =
∑

k

〈mk,Gxsk〉. (32)

From the spectral decomposition of H∗H, we obtain

Ṽ = (H∗H)†H∗H(V ) =
∑

p

1

λp

〈[H∗H(V )], Up〉Up. (33)

9
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From (32), (9) and (10), we compute

〈[H∗H(V )], Up〉 =
〈∑

k

〈mk,Gysk〉, Up

〉
=

K∑
k=1

∫
〈mk,Gysk〉Up(y) dy (34)

=
K∑

k=1

〈mk,H(Up)sk〉 =
K∑

k=1

√
λp〈mk,Upsk〉. (35)

�

Theorem 1 yields an operator which we can apply to scattering measurements {mk} in order to
reconstruct the image. However, as it stands, the operator is unbounded, because the singular
values λp converge to zero as p → ∞. Consequently, the reconstruction operator given
in (30) is not expected to perform well (or even be defined) if the scattering measurements
contain noise or other errors. In practical applications some form of regularization of (30) is
needed in order to make the reconstruction more robust, e.g., truncate the summation over p
to only include terms such that λp > ρ for some ρ > 0. Issues pertaining to reconstruction in
the presence of additive noise are discussed in section 4.

3.3. Algorithmic description of the imaging method

We have constructed a set of basis functions {Up} which are adapted to our distributed
aperture and to the environment. Each such basis function is a unit-norm reflectivity function.
The scattered field from Up is

√
λpUpsk when a transmit vector sk is employed. We therefore

obtain our reconstruction by matching each measurement against fields Upsk , whereby we
determine the component of the total scattering that is produced by the reflectivity Up. For
each transmit vector this procedure is repeated with all the basis functions. The results are
combined to a single reconstruction using weights determined by the singular values

√
λp.

An algorithmic description of our reconstruction method is given below:

(i) Select a set of K orthonormal transmit vectors {sk} ⊂ S(0, T0)
m.

(ii) From the Green’s function for the background medium we compute

Tr{G∗
xGy} ≡

K∑
k=1

〈G∗
xGysk, sk〉, (36)

where G∗
xGy is given in (28).

(iii) Determine the eigenvalues and eigenfunctions (λp, Up) of the integral operator with
kernel Tr{G∗

xGy}.
(iv) Determine the associated operators Up of H according to (29).
(v) Transmit the vectors sk and obtain the associated measurement vectors mk .

(vi) Match each measurement mk with Upsk , and reconstruct according to a suitably
regularized version of (30).

This algorithm depends on our ability to compute Tr{GxGy}, and hence on the nature
of the Green’s functions and the transmit waveforms involved. First, we note that Gxsk is a
hypothetical scattering measurement that would be obtained when the field due to the transmit
vector sk scatters from a point reflector located at position x. Under assumption 1, we avoid
integrating over the singularities of the Green’s function when computing these hypothetical
measurements. Furthermore, by assumption 2, the transmit waveforms are assumed to be
smooth. Therefore, we can compute these hypothetical measurements numerically as long as
basic sampling criteria are met. Furthermore, as we have limited high-frequency content in

10
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our transmit waveforms, diffraction of the propagating wave will ensure that Gx is a smooth
function of x. The quantity Tr{GxGy} is at this point a finite sum of (temporal) inner products
between such measurements, and therefore well behaved as a function of x and y.

The functions {Up} provide an orthogonal basis for the reconstruction. Furthermore, by
virtue of being eigenfunctions of H∗H, they yield a representation of the reflectivity function
where the terms associated with large eigenvalues correspond to the most visible parts. In
this sense, computing a reconstruction based on only the terms corresponding to the largest
eigenvalues yield an image which represents a projection of the true reflectivity function onto
a subspace where the aperture has the best sensitivity—sensitivity being quantified by the L2

norm of the scattered signal that is measured. By orthogonality we furthermore know that
each additional term which is computed for our imaging algorithm provides reconstruction
of the reflectivity function in a new subspace of L2(�). In this sense our reconstruction is
efficient.

If the template fields Upsk are computed off-line, the inversion is efficiently implemented
as a set of inner-products independently computed for each array element. This means that
a significant part of the computation can be performed in a decentralized fashion on each
array element. Furthermore, as the reconstructed reflectivity function is expanded in terms
of the basis functions, only the coefficients in this expansion need to be communicated
from each element. This combination of distributed processing and compressed information
representation is desirable in applications where the communication bandwidth from each
aperture element is limited.

4. Imaging under uncertainty

Our inversion operator in theorem 1 yields the minimum-norm solution which attains the
smallest reconstruction error when the measurements do not contain noise, i.e., when we know
the scattering exactly. In this section we consider measurements which are contaminated by
additive noise. We will use the second-order statistical information about the reflectivity
function in order to design a reconstruction method which is optimal for noise-contaminated
measurements. Optimality will be defined in terms of the mean-square error (MSE).

We assume that we have measurements mk which are contaminated by noise, i.e.,

mk(t) = H(V )sk(t) + n(t). (37)

Our assumptions about the statistics of the reflectivity function and the noise are as
follows.

Assumption 5. The reflectivity function is a realization of a zero-mean random field with finite
variance and continuous covariance function

RV (y1, y2) = E[V (y1)V (y2)]. (38)

Assumption 6. The additive noise n(t) is assumed to be a zero-mean stochastic vector process
with known covariance function:

(i) The cross-covariance between the noise in the measurements at elements i and j is

E[ni(t1)nj (t2)] = Ri(t1, t2)δij . (39)

(ii) The covariance function satisfies one of the following conditions:
(a) non-stationary noise:

∫
Ri(t, t) dt < ∞;

(b) stationary noise: Ri(t1, t2) = Ri(t2 − t1, 0), and
∫ |Ri(t, 0)| dt < ∞.

(iii) The measurement noise and the reflectivity function are statistically uncorrelated.
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Under assumption 5, we can express the reflectivity function in terms of the Karhunen–
Loève (KL) expansion [25]

V (x) =
∑

r

crVr(x). (40)

Here {Vq} is a set of orthonormal L2-functions, and cq are independent random variables.
Furthermore, the sequence {E[|cr |2]} is square summable.

We seek a linear reconstruction method that will suppress noise and that can accommodate
prior statistical information about the reflectivity. Since H∗ is invertible on the range of H, we
can without loss of generality assume that our linear reconstruction method is of the form:

V B = BH∗ [H(V )] , (41)

where B is a suitable linear operator on L2(�). We already know from (32) how to express
H∗ applied to H(V ) in terms of noise-free measurements mk . A natural way to approach
the reconstruction for the noise-contaminated case is therefore to substitute the noisy data
into (32) and then use B to filter out the noise component of the reconstruction in the image
domain. In order to do so we define B below in terms of the statistics of the noise and the
reflectivity.

In the absence of noise we want the operator B to coincide with the deterministic solution
from theorem 1. Therefore, we exclude the part of V that lies in the null space of H when
defining the MSE of the reconstruction:

MSE(B) :=
∫

E[|V B(x) − PV (x)|2] dx, (42)

where P is the projection onto the range of H∗

PV (x) :=
∑

p

〈V,Up〉Up(x) =
∑

r

cr

∑
p

〈Vr, Up〉Up(x), (43)

and the sum is defined in the mean-square sense and where the Up were defined are
in (28). The second equality of (43) is obtained by inserting the KL expansion of V from (40).3

The projection PV is therefore obtained by simply projecting each Vr(x) onto the subspace
spanned by the functions {Up(x)}, i.e., projecting onto the range of H∗.

Our goal is to determine B such that the MSE in (42) is minimized. The reconstruction
formula for the statistical case is then given in the following theorem:

Theorem 2. Let {s1(t), . . . , sK(t)} be a set of orthonormal vectors in the space of transmit
vectors S(0, T0)

m. Let {m1(t), . . . , mK(t)} be the corresponding measurements

mk(t) = H(V )sk(t) + n(t). (44)

If the first- and second-order statistics of the additive noise and the reflectivity function satisfy
assumptions 6 and 5, then the linear MMSE reconstruction Ṽ of the reflectivity function V is
given by

Ṽ = MS 1
2 (S 1

2 MS 1
2 + E)†S− 1

2 H∗[H(V )]. (45)

In terms of the scattering measurements {mk} and the basis functions {Up} defined in (28), the
adjoint H∗ of H can be computed as in (32), and the operators M,S and E have coefficients

(M)ij =
∑

r

E[|cr |2]〈Vr, Ui〉〈Vr, Uj 〉, (46)

3 We are justified in interchanging the order of summation since E[|cr |2] is square summable, and {Vr } and {Up} are
square integrable.
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(S)ij = δijλi, (47)

(E)ij = Tr{U∗
i RnUj }. (48)

Here Rn is an operator where the kernel is a diagonal matrix with functions Ri(t1, t2)

from (39) along the diagonal.

We prove theorem 2 in appendix D.
Inserting (45) into (D.18) from the proof of theorem 2, we obtain the following expression

for the resulting MMSE:

MSE(B) = Tr{M − MS1/2(S1/2MS1/2 + E)†S1/2M}. (49)

We observe that we obtain the result of theorem 1 from (45) when no additive noise is present.
If the additive noise is white, then E is a diagonal operator. Furthermore, if the elements of

our aperture are spatially distributed in such a fashion that the basis functions {Up} correspond
to the basis functions {Vp} in the KL expansion for our reflectivity function model, we see that
〈Up, Vq〉 = δpq . Therefore, the optimal reconstruction in the presence of noise in this case
can be obtained by Tikhonov regularization of the inversion formula given in (30), i.e.,

Ṽ (x) =
∑

p

√
λp

λp + σ 2
p

K∑
k=1

〈mk,Upsk〉Up(x). (50)

If the reflectivity function has non-zero mean, the MMSE reconstruction formula of (45) can
be obtained by using a minimum variance estimation criterion. In this case the MSE includes
a bias term in addition to that given in (42) [26].

5. Analytic examples and numerical simulations

In this section we present analytic examples and numerical simulations to demonstrate the
performance and properties of our reconstruction method. In section 5.1 we discuss two cases
which are simple enough to be treated analytically. We then proceed to show numerical results
for these two cases in section 5.2.

5.1. Analytic examples

5.1.1. Free-space background. We first consider a scenario where the background is free
space. For this case the Green’s function is

g(x, y, t) = δ(t − |x − y|/c)
4π |x − y| , (51)

where δ is the Dirac delta function. Combining (51) with (6), we see that the kernel of our
channel mapping H is

Gij (y, t) = δ(t − [|xi − y| + |y − zj |/c])

16π2|xi − y‖y − zj | ∂2
t . (52)

Furthermore, if we use f ′′ to denote the second derivative of f , then the quantity Gy from
lemma 2 is

[Gyf ]ij (t) = f ′′(t − [|xi − y| + |y − zj |/c])

16π2|xi − y‖y − zj | . (53)
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From this, it is clear that (32) in the free-space case becomes

[H∗H(V )](x) =
∑
k,i,j

∫
(sk)′′j (t − 
ij (x))

16π2|xi − x||x − zj | (m
k)i(t) dt (54)

=
∑
k,i,j,l

∫
(sk)′′j (t − 
ij (x))

16π2|xi − x‖x − zj |
(sk)′′l (t − 
il(y))

16π2|xi − y‖y − zl|V (y) dy dt. (55)

Here 
ij (x) = (|xi − x| + |x − zj |)/c denotes the travel time from the transmitter at
location zj via the location y and back to the receiver at location xi .

The integral operator H∗H is now

[H∗H(V )](x) =
∫

�(x, y)V (y) dy (56)

with kernel

�(x, y) =
∑
i,j,l,k

�ijl(x, y, sk) (57)

�ijl(x, y, s) = 〈s ′′
l (· + 
ij (x) − 
il(y)), s ′′

j 〉
256π4|xi − x‖x − zj‖xi − y‖y − zl| . (58)

We see that the kernel is a weighted sum of appropriately delayed auto- and cross-ambiguity
functions between second derivatives of the transmit waveforms. The emergence of the second
derivatives in these expressions is due to our particular wave equation and scattering model
(see appendix A). In the narrow-band case, this differentiation is approximately multiplication
by a constant (namely, the negative of the square of the carrier frequency), leading to an
approximate representation by delayed and weighted inner products between the different
transmit waveforms.

Our reconstruction method is then based on determining the eigenfunctions of (56). We
use the corresponding eigenvalues to design an inverse filter which recovers the reflectivity
function V .

5.1.2. Simple multi-path background. A simple multi-path scenario, which can be treated
analytically, is the case where we have an infinite reflecting plane, on which a Dirichlet
boundary condition (i.e., the field is zero) holds. Without loss of generality we assume that
the reflecting plane is described by [x1, x2, 0], i.e., it is perpendicular to the third coordinate
axis. This is shown as a solid straight line in figure 2.

For each location x = [x1, x2, x3]T we introduce a mirror location x′ = [x1, x2,−x3]T

on the other side of the reflecting plane. In figure 2 we have given the mirror locations
primed labels. Using this notation, and assuming that our propagating wave satisfies Dirichlet
boundary conditions at the reflecting plane, the Green’s function for this scenario is

g(x, y, t) = δ(t − |x − y|/c)
4π |x − y| − δ(t − |x − y′|/c)

4π |x − y′| . (59)

Thus, the field that is radiated into the scene from our idealized point antenna elements is∑
j

g(y, zj , t) =
∑

j

sj (t − |y − zj |/c)
4π |y − zj | − sj (t − |y − z′j |/c)

4π |y − z′j | . (60)
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Let zj
∗ ∈ {z1, . . . , zm,z′1, . . . ,z′m} be the location or the mirror location of a transmit element.

Let furthermore s∗j ∈ {s1, . . . , sm,−s1, . . . ,−sm} be the transmit waveform from location z
j
∗ .

It is clear that the radiated field in (60) can be expressed as

m∑
j=1

g(y, zj , t) =
2m∑
j=1

s∗j (t − |y − z
j
∗ |/c)

4π |y − z
j
∗ |

. (61)

Therefore, this field can be created in a free-space environment if we add a mirror element for
each physical array element, i.e., double the number of elements.

The scattering is analyzed similarly to the free-space case by adding a receiver at the mirror
location of each physical receiver. We therefore define an augmented set of receiver locations
xi

∗ ∈ {x1, . . . , xn, x̃1, . . . , x̃
m}. In order to obtain the multi-path scattering measurement, we

add the free-space scattering measurements at x̃i and xi . Thus, the scattering model in (4) is

mi(t) = (H(V )sk)i =
2m∑
j=1

∫
(sk)′′∗j (t − 
∗ij (x))

16π2|xi∗ − x||x − z
j
∗ |

+
(sk)′′∗j (t − 
∗(i+n)j (x))

16π2|x(i+n)
∗ − x||x − z

j
∗ |

, (62)

where 
∗ij (x) is defined as in (55), with xi
∗ and z

j
∗ . We see that we get four types of scattering

events:

(i) Direct path: transmitter → reflectivity function → receiver. These are the terms where
no mirror coordinates occur in the free-space equivalent model.

(ii) One bounce: transmitter → wall → reflectivity function → receiver. These are the terms
where the transmitter is at a mirror coordinate in the free-space equivalent model.

(iii) One bounce: transmitter → reflectivity function → wall → receiver. These are the terms
where the receiver is at a mirror location in the free-space equivalent model.

(iv) Two bounces: transmitter → wall → reflectivity function → wall → receiver. These are
the terms where both transmitter and receiver are at a mirror location in the free-space
equivalent model.

These different multi-path scattering events are discussed in [27]. Computation of H∗H
can now be performed in a straight-forward manner as in (56), but is omitted here as the insight
gained from these expressions do not justify the space.

5.2. Numerical examples

In order to demonstrate the performance of our reconstruction method, we conducted a set
of numerical simulations for a square object in two different scenarios. First we simulated
scattering from an object in a free-space background. Then we performed another simulation
where we inserted a mirror surface behind the object to be imaged (see figure 2). These
two scenarios correspond to the analytic examples given in section 5.1. Linearity of the
reconstruction method implies that the results can be extrapolated to more complex objects by
approximating them as a linear combination of squares.

We used a distributed aperture with two transmit elements and up to 10 receive elements.
The antenna elements were equally spaced on a semicircle with radius 10λ. The object which
we wanted to image was a square with sides of 1.5λ. We reconstructed this reflectivity on a
50 × 50 grid covering a region of 5λ × 5λ around the square. The true reflectivity that we
want to reconstruct is shown in figure 2

In all experiments the two transmitters operated simultaneously: transmitter 1 emitted a
linear up-chirp sin(ω0[t +αt2]), while transmitter 2 simultaneously emitted a linear down-chirp
sin(ω0[t − αt2]). Thus, there was an inherent ambiguity in the reflected waveforms as to the
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Reflecting plane

Mirror transmitters
and recievers

Mirror image of
object

Object being imaged

Rx1

Rx2

Rx3

Rx4
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Rx7
Rx8

Rx9

Rx10

Tx1 Tx2

Rx1Rx1

Rx2Rx2

Rx3Rx3
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Rx7Rx7

Rx8Rx8

Rx9Rx9

Rx10Rx10

Tx1Tx1 Tx2Tx2

Figure 2. Distributed array with 2 transmitting elements (circles labeled Tx1 and Tx2), and
10 receiving elements (small squares labeled from Rx1 to Rx10). The elements are placed at
equidistant points along an arc with radius 10λ, where λ is the wavelength corresponding to the
center frequency of the transmitters. The target is indicated as a square with sides of 1.5λ, while
the region of interest is 5λ × 5λ around the target. The solid straight line indicates the location of
a reflective mirror in our simple multi-path scenario. A gray box frames the mirror image of the
object, as well as the mirror transmitters (labeled Tx′

1 and Tx′
2) and mirror receivers (labeled from

Rx′
1 to Rx′

10).

origin of the energy. In our experiments we used ω0 = 2π/λ and α = 0.1, and generated
waveforms of length 3 by subsequently applying a rectangular window, slightly tapered to
adhere to the smoothness conditions. These waveforms were then sampled at a rate of 10/λ.

In all of these results we used 250 terms in the SVD of H. Additional terms did not affect
the solution significantly for our noise-free simulations. However, in truncating the SVD we
implicitly obtain a regularized solution.
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Figure 3. Images reconstructed using our method from theorem 1. In this case we used 2
transmitters and 10 receivers. For the free-space case (left) the reconstruction error was −5.7 dB.
In the multi-path case (right) we get a reconstruction error of −11.2 dB.

We performed numerical experiments to demonstrate the performance of our image
reconstruction method for the following cases: (1) free space, (2) multi-path environment, (3)
reduced number of receivers, (4) measurements embedded in non-stationary noise.

5.3. Noise-free simulations

For the experiments (1)–(3) the measurements were free of noise, and the reflectivity function
was deterministic. We therefore used the reconstruction formula in theorem 1. In this case we
reconstruct a projection of the reflectivity function onto the range of H∗. To measure how well
the reconstruction approximates the true reflectivity function, we use the following relative L2

norm to quantify the reconstruction error:

Error = 10 log

(∫ |[H†H(V )](x) − V (x)|2dx∫ |V (x)|2 dx

)
. (63)

(1) Free space. In the left panel of figure 3, we see a reconstruction for the free-space scenario
using our reconstruction method when we have 2 transmitters and 10 receivers distributed as
indicated in figure 2. The reconstruction error as defined in (63) is here −5.7 dB.

(2) Multi-path. The right panel of figure 3 shows the reconstruction for our multi-path
scenario when we have 2 transmitters and 10 receivers distributed as indicated in figure 2. The
reconstruction error is in this case −11.2 dB.

We see that our method’s use of the multi-path scattering improves the reconstruction.
In particular we note that the vertical edges are much sharper when multi-path is present. In
section 5.1 we showed that our multi-path scenario can be viewed as a free-space scenario with
additional transmitters and receivers. Thus if we can exploit the multi-path returns properly,
these additional antenna elements provide illumination of the object from new directions. This
phenomenon is explained by the fact that only edges perpendicular to the bisector between the
incident ray and the reflected ray are visible [28]. A similar effect was also observed in [22].

(3) Reduced number of receivers. To demonstrate the influence of the transmitter location
and array sparsity, we remove five of the receiver elements and perform another free-space
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Figure 4. Free-space reconstruction with reduced number of receivers. Left: when only receiver
elements 1–5 are active. Right: only receiver elements 1, 3, 5, 7 and 9 are active. Reconstruction
errors for the left and the right images are −2.7 dB and −5.0 dB, respectively.

simulation. First we performed reconstruction with receivers 6–10 removed (receivers
numbered from left to right in figure 2). Then we removed receivers 2, 4, 6, 8 and 10.
Figure 4 shows reconstruction results from simulations with these reduced apertures. From
figure 4 we see that reducing the aperture has lead to artifacts in the reconstructed image.
We observe the most significant image degradation when the aperture is reduced by removing
elements 6–10. The explanation for this is given by the fact that the scattering measurements
obtained for neighboring receivers contain similar information about the reflectivity function.
Therefore, removing every second receiver does not result in significant information loss.
However, since the information redundancy is less for receivers that are far apart, disabling
elements 6–10 leaves us with significantly less information about the object that we want to
reconstruct.

5.4. Statistical reconstruction

The results for simulation case (3) were obtained using the reconstruction formula in (45).
The overall simulation setup is the same as for the deterministic case. However, here we add
noise to our scattering measurements, and use a statistical model for the reflectivity function.

In our experiment we considered a wide-band 1/ω-type noise model similar to that used
in [26]. The noise was generated by filtering white noise in the frequency domain to obtain a
power spectrum

S(ω) = 2σ 2

1 + ω2
, (64)

where σ 2 = E[|ni(t)|2] is the noise variance for scattering measurements made at each receiver
element. We considered a square object with unknown scattering strength c, i.e.,

V (x) = cχ(1.5λx). (65)

Here χ is 1 on the unit square, and the scattering strength c is a Gaussian distributed random
variable with zero mean and unit variance.
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We define the signal-to-noise ratio (SNR) as follows:

SNR := sup
t

√
E[|H(V )sk(t)|2]

E[|n(t)|2]
, (66)

where n(t) is the additive noise process. To evaluate the SNR, we estimated E[|H(V )sk(t)|2]
by averaging over 50 realizations of the reflectivity function, and found its peak value. We
then scaled the additive noise variance to obtain the desired SNR.

In order to compute the operators M,S and E (46)–(48), we used the eigenvalues and
eigenfunctions Up of H∗H from our noise-free reconstructions. In particular, we did the
following:

• We computed components (46) of the operator M by numerically projecting our model
for the reflectivity function (65) onto the eigenfunctions Up and using E[|c|2] = 1.

• To obtain E , we first computed Ujsk(t) by performing noise-free scattering simulations
from the reflectivity function Uj . To each vector element of this simulated scattering, we
applied a filter with the impulse response 1

1+ω2 (from (64) to obtain RnUjsk(t). Finally,
we computed the element (E)ij by taking the inner product between this filtered scattering
simulation and an un-filtered scattering simulation from the reflectivity Ui , and summing
over all our transmit vectors. For a particular SNR, we multiplied the whole operator by
a constant corresponding to the scaling which was applied to the additive noise.

The quality of the reconstruction in the presence of additive noise is quantified by means
of a relative mean-square error expressed in a decibel scale:

MSE := 10 log

(∫
E[|[H†H(V )](x) − PV (x)|2] dx∫

E[|V (x)|2] dx

)
. (67)

This is clearly equivalent to using the MSE as defined in (42), and measures how well our
statistical reconstruction approximates the deterministic one. Therefore, it measures the
effect of the noise, and our ability to suppress this noise, rather than actual reconstruction
performance relative to the actual object.

To compute PV in (67), we used the reconstructions from experiments (1) and (2), i.e.,
reconstructions without noise. The value for

∫
E[|[H†H(V )](x) − PV (x)|2] dx was then

estimated from 10 different reconstructions using different noise realizations. Finally, we
computed

∫
E[|V (x)|2] from (65) directly.

(4) Simulations for statistical reconstruction. Figure 5 shows examples of reconstruction in
the presence of additive noise. The reconstruction is based on scattering from a unit square
with unit scattering strength. The noise was added so that the measurements had an SNR of
20. In the top left panel of figure 5 we see a reconstruction for our free-space scenario, while
in the top right panel we have a reconstruction for our multi-path scenario. In order to show
the necessity of taking the additive noise into account, we have also included a deterministic
free-space reconstruction in the lower left panel of figure 5. In the lower right panel of figure 5
we see the MSE as a function of SNR. Here, the solid line and dashed-dot line denote statistical
reconstruction in the free-space case and the multi-path case, respectively. The MSE of the
deterministic free-space reconstruction is shown as dotted line. The MSE was estimated
according to equation (67) by averaging over 10 realizations of the scattering potential and
the additive noise for each SNR. The MSE was then normalized relative to the free-space
statistical reconstruction.

The MSE that we have plotted in figure 5 is measured relative to the noise-free
reconstruction in each case. Thus, the MSE of the multi-path reconstruction is judged against
a much better reference than the free-space reconstruction (see figure 3). As a result, the
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Figure 5. Reconstructed images in the presence of additive noise. Top left: statistical
reconstruction in free-space with SNR = 20 dB. Top right: statistical reconstruction in multi-
path with SNR = 20 dB. Bottom left: deterministic reconstruction in free space with SNR =
20 dB. Bottom right: MSE in the reconstructed images as a function of SNR.

MSE of the multi-path does not correctly portray the reconstruction improvement over the
free-space reconstruction relative to the true object.

Comparing the deterministic and the statistic reconstruction, it is clear that additive noise
corrupts the deterministic approach. Our deterministic reconstruction does not take noise
information into account; it is not regularized beyond what is implicit in our inclusion of only
the first 250 terms in the computation of the SVD. It is clear that a different number of terms
in the SVD would result in images of different quality. However, it is beyond the scope of this
paper to discuss regularization of the deterministic method.

6. Conclusion

In this paper we have derived an image reconstruction method for wide-band pulse-echo
imaging using sparse distributed arrays operating in multi-path environments. The underlying
mathematical model is based on a Green’s function formulation of the scattering problem.
Our model lends itself to a wide range of fields such as ultrasound, radar, sonar and seismic
imaging, where wide-band transmit waveforms and distributed apertures are frequently used.
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Our analysis is performed using a time-domain propagation model, and incorporates
statistical information about the noise and the objects to be imaged. We derive an explicit time-
domain reconstruction formula that minimizes the L2 reconstruction error. This reconstruction
formula lends itself to a rapid, parallel implementation.

An important concept in our work is the channel mapping, a mapping from the space
of reflectivity functions to the corresponding scattering operator. This approach shows how
to perform image reconstruction when multiple transmitters are activated simultaneously.
In particular, we have presented a time-domain analysis by which we obtain explicit
expressions for the singular value decomposition of the channel mapping in terms of scattering
measurements and pre-computed basis functions. The pre-computed quantities that we use
in the reconstruction take the form of scattering from a set of basis functions for the space of
reflectivity functions.

Our work was presented in the regime of the distorted-wave Born approximation. Under
this approximation, the channel mapping is linear. This allows us to use the machinery of
Hilbert–Schmidt operators to find the inverse by means of the SVD. Although the concept of
a channel mapping is valid without the Born approximation, the channel mapping would then
no longer be linear, and a different formalism would be needed to obtain its inverse; this is
beyond the scope of our current paper.

By reconstructing an image using a reduced set of basis functions, we are effectively
compressing the image into a small number of coefficients. Our work therefore has interesting
connections to compressive sensing. We leave an exploration of these connections for the
future.
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Appendix A. Wave propagation and scattering

For many imaging problems, an appropriate model for wave propagation is the scalar wave
equation (1). For the background medium, fundamental solutions are defined by (2). The
Green’s function that we use is the outgoing fundamental solution; it is useful because it allows
us to solve the wave equation with a source density s(x, t)

∇2uin − 1

c2
∂2
t uin = s(x, t)

by

uin(x, t) =
∫

g(x, y, t − τ)s(y, τ ) dy dτ. (A.1)

Here we use the source s to model an antenna or transducer; the corresponding field uin is
the wave radiated from the source (and which is incident on the scatterer V ). For simplicity,
we use an isotropic point-source model, namely s(x, t) = s(t)δ(|x − x0|). The analysis,
however, holds also for the more general transmitter models.

4 Consequently, the US Government is authorized to reproduce and distribute reprints for governmental purposes
notwithstanding any copyright notation thereon. The views and conclusions contained herein are those of the authors
and should not be interpreted as necessarily representing the official policies or endorsements, either expressed or
implied, of the Air Force Research Laboratory or the US Government.
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Similarly, we use the Green’s function to express the field u of (1) as a solution of the
Lippmann–Schwinger equation:

u(x, t) = uin(x, t) +
∫

g(x, y, t − τ)V (y)u(y, τ ) dτ dy. (A.2)

We write u(x, t) = uin(x, t) + usc(x, t) in (A.2):

usc(x, t) =
∫

g(x, y, t − τ)V (y)∂2
τ u(y, τ ) dτ dy. (A.3)

The solution usc depends nonlinearly on the perturbation V . We obtain a linear approximation
by replacing the full field u in the integral by uin:

usc(x, t) =
∫

g(x, y, t − τ)V (y)∂2
τ uin(y, τ ) dτ dy. (A.4)

This is often referred to as the distorted-wave Born approximation; it is a reasonable
approximation as long as the perturbation V is small. By using (A.1) to express uin, we
can write (A.4) as a bilinear mapping from reflectivity function V and transmit waveform s(t)

to the field at position x

usc(x, t) =
∫

g(x, y, t − τ ′)∂2
τ ′g(y, x0, τ

′ − τ) (A.5)

×V (y)s(τ ) dτ dτ ′ dy. (A.6)

Finally, we use superposition to express the scattered field resulting from an aperture with
m transmitters located at positions xj transmitting waveforms sj as

usc(x, t) =
m∑

j=1

∫
g(x, y, t − τ ′)∂2

τ ′g(y, xj , τ ′ − τ)V (y)sj (τ ) dτ dτ ′ dy. (A.7)

Appendix B. Proof of lemma 1

In order to show this result, H(V ) will be factored into a composition of two bounded linear
operators—one of which will be HS. The desired result follows from the fact that composition
of a bounded linear operator with an HS operator is HS [29, theorem 6.10].

In order to keep the notation simple, we will give a proof for the scalar case (m = n = 1),
and thus avoid adding notation for each matrix element of the operator H(V ). The same proof
holds for each matrix element separately also for the general case. Therefore, since a finite
linear combination of HS operators is HS, the result holds also for finite m and n.

By assumption 2, the transmit waveforms are in the Sobolev space
◦
H(5+ρ)/2(0, T0).

Let ∂k
t denote the differentiation operator of order k. (When k is not an integer, this

operator is a pseudodifferential operator.) The operators ∂k
t are linear bounded operators

∂k
t : HK(R) → L2(R), for k � K. (B.1)

Let ρ > 0 be a fixed constant. We use the Fourier transform to write H(V ) from (7) as follows:

H(V )s(t) =
∫

eiωt ĝ(z1, y, ω)ĝ(y, x1, ω)V (y)

2π
dy(−ω2)ŝ(ω) dω (B.2)

=
∫

eiωt ĝ(z1, y, ω)ĝ(y, x1, ω)V (y)

2π
[
1 + (iω)

1
2 +ρ

] dy
[
1 + (iω)

1
2 +ρ

]
(−ω2)ŝ(ω) dω. (B.3)
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We use this to factor H(V ) into a composition of two linear operators

H(V ) = A(V )
(
∂2
t + ∂

5
2 +ρ

t

)
. (B.4)

where A(V ) is

A(V )s(t) =
∫

eiωt ĝ(z1, y, ω)ĝ(y, x1, ω)V (y)

2π
[
1 + (iω)

1
2 +ρ

] dy s(ω) dω (B.5)

=
∫

AV (t − τ)s(τ ) dτ. (B.6)

As noted above, g(∂2
t + ∂

5
2 +ρ

t

)
is a bounded operator from H

5
2 +ρ(R) to L2(R). We show below

that A(V ) is a HS operator on L2(R). Therefore, if we consider H(V ) as an operator from
H

5
2 +ρ(R) to L2(R), then we have obtained a factorization of H(V ) into two bounded linear

operators. This shows that the composite operator H(V ) is HS from H
5
2 +ρ(0, T0) to L2(R).

It remains to show that A(V ) is a HS operator on L2(R). First we note that the convolution
kernel AV (t) is in L2(R) since

‖AV ‖2
2 =

∫ ∣∣∣∣∣
∫

ĝ(z1, y, ω)ĝ(y, x1, ω)V (y)

(2π)2
[
1 + (iω)

1
2 +ρ

]2 dy

∣∣∣∣∣
2

dω (B.7)

� C2

(∫
�

|V (y)|2 dy

) ∫
1

1 + |ω|1+2ρ
dω < ∞, (B.8)

where we have used the bounds for the Green’s function from assumption 1. Let now χ(0,T0)

be the characteristic function for the interval (0, T0). We will consider waveforms s which are
supported on the interval (0, T0). For such waveforms we will trivially modify the operator
A(V ) as follows:

A(V )s =
∫

AV (t − τ)χ(0,T0)(τ )s(τ ) dτ. (B.9)

Since AV (t) ∈ L2(R), the modified integral kernel AV (t − τ)χ(0,T0)(τ ) ∈ L2(R × (0, T0)).
Hence, the operator A(V ) is HS [29, Theorem 6.11].

Appendix C. Proof of lemma 2

Proof of part (1). First we show that Gy is bounded for each y. This follows from the
assumptions about the Green’s function. Let e be a unit vector in the space of transmit vectors.
Then, writing the norm of a vector as ‖v‖ = vH · v, we have

‖Gye‖2 =
∫ (∫

G(y, t − τ ′)e(τ ′) dτ ′
)H

·
∫

G(y, t − τ)e(τ ) dτ dt (C.1)

=
∫ (

Ĝ(y, ω)ê(ω)
)H · Ĝ(y, ω)ê(ω) dω (C.2)

=
∫ ∑

ij

êj (ω)Ĝij (y, ω)Ĝij (y, ω)êj (ω) dω (C.3)

=
∫ ∑

ij

|Ĝij (y, ω)|2|êj (ω)|2 dω (C.4)
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� C2
∫

(1 + |ω|5+ρ)|êj (ω)|2 dω = C2‖e‖2. (C.5)

Here C is the constant in assumption 1 and ρ > 0. Going from (C.1) to (C.2) we have
employed Parseval’s identity to write inner-product in the temporal frequency domain.
(C.4) is obtained from (C.3) by the Cauchy–Schwarz inequality. Then (C.5) follows
from writing out Gij in terms of the Green’s function according to (6), and applying
assumption 1 in concert with (16).

Proof of part (2). This follows from the fact that the bound in part (1) is uniform.

Proof of part (3). Let now {ek} be an orthonormal basis for the space of transmit waveforms.
The inner product between H(V ) and A is

〈H(V ),A〉HS =
∑

k

〈A∗H(V )ek, ek〉S, (C.6)

where 〈·, ·〉S is defined in (16). The action of A∗H(V ) on ek(t) is further computed from (7)
as

A∗H(V )ek(t) = A∗
∫

G(y, t, τ )ek(τ )dτV (y) dy. (C.7)

Inserting (C.7) into (C.6) and bringing the inner product inside the integral, we obtain

〈H(V ),A〉HS =
∫

V (y)
∑

k

〈A∗Gyek, ek〉S dy. (C.8)

Note that since A is also HS, the adjoint A∗ is HS. Since Gy is bounded, A∗Gy is also HS. We
therefore use (13) to write the sum over k in (C.8) in terms of a trace:

〈H(V ),A〉HS =
∫

V (y)Tr{A∗Gy} dy (C.9)

= 〈V, Tr{GyA∗}〉. (C.10)

From this follows that the adjoint of H applied to A is

H∗A = Tr{GyA∗} (C.11)

for almost every y.

Appendix D. Proof of theorem 2

Our first task is to obtain a simplified expression for the MSE (42). To do this, we need the
following ingredients:

(i) We write the action of the operator B in terms of the {Up}:

B(f )(x) =
∑

p

∑
p′

bpp′ 〈f,Up′ 〉Up(x) =
∑

p

∑
p′

bpp′

∫
f (y)Up′ dyUp(x). (D.1)

(ii) From the spectral decomposition (28) and definition (29), we obtain a spectral
decomposition for H:

H(V ) =
∑

p

〈V,Up〉√λpUp. (D.2)
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(iii) We split H∗H(V ) into the term corresponding to V and to noise, using first (32) and (37):

H∗H(V ) =
∑

k

(〈H(V )si ,Gxsk〉 + 〈n,Gxsk〉)

=
∑

k

∑
p

〈V,Up〉√λp〈Upsk,Gxsk〉
︸ ︷︷ ︸

AV (x)

+
∑

k

〈n,Gxsk〉
︸ ︷︷ ︸

An(x)

,

where we have used (D.2) in the second line.

Using (D.1) with f = H∗H(V ) = AV (x) + An(x) and V B = B[H∗H(V )], we have a
finite-sum approximation to (42):

MSEN(B) :=
∫

E

⎡
⎢⎣

∣∣∣∣∣∣
N∑

p,p′
bp,p′ 〈AV + An,Up′ 〉

∣∣∣∣∣∣
2
⎤
⎥⎦ dx

=
∑

p

E

⎡
⎢⎣

∣∣∣∣∣∣
∑
p′

bp,p′ 〈AV + An,Up′ 〉 − 〈V,Up〉
∣∣∣∣∣∣
2
⎤
⎥⎦ , (D.3)

where we have used the orthonormality of the Up to write ‖∑
cpUp‖2 = ∑ |cp|2. In (D.3),

we recall that the dependence on noise appears only in An, and use the assumptions that the
noise has zero mean, and is uncorrelated with the reflectivity function V and with noise from
other measurements to throw away cross-terms in (D.3) and arrive at

MSEN(B) :=
∑

p

E

⎡
⎢⎣

∣∣∣∣∣∣
∑
p′

bp,p′ 〈AV ,Up′ 〉 − 〈V,Up〉
∣∣∣∣∣∣
2
⎤
⎥⎦ +

∑
p

E

⎡
⎢⎣

∣∣∣∣∣∣
∑
p′

bp,p′ 〈An,Up′ 〉
∣∣∣∣∣∣
2
⎤
⎥⎦ .

(D.4)

The term 〈AV ,Up′ 〉 we write as

〈AV ,Up′ 〉 =
〈∑

k

∑
p

〈V,Up〉√λp〈Upsk,Gxsk〉, Up′

〉

=
∑

k

∑
p

〈V,Up〉√λp〈Upsk,
√

λp′Up′sk〉

= λp′ 〈V,Up′ 〉, (D.5)

where we have used the fact that∑
k

〈Upsk,Up′sk〉 = 〈Up,Up′ 〉HS = 1√
λpλp′

〈H∗H(Up), Up′ 〉 = λp√
λpλp′

〈Up,Up′ 〉 = δp,p′ .

(D.6)

With (D.5), (D.4) becomes

MSEN(B) :=
∑

p

E

⎡
⎢⎣

∣∣∣∣∣∣
∑
p′

bp,p′λp′ 〈V,Up′ 〉 − 〈V,Up〉
∣∣∣∣∣∣
2
⎤
⎥⎦ +

∑
p

E

⎡
⎢⎣

∣∣∣∣∣∣
∑
p′

bp,p′ 〈An,Up′ 〉
∣∣∣∣∣∣
2
⎤
⎥⎦ .

(D.7)

Since MSEN(B) increases monotonely as N goes to infinity, we can interchange the order
of expectation and the limit as N → ∞ to obtain
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MSE(B) =
∑

p

E

⎡
⎢⎣

∣∣∣∣∣∣
∑
p′

bpp′λp′ 〈V,Up′ 〉 − 〈V,Up〉
∣∣∣∣∣∣
2
⎤
⎥⎦ (D.8)

+
∑

pp′q ′k

bpp′bpq ′
√

λp′
√

λq ′E[〈nk,Up′sk〉〈nk,Uq ′sk〉]. (D.9)

We can evaluate
∑

k E[〈nk,Up′sk〉〈nk,Uq ′sk〉] from (D.9) as follows:

∑
k

E[〈n,Up′sk〉〈n,Uq ′sk〉] =
∑
kij

∫
(Up′sk)i(t1)E[ni(t1)nj (t2)](Uq ′sk)j (t2) dt1 dt2 (D.10)

=
∑
kij

∫
(Up′sk)i(t1)Ri(t1, t2)δij (Uq ′sk)j (t2) dt1 dt2 (D.11)

=
∑

k

〈RnUq ′sk,Up′sk〉 (D.12)

= Tr{U∗
p′RnUq ′ }. (D.13)

Here Rn is an integral operator whose kernel is a diagonal matrix with functions Ri(t1, t2)

from (39) along the diagonal. The operator Rn is a bounded operator on L2 under both
assumptions (6.2a) and (6.2b). In the case of assumption (6.2b) we may apply Young’s
theorem to show this fact [30]. Since Up is HS, it then follows that Tr{U∗

qRnUq ′ } is finite.
If we insert (40) and (D.13) into (D.9) we obtain

MSE(B) =
∑

p

E

⎡
⎢⎣

∣∣∣∣∣∣
∑
p′

(bpp′λp′ − δpp′)
∑

r

cr〈Vr, Up′ 〉
∣∣∣∣∣∣
2
⎤
⎥⎦ (D.14)

+
∑
pp′q ′

bpq ′
√

λq ′Tr{U∗
p′RnUq ′ }bpp′

√
λp′ . (D.15)

The random variables ci in the KL expansion are statistically independent, i.e., E[cicj ] = 0
for i = j . Therefore,

MSE(B) =
∑
pp′q ′

(bpq ′λq ′ − δpq ′) (D.16)

×
∑

r

E[|cr |2]〈Vr, Up′ 〉〈Vr, Uq ′ 〉(bpp′λp′ − δpp′) (D.17)

+
∑
pp′q ′

bpq ′
√

λq ′Tr{U∗
p′RnUq ′ }bpp′

√
λp′ .

We now define the operators M,S and E by their coefficients in the {Up} basis
via (46)–(48). Using these operators, we can re-write (D.16) as

MSE(B) = Tr
{
(BS − I )M(BS − I )∗ + BS 1

2 ES 1
2 B∗}. (D.18)

The variational derivative of MSE(B) with respect to B is

MSE(B + δB) − MSE(B) = Tr
{
2 Re

[
(BS − I)MSδB∗ + BS 1

2 ES 1
2 δB∗]} + o(‖δB‖2).

(D.19)
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Since MSE is a quadratic functional of B, the global minimum is characterized by

Tr
{
2 Re

[
(BS − I)MS + BS 1

2 ES 1
2
]
δB∗} = 0 (D.20)

for all perturbations δB∗. This leads to the following MMSE solution for B

B = MS
(
SMS + S 1

2 ES 1
2
)†

(D.21)

and the resulting reconstruction formula of theorem 2 as stated in (45) follows.
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