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Hyperspectral SAR
Matthew Ferrara, Member, IEEE, Andrew J. Homan, Member, IEEE, and Margaret Cheney, Senior Member, IEEE

Abstract— Typical synthetic aperture radar imaging tech-
niques neglect the dispersive nature of the so-called image
“reflectivity” function over the bandwidth of the transmitted
waveform. In this paper, we form an image of the complex
scene reflectivity as it depends on (x, y, and frequency), or
equivalently (x, y, and time delay), a technique we refer to as
hyperspectral synthetic aperture radar (HSAR). Our approach is
based on a signal model that allows arbitrary flight trajectories
and arbitrary waveforms (including continuously transmitting
signals such as noise waveforms), and incorporates the causal,
dispersive nature of the scene reflectivity without resorting to
resolution-degrading frequency-domain subbanding as others
have previously proposed. We describe the resulting joint time-
space resolution of HSAR in terms of the imaging point spread
function for a selection of geometries and waveform bandwidths,
and provide numerical examples to illustrate the approach.

Index Terms— Material dispersion, structural dispersion,
synthetic aperture radar (SAR) imaging.

I. INTRODUCTION

IN THIS paper, we address the problem of using synthetic
aperture radar (SAR) data to obtain information about the

frequency (or time) dependence of scattering from spatially
localized regions. In other words, we form images
of reflectivity strength that depend on the coordinates
(x , y, and frequency) [or equivalently (x , y, and time delay)].
Such synthetic-aperture radar (SAR) systems we refer to as
hyperspectral synthetic aperture radar (HSAR).

Typical frequency-dependent scattering effects observed in
inverse synthetic-aperture radar (ISAR) and SAR imaging
problems include, for example, structural dispersion [1] from
ducts and cavities and material dispersion [2] from dielectric
materials [3]. Consequently, there are a variety of potential
applications of HSAR, ranging from automatic target recog-
nition to remote assessment of agricultural quantities such
as soil moisture. Fig. 1 shows examples of imaging artifacts
due to structural dispersion in two measured data sets. The
top image in Fig. 1 shows the delayed-in-range response due
to an aircraft engine inlet in an ISAR image, while the middle
image in Fig. 1 shows the delayed-in-range SAR artifacts due
to multiple scattering between a bridge and an underlying
stream (the artifacts are seen in the middle of the bridge; an
optical image of the bridge is provided in the bottom of Fig. 1
for reference).
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The main challenge in producing HSAR images is that
the desired information depends on three variables, whereas
the measured SAR data depend on only two. Consequently,
we expect to see significant space-frequency (or space-time)
ambiguities in HSAR images. The problem has some
resemblance to the problem of using SAR to form 3-D spatial
images [6]. The formation of 3-D images from single-pass
SAR requires a wide angular aperture, and there are tradeoffs,
controlled by the geometry of the flight path, between
resolution in the horizontal plane and resolution in height.

Previous work on imaging frequency-dependent scattering
mechanisms from SAR includes frequency-domain subband-
ing [3], [7]–[9], which forms separate (lower resolution)
SAR images by partitioning the operating band into narrow
frequency bands. This approach yields spatial information in
a small number of discrete frequency bands, and could be
termed “spectral SAR.”

More recently, parametric “extended” point scatterer mod-
els [10] have been utilized to reduce the number of unknowns
in the frequency dimension. In [2], a time-frequency-based
preprocessing step is followed by least-squares inversion for
the frequency-dependent response of a single scattering mech-
anism, which is useful when a pixel of interest can be isolated
(perhaps by digital spotlighting) from a scene.

Suppression of multiple-scattering artifacts in both SAR and
ISAR has been addressed by a number of authors (see, e.g., the
review article by Leigsnering et al. [11]). Borden [4], [12] has
shown that dispersion-model parameters can be extracted from
ISAR imagery and be used to suppress multiple-scattering
artifacts. DeLaurentis [13], Garren and Goldstein [14], and
Garren et al. [15] remove multiple-scattering artifacts by
applying phase-compensation terms to match-filtered SAR
data prior to forming an SAR image. Jin et al. [16] proposed a
time-reversal method, which relied on a repeat-pass collection
scenario to reduce multiple-scattering artifacts.

An early work by Cheney [17] involved using a multipass
SAR system to create a synthetic aperture that was fully 2-D,
from which (x , y, and delay) images could be formed.
That work was extended [18] to single-pass SAR to form
(x , y, and frequency) images at a continuum of frequencies.
This approach was further explored in [19], which identified
potential problems due to high sidelobes. This approach,
however, did not specifically constrain the reconstructed target
frequency response to causal functions.

In this paper, we propose a time-domain approach to HSAR,
in which we form an (x , y, and delay) image. One advantage
of this approach is that it automatically builds in the constraint
that the scene reflectivity function is causal. Our approach also
has a number of innovative features. In particular, it applies
to arbitrary flight trajectories and arbitrary waveforms, includ-
ing continuously transmitted noise-like waveforms. In other
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Fig. 1. Examples of image artifacts due to structural dispersion. (Top) ISAR
image from [4] showing streaks above the engine inlets. (Middle) SAR image
from an AFRL-provided X-band CSAR data set [5] of a bridge showing a
streak across the span; the radar flight path was the right of the imaging scene,
so that downrange artifacts (most notably between the left and right sides of
the bridge) streak from right to left in the image. (Bottom) Optical image
(from Google Earth) of the same bridge.

words, our method does not require a pulsed system; instead,
we carefully model the effect of antenna motion on the antenna
beam pattern, on the transmitted wave, on the scattered wave,
and on the received signal at the moving antenna. Thus, we
do not make the start–stop approximation that is traditionally
used to separate time into “fast time” and “slow time”; instead,
we directly extract the desired spatial-temporal information
from the (1-D) temporal data stream. Our approach allows us
to explore the tradeoff between time and frequency resolu-
tion in the context of an HSAR system capable of exploit-
ing intrapulse Doppler for the purposes of improving the
space-time resolution of SAR images.

This paper is organized as follows. In Section II,
we develop the mathematical model for the data. In Section III,
we give the matched-filter imaging formula, together
with some variations needed for various realistic systems.
In Section IV, we analyze the performance of the imaging
system. In particular, we derive a formula for the point spread
function (PSF) of the resulting imaging system (Section IV-A).
Section V shows the result of applying this method to Xpatch-
generated SAR data of a cavity. This paper ends with some
conclusions in Section VI. Appendices A and B provide scalar
models for inclusion of antenna beam patterns in the mathe-
matical models for the transmission and reception processes,
respectively.

II. MATHEMATICAL MODEL

We begin with a model for monostatic SAR data that
uses a wideband analytic signal and a continuous transmit/
receive mode of operation (i.e., the transmit waveform is not
necessarily pulsed). In such a setting, the stop–start approx-
imation is not appropriate, and thus, we do not make any
simplifying assumptions about the platform trajectory (other
than the assumption that v/c is small enough so that special
relativity need not be used), range to the imaging scene,
or the scene extent. We use the data model for the signal
transmitted/received from a moving sensor discussed in [18]
and [20]. Our description of the data model uses the notation
and exposition from [18]. Our strategy for developing an
image formation approach is to follow the standard wavefield-
inversion framework outlined in [21]: 1) we use the outgoing
Green’s function for the governing wave equation to derive the
Lippmann–Schwinger equation for the scattered field; 2) we
linearize the Lippmann–Schwinger equation in the unknown
reflectivity function by invoking the Born (weak scattering)
approximation; and 3) we approximately invert the resulting
linear system of equations using a weighted matched filter.

As in [18], we consider the scalar-wave equation with a
source (

∇2 − 1

c2

∂2

∂ t2

)
E(t, x) = s(t, x) (1)

where we have assumed free-space atmospheric propagation
between the source and the target. In (1), the scalar E(t, x) is
one component of the (vector) electric field. Furthermore, the
source s(t, x) is also a scalar and is related to one component
of the (vector) current density. We leave the full vector-wave
treatment of the HSAR imaging problem as a subject for future
work.

A. Scattering Model

In radar problems, the source s in (1) is a sum of two terms,
s = sin + ssc, where sin models the transmitting antenna and
ssc models the scattering object.1 The solution E , which we
write as E tot, therefore splits into two parts: E tot = E in + Esc,
where E in satisfies the wave equation for the known, prescribed
source sin. This part we call the incident field, because it is

1Both source terms sin and ssc are again related to one component of the
(vector) current densities.
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incident upon the scatterers. The second part of E tot is due to
target scattering, and this part is called the scattered field.

In scattering problems, the source term ssc (typically)
involves the target’s response to an incident field. This part of
the source function will generally depend on the geometric and
material properties of the target and on the form and strength
of the local field. For stationary objects consisting of linear
materials, we can write ssc as the time-domain convolution2

ssc(t, x) = −
∫ t

t−�T
ρ(t − t ′, x)E tot(t ′, x)dt ′ (2)

where ρ(t − t ′, x) is the so-called “reflectivity function”
sampled at the delayed time t − t ′, which is interpreted as
an additional delay beyond when the field impinges on the
scatterer, and where �T is the maximum such delay expected,
which depends on the structure and materials to be imaged.
Typical SAR imaging schemes simply assume ρ(t − t ′, x) =
ρ(x)δ(t − t ′).

We can use (2) together with Green’s function g

g(t, x) = δ(t − |x|/c)

4π |x| =
∫

eiω(t−|x|/c)

8π2|x| dω (3)

satisfying (
∇2 − 1

c2

∂2

∂ t2

)
g(t, x) = −δ(t)δ(x) (4)

to express E in terms of the Lippmann–Schwinger integral
equation

Esc(t, x) = −
∫∫

g(t − τ, x − z)ssc(τ, z)dτd z

=
∫∫

g(t − τ, x − z)

×
∫

ρ(τ − t ′, z)E tot(t ′, z)dt ′dτd z. (5)

Here, the τ variable corresponds to the time, in the sensor
frame, at which the target reradiates, and the t ′ variable indices
the times in which the reflectivity v interacts with E tot to
produce ssc(τ, z).

B. Incident Field

The discussion in [18] modeled the antennas as isotropic;
here, we include a model for the antenna beam pattern from
a moving platform. Given a fixed pixel of interest z and a
fixed time delay �τ , we will adopt the following notation
(see Fig. 2) for four distinguished moments of interest that
appear in the subsequent analysis. We will sometimes omit
the dependence of these quantities on target location and time
delay.

The current density on the antenna serves as a source for the
field emanating from the antenna. For an antenna phase center
moving along the path γ (t) (in some fixed reference frame),
we denote this source as sin(t, x − γ (t)) = − j (t, x − γ (t)),
where again we consider only one component of the (vector)

2The model equation (2) describes the scattering behavior of a material and
is a scalar analog to the general constitutive relation given in [22, eq. (4.69)]
for a material that is locally linear, spatially inhomogeneous, and temporally
dispersive.

Fig. 2. Schematic for the definition of the quantities t1, t2, t3, and t4. The
last three are completely determined by the choice of target location z, time
delay �τ , and the transmit time t1. Alternatively, the first three may be
defined in terms of z, �τ , and t4.

current density. Then, the time-domain field E in(t, x), which
emanates from the antenna, satisfies the scalar-wave equation

∇2E in(t, x) − 1

c2

∂2

∂ t2 E in(t, x) = − j (t, x − γ (t)). (6)

The time-domain incident field at the target space-time
point (t2, x) is obtained by convolving the right-hand side of
the scalar-wave equation (6) with the Green’s function (3) to
get (see [21, p. 232])

E in(t2, x) =
∫

g(t2 − t ′, x − y) j (t ′, y − γ (t ′))dt ′d y. (7)
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In (7), we use the definition (3) and make the change of
variables y �→ z = y − γ (t ′) to obtain

E in(t2, x) =
∫

δ(t2 − t ′ − |x − z − γ (t ′)|/c)

4π |x − z − γ (t ′)|
× j (t ′, z)dt ′d z. (8)

Here, z is a vector from the antenna phase center to other
points on the antenna.

At this point, we note that the delta function of (8)
contributes only at values of t ′ when

t2 − t ′ − |x − z − γ (t ′)|/c = 0. (9)

Since |z| is much smaller than |x −γ (t)| [see (47)], this value
of t ′ is approximately t ′ = t1(x), where t ′ = t1(x) is the
(implicit) solution to (9) with z = 0. Note that t1(x) here also
depends on t2.

We evaluate the t ′ integral of (8) by using the generalized
scaling property of the delta function∫

δ(u(t ′))w(t ′)dt ′ = w( t1(x))

|u′( t1(x))| (10)

where we have assumed that the only root of u(t ′) is t ′ = t1(x)
and where u′ = du/dt ′.

This gives us

E in(t2, x) ≈
∫

j ( t1(x), z)
[

4π |x − γ ( t1(x))|

×
[
1 +

(
̂γ ( t1(x)) − x

)
· γ̇ ( t1(x))/c

]]−1

d z

(11)

where the factor in brackets in the denominator comes from the
denominator of (10) [the Jacobian of the change of variables
t ′ �→ u(t ′)] and where the hat denotes unit vector (v̂ = v/|v|).

In addition, we neglect the term of order O(|γ̇ |/c) in the
slowly varying denominator. This converts (11) into

E in(t2, x) ≈
∫

j ( t1(x), z)
4π |x − γ ( t1(x))| d z. (12)

Expression (12) is the incident field at scene position x from
a sensor transmitting from position γ ( t1(x)) at time t1(x).

We note that a Taylor expansion of γ in (9) can be used to
show that the field (12) is Doppler-shifted. We do not include
this calculation here.

In the following, we use the notation

Rz(t) = |z − γ (t)| (13)

Rz(t) = γ (t) − z. (14)

In Appendix A, we show that (12) can be written in
terms of the transmitted waveform f and the antenna beam
pattern W̃ as

E in(t2, x) ≈ f (t2 − Rx( t1(x))/c) W̃ (R̂x( t1(x)))

4π Rx( t1(x))
. (15)

C. Scattered Field

With the change of variables t ′ �→ �τ = t−t ′, the scattering
model (2) can be written

ssc(t3, y) =
∫ �T

0
ρ(�τ, y)E tot(t3 − �τ, y) d�τ. (16)

Here, �τ parameterizes the delayed-time response of each
scatterer for a fixed pixel location y, �T is the maximum
scatterer-induced delay expected (which depends on the
structure and materials to be imaged), and t3 denotes the time
at which the field reradiates from the scatterer.

The Lippmann–Schwinger equation (5) can then be written

Esc(t, x) =
∫∫

g(t − t3, x − y)

×
∫ �T

0
(ρ(�τ, y) × E tot(t3 − �τ, y)) d�τ dt3 d y.

(17)

Because E tot on the right-hand side of (17) is unknown,
we make the Born approximation (also known as the weak
scattering or single-scattering assumption), i.e., we replace
E tot(t3 − �τ, z) with the known incident field E in(t3 − �τ, z)
in (17)

Esc
B (t, x) =

∫∫
g(t − t3, x − y)

×
∫ �T

0
ρ(�τ, y)E in(t3 − �τ, y)d�τ︸ ︷︷ ︸

ssc
B (t3,y)

dt3d y

=
∫

δ(t − t3 − |x − y|/c)

4π |x − y| ssc
B (t3, y)dt3 d y. (18)

We show in Appendix B that after reception by the antenna
[whose phase center is located at x = γ (t4)], the received data
(voltages v) are proportional to

v(t4) =
∫

Ã(R̂y(t4))
δ(t4 − t3 − Ry(t4)/c)

4π Ry(t4)
× ssc

B (t3, y)dt3 d y (19)

where Ã(R̂y(t4)) is the antenna beam pattern upon reception.
In (19), we can perform the t3 integration

v(t4) =
∫

Ã(R̂y(t4))
ssc

B (t4 − Ry(t4)/c, y)
4π Ry(t4)

d y

=
∫

Ã(R̂y(t4))
∫ �T

0

ρ(�τ, y)
4π Ry(t4)

×E in(t4 − Ry(t4)/c − �τ, y)d�τd y. (20)

We note that into (20) we can substitute the form (8)
for E in

v(t4) =
∫ ∫

Ã(R̂y(t4))
∫ �T

0
ρ(�τ, y) j (t ′, z)

×δ
[
t4 − t ′ − �τ − R y(t4)

c − R y−z(t ′)
c

]
(4π)2 Ry(t4)Ry−z(t ′)

dt ′d z d�τd y.

(21)
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Equation (21) has a clear physical interpretation: the part
of the signal transmitted at time t ′ travels from the antenna
location z [close to the phase center at γ (t ′)] to the scene
location y, where it is delayed by �τ and scatters with strength
ρ(�τ, y), and thereafter, it propagates to location γ (t4).

Alternatively, we can substitute expression (15) for the
incident field into (20), and define

t2(�τ, y) = t4 − Ry(t4)/c − �τ (22)

thus obtaining

v(t4) =
∫

Ã(R̂y(t4))
∫ �T

0
ρ(�τ, y)W̃ (R̂y( t1(�τ, y)))

× f
(
t2(�τ, y) − Ry( t1(�τ, y))/c

)
×[16π2 Ry(t4)Ry( t1(�τ, y))]−1d�τd y (23)

where t1(�τ, y) satisfies the equation

t2(�τ, y) − t1(�τ, y) − Ry( t1(�τ, y))/c = 0. (24)

We see that (24) is consistent with the z = 0 version of (9),
but t1 now has an extra argument to show that it depends also
on �τ through t2. We note also that t2 and t1 depend on the
reception time t4.

We note that (24) implies that the argument of f in (23) is
simply t1(�τ, y); thus, (23) becomes

v(t4) =
∫

Ã(R̂y(t4))
∫ �T

0
ρ(�τ, y) f ( t1(�τ, y))

× W̃ (R̂y( t1(�τ, y)))
16π2 Ry(t4)Ry( t1(�τ, y))

d�τd y. (25)

The quantities in (25) have the following physical inter-
pretation. For a given delay �τ and reception time t4,
the quantity t2(�τ, y) = t4 − Ry(t4)/c − �τ is the time
at which the waveform f ( t1(�τ, z)) actually impinged on
the scatterer located at y before returning to γ (t4). The time
t1(�τ, y) := t1t2(�τ,y),y is the time that the reradiated wave,
which impinged on the target at (�τ, y) at time t2(�τ, y) (and
was then delayed at y by an additional delay �τ ), actually
departed the transmit antenna. Also note that t4 − t1(�τ, y)
is the total round-trip travel time from the transmit location to
the receive location, including the delay �τ .

Assuming for the moment that the reflectivity of the scene
is composed of a single point-like scatterer in time and space,
i.e., ρ(t2, y) = ρδ(t2 − �τ, y − z), the received signal from
the single pixel (�τ, z) is

v�τ,z(t4) = Ã(R̂z(t4))W̃ (R̂z( t1(�τ, z))) f ( t1(�τ, z))
16π2 Rz(t4)Rz( t1(�τ, z))

ρ

(26)

where the total round-trip travel time is

t4 − t1(�τ, z) = Rz(t4)

c
+ �τ + Rz( t1(�τ, z))

c
. (27)

We note that the antenna beam patterns Ã and W̃ limit the
time-domain support of v�τ,z .

D. Approximate Solution of (24)

The time t1(�τ, z) appearing in the data model (25)
is computed implicitly in terms of the receive time t4
through (24). For a generic flight path, the values of
t1(�τ, z) obtained from (24) could be computed numerically
through an iterative scheme like Newton’s method. However,
for SAR applications in which gigahertz (GHz) sample rates
are common, iteratively computing the time sample location
t1(�τ, z) for every datum/pixel combination is impractical.
Therefore, for every receive time and pixel pair, we use the
following approximation to obtain an explicit formula for an
(approximate) solution of (24).

Specifically, we assume that the sensing platform is moving
slowly compared with the speed of light. Thus, for airborne
applications, it is reasonable to assume that about the time

t0(t4, z) = t4 − 2Rz(t4)/c (28)

the Taylor series

γ ( t1(�τ, z)) = γ (t0(t4, z))

+ γ̇ (t0(t4, z))( t1(�τ, z) − t0(t4, z)) + · · ·
converges extremely quickly. Consequently, in (13), we can
substitute the truncated expansion

Rz( t1(�τ, z)) = Rz(t
0(t4, z))

+R̂z(t
0(t4, z)) · γ̇ (t0(t4, z))

×( t1(�τ, z) − t0(t4, z)) + · · · (29)

which we then use, together with (22), for the Rz( t1(�τ, z))
term in (24)

t4 − Rz(t4)/c − �τ − t1(�τ, z)︸ ︷︷ ︸
≈ Rz(t

0(t4, z))/c +
([

R̂z(t
0(t4, z)) · γ̇ (t0(t4, z))

]
×
(

t1(�τ, z)︸ ︷︷ ︸−t0(t4, z)
)
/c
)
.

(30)

In (30), we have placed braces under the unknown term
t1(�τ, z). Solving (30) for t1(�τ, z), we obtain

t1(�τ, z) ≈ (
t4 − Rz(t4)/c − �τ − Rz(t

0(t4, z))/c

+[R̂z(t
0(t4, z)) · γ̇ (t0(t4, z))

]
t0(t4, z)/c

)
×[1 + R̂z(t

0(t4, z)) · γ̇ (t0(t4, z))/c
]−1

. (31)

In this expression, we keep terms of order |γ̇ |/c, because they
will be used in the argument of the waveform, where they
will be multiplied by angular frequencies, which are large.
Note that (31) can be simplified somewhat by defining β as
the ratio of the downrange velocity to c

βz(t
0(t4, z)) = R̂z(t

0(t4, z)) · γ̇ (t0(t4, z))/c. (32)

Substituting βz(t0(t4, z)) from (32) into (31) gives us

t1(�τ, z) ≈ (
t4 − Rz(t4)/c − �τ

− Rz(t
0(t4, z))/c + βz(t

0(t4, z))t0(t4, z)
)

×[1 + βz(t
0(t4, z))]−1. (33)
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Fig. 3. Shifted HSAR PSF for 4.3° (left column) and 36° (right column) angular apertures. The xy-plane (top), the X�τ -plane (middle), and the
Y�τ -plane (bottom) of the PSF volume. All 2-D cuts were centered at the main peak (x , y, c�τ/2) = (0.0, 0.0, 5.0). All plots use a dB intensity scale to
better show the underlying image structure; no sidelobe-suppressing windows were used during image generation.

Substituting our value for the choice of expansion point (28)
for the final t0(t4, z) in the numerator of (33), we get

t1(�τ, z) ≈
(

t4 − Rz(t4)/c − �τ − Rz(t0(t4, z))
c

+ βz(t
0(t4, z))

(
t4 − 2Rz(t4)

c

))
× [1 + βz(t

0(t4, z))]−1. (34)

Combining the t4 terms in (34), we have

t1(�τ, z) ≈ t4 − ξ(t4,�τ, z). (35)

where

ξ(t4,�τ, z) = ((1 + 2βz(t
0(t4, z)))Rz(t4)/c + �τ

+ Rz(t
0(t4, z))/c)[1 + βz(t

0(t4, z))]−1. (36)

To leading order in |γ̇ |/c, the elapsed time ξ(t4,�τ, z) is the
familiar two-way travel time 2R/c between the antenna and
the target.

III. IMAGE FORMATION

A. Imaging Through a Weighted Matched Filter

Based on the expected data v(t4) from a single pixel [defined
by (26)], a weighted matched-filter image, which compensates
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for the range decay and antenna beam patterns, is

I (�τ, z) =
∫

Rz(t4)Rz( t1(�τ, z))χ�τ,z(t4)

Ã(R̂z(t4))W̃ (R̂z( t1(�τ, z)))
× f ∗( t1(�τ, z)) v(t4)dt4 (37)

where t1(�τ, z) is defined above (24) and where χ is a cutoff
function that prevents division by very small quantities. We
note that the transmission and reception beampatterns
Ã and W̃ are very small outside their main lobes.
Consequently, without the cutoff χ in (37), the filter
amplitude Rz(t4)Rz( t1(�τ, z)) f ∗( t1(�τ, z))/( ÃW̃ ) could
attain very large values, which would amplify noise in the
measurements v. Thus, χ should be constructed to fall to zero
at least as fast as ÃW̃ . We denote the support of χ�τ,z by t4 .

B. Imaging From a Baseband I/Q Demodulated Signal

The above model derivation ignored a minor practical point:
typically, we write the passband waveform as

f (t) = Re{s(t)eiωc t } (38)

where s(t) ∈ C is the baseband signal and ωc ≥ 0 is some
fixed carrier. In order to reduce the Nyquist sample rate to
twice the bandwidth of the baseband waveform (rather than
requiring the sample rate to be twice the highest frequency),
many systems employ I/Q quadrature demodulation [23] of
the incoming signal. Prior to digitization, the incoming data
are shifted to baseband by splitting the signal and mixing the
copies with cos(ωct) and sin(ωct), respectively, then low-pass
filtering each result, and then combining the filtered channels
into the complex signal

vBB(t) = LPF{v(t)e−iωc t } (39)

where LPF{·} denotes a lowp-ass filter (LPF) operation.
Assuming that the reflectivity of the scene is composed of
a single point-like scatterer in time and space, i.e., ρ(t, y) is
proportional to δ(t −�τ, y− z) and dropping the LPF notation
LPF{·}, the received baseband signal from the single “pixel”
ρ(�τ, z) is

vBB
�τ,z(t4) =

(
W̃ (R̂z( t1(�τ, z))) Ã(R̂z(t4))

16π2 Rz(t4)Rz( t1(�τ, z))

× f ( t1(�τ, z))e−iωct4

)
ρ(�τ, z) (40)

when t4 − t1(�τ, z) = Rz(t4)/c +�τ + Rz( t1(�τ, z))/c, and
vBB
�τ,z(t4) = 0 otherwise. We note that because we are now

working with the complex-valued baseband signal vBB, the
operation of taking real parts is no longer involved. Recall
from (35) that we have t1(�τ, z) = t4 − ξt4,�τ,z , so the factor
of e−iωc t4 cancels in the above data model, leaving us with

vBB
�τ,z(t4) =

(
W̃ (R̂z( t1(�τ, z))) Ã(R̂z(t4))

16π2 Rz(t4)Rz( t1(�τ, z))

×s( t1(�τ, z))e−iωcξt4,�τ,z

)
ρ(�τ, z) (41)

Fig. 4. 1-D cut of the HSAR PSF along the ambiguity ridge centered at
range = R secant 40°, cross-range = 0, and delay = (2R/c) sec 40° for slant
range R. The horizontal axis corresponds to the image-plane nominal range
value R sec 40° associated with the pixel-induced delay (2R/c) sec 40°. Each
curve corresponds to increasing synthetic-aperture extents.

when ξt4 = Rz(t4)/c + �τ + |z − γ ( t1(�τ, z))|/c and
vBB
�τ,z(t4) = 0 otherwise. Our imaging scheme becomes

I (�τ, z) =
∫

t4

(
χ�τ,z(t4)Rz(t4)Rz( t1(�τ, z))

W̃ (R̂z( t1(�τ, z))) Ã(R̂z(t4))

× s∗( t1(�τ, z))eiωcξt4,�τ,z

)
vBB(t4)dt4. (42)

Note that if ωc = 0, (42) reduces to (37).

IV. IMAGE ANALYSIS

In this section, we analyze the performance of the imaging
scheme (37) based on the weighted matched filter. We do
not explicitly consider the imaging process starting from a
baseband I/Q demodulated signal.

A. PSF and the Waveform Ambiguity Function

Inserting our model for the data (23) into the imaging
equation (37), we have

I (�τ, z) =
∫

t4

∫
z

∫ �T

0

⎛⎝ Rz(t4)Rz( t1(�τ, z))
Ry(t4)Ry(t1(�σ, y))

×
W̃
(

R̂y(t1(�σ, y))
)

Ã(R̂y(t4))

W̃ (R̂z( t1(�τ, z))) Ã(R̂z(t4))

⎞⎠
× f ∗( t1(�τ, z)) f (t1(�σ, y))ρ(�σ, y)d�σd ydt4

(43)

where the support of the imaging scene z ∈ R3 is dictated
by the beam pattern and t1(�σ, y) is the true (unknown)
transmission time of the wave impinging on the scatterer at
location y with extra delay �σ .

Rearranging the integrals in (43) leads to

I (�τ, z) =
∫

z

∫ �T

0
K (�τ, z,�σ, y)ρ(�σ, y)d�σd y

(44)
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Fig. 5. Resolution for a system with center frequency 10 GHz. Left column: 3-dB beamwidths of the PSF in the x (top left), y (middle left), and
delay (bottom left) dimensions with respect to bandwidth for a fixed 36° aperture. Right column: 3-dB beamwidths of the PSF in the x (top right),
y (middle right), and delay (bottom right) dimensions with respect to aperture extent for a fixed 750-MHz bandwidth.

where the imaging PSF is

K (�τ, z,�σ, y) =
∫

t4

⎛⎝ Rz(t4)Rz( t1(�τ, z))
Ry(t4)Ry(t1(�σ, y))

×
W̃
(̂
Ry(t1(�σ, y))

)
Ã(R̂y(t4))

W̃ (R̂z( t1(�τ, z))) Ã(R̂z(t4))

⎞⎠
× f ∗( t1(�τ, z)) f (t1(�σ, y))dt4. (45)

Substituting the slow-mover formula for t1(�τ, z) and
t1(�σ, y) from (35) into (45) and dropping the slowly varying

amplitude factors in the first line of the integrand of (45) give
us the approximate imaging PSF

K (�τ, z,�σ, y) ≈
∫

t4

f ∗ ( t1(�τ, z)) f (t1(�σ, y))dt4

=
∫

t4

f ∗ (t4 − ξ(t4,�τ, z))

× f (t4 − ξt4,�σ,y)dt4. (46)

Note that, for a short coherent processing interval, (46) is
approximately equal to the wideband ambiguity function [24].
By the Cauchy–Schwarz inequality, we see that the PSF has
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Fig. 6. (Left) “Top-hat” facet model used to generate the target response ρ(�τ, 0). (Right) Comparison of the Xpatch (“true”) target response versus the
HSAR-estimated response [i.e., the 1-D cut of pixels ρ(�τ, 0)], shown on a dB scale. Here, the delay is shown after multiplication by c/2.

a maximum when y = z and �σ = �τ . Analysis of HSAR
resolution, however, does not follow from standard techniques,
and in Section V, 3-dB beamwidth quantities are calculated
using (46) to provide quantitative resolution figures.

V. RESULTS

This section contains two numerical examples. Section V-A
analyzes the HSAR image resolution for a collection of
circular synthetic aperture radar (CSAR) geometries and
transmit waveforms. Section V-B forms an HSAR image
using SAR data generated by the commercial Xpatch ray-
tracing software. In all of the SAR and HSAR figures in
this paper, the nominal “range” direction refers to the radar’s
so-called slant range (the true range to the radar antenna)
projected onto the ground plane (z = 0) at the center pulse
of the synthetic aperture, while “cross-range” refers to the
direction orthogonal to “range” in the imaging ground plane.
In addition, the HSAR-image delay dimension is scaled
by c/2 in order to display the images with similar axes
(all in meters). When we refer to delay �τ in meters, it
should be understood that the delay �τ corresponds to a
distance c�τ/2.

A. Resolution Example: Circular HSAR PSF Cuts

In this section, we study the HSAR PSF by performing three
related experiments.

1) First, in order to achieve a qualitative
understanding of the PSF structure, 2-D slices
through the 3-D HSAR PSF for two different
CSAR synthetic-aperture extents (4.3° and 36°,
respectively) are shown in Fig. 3.

2) The middle row in Fig. 3 illustrates a very strong
ambiguity in the range-delay plane. To characterize
HSAR’s ability to reduce this ambiguity as a function of
synthetic-aperture extent, Fig. 4 plots the PSF intensity
along the ambiguity line 2R/c = �τ for several aperture
extents.

3) Finally, to obtain quantitative numbers, which compare
the HSAR resolution to standard SAR, we formed a

large number of PSF volumes for varying combinations
of the design variables signal bandwidth and aperture
extent. The 3-dB width of the PSF main lobe was
recorded along the delay, range, and cross-range dimen-
sions for each (bandwidth, aperture) combination and
compared with the standard-SAR-predicted 3-dB width
in Fig. 5.

In all of the PSF experiments of this section, we form an
image of a synthetic point scatterer, located at the origin,
that has a delta-like delay response centered at �τ = 5 m.
In all cases, we used the algorithm in (37) to produce the
images. Furthermore, all our experiments assume an isotropic
antenna at a constant elevation of 40°, and the transmit
waveform is always a linearly frequency-modulated (LFM)
chirp centered at fc = 10 GHz with a time-bandwidth product
of 100.

The left and right columns of Fig. 3 depict three orthogonal
cuts of the HSAR PSF for 4.3° and 36° apertures, respec-
tively. From Fig. 3, it is clear that there is a very strong
1-D range-delay ambiguity in the zero-cross-range plane
centered at �τ = 2R/c.

Fig. 4 shows the ambiguity ridge centered at �τ = 2R/c
for increasing aperture extents. As expected, increasing the
duration of the synthetic aperture reduces the range-delay
ambiguity.

The last set of experiments in this section sought to quantify
the PSF resolution, relative to standard SAR, through the 3-dB
main-lobe width. First, the azimuthal extent of the synthetic
aperture was held constant at 36°, while the signal band-
width was allowed to increase from 750 megahertz (MHz) to
5 gigahertz (GHz). The left column of Fig. 5 plots the recorded
3-dB beam widths in this variable-bandwidth experiment.
Next, the signal bandwidth was fixed at 750 MHz and the
aperture was increased from 1.8° to 90°. The resulting varying-
aperture resolution curves are shown in the right column
of Fig. 5.

In the variable-bandwidth experiment (left column of
Fig. 5), we see that increasing the signal bandwidth improves
range and delay resolution, but not cross-range resolution.
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Just as in standard SAR (see [25, eq. 2.54]), the cross-range
resolution appears to be proportional to the center-frequency
wavelength over the aperture extent. In the variable-aperture
experiment (right column of Fig. 5), we see that increasing
the aperture extent improves both cross-range resolution and
eventually range resolution.

To more clearly compare HSAR resolution with that of
standard SAR, we also plotted the resolution of standard
SAR through standard resolution formulas in the first and
second rows of Fig. 5. As a specific comparison, consider
a system with center frequency 10 GHz, B = 750 MHz
bandwidth, and 4.3° angular aperture. The standard SAR
resolution formulas tell us that such a system would have
nominal range (slant range projected onto the ground plane)
3-dB resolution of (0.6)(c/B) sec 40° = 32 cm and cross-
range resolution of (0.6)λ/(�θ) = 24 cm3; these standard
SAR resolution estimates �X ≈ 32 cm and �Y ≈ 24 cm
match nicely with the HSAR-PSF-estimated range (top right)
and cross-range (middle right) resolutions, respectively, in the
right column of Fig. 5.

From Fig. 5, we see that the HSAR range and cross-
range resolutions are equivalent to standard SAR. Thus, we
see that HSAR does not give up any range or cross-range
resolution in order to obtain information about the localized
frequency response. However, as we will see in the following
experiment, there is a strong range-delay ambiguity that is
only partially mitigated by increasing the signal bandwidth.
The range-delay ambiguity represents a fundamental limitation
of HSAR systems of the type discussed here. The main
conclusions from the experiments in Figs. 3–5 are as follows.

1) Unlike spectral subbanding approaches, the spatial res-
olution (as characterized by the 3-dB beamwidth) of
HSAR is equivalent to standard SAR.

2) Bandwidth is a key variable in improving resolution in
the delay dimension of the HSAR image.

3) Although it may seem counterintuitive, increasing the
synthetic aperture does not improve resolution in the
delay dimension near the peak, but, instead, it begins
to impact the nominal “range” dimension for very
large apertures. The net result is that, while band-
width will make the range-delay ambiguity thinner in
the delay dimension, ultimately a significant aperture
extent is required to suppress sidelobes, as demonstrated
in Fig. 4.

The resolution experiments in Fig. 5 characterize only the
width of the main lobe and do not describe the effects of
sidelobe artifacts.

B. Circular HSAR Image of a Cavity

This next experiment compares the result of the HSAR
algorithm against that of a standard SAR imaging algorithm in
the setting of an interesting pixel response ρ(�τ, 0) at scene
center. The purpose of this comparison is to show that, relative
to the peak in the HSAR image, delay-time artifacts are
modestly attenuated compared with the standard SAR image

3Note that the approximate 0.6 conversion factor is necessary to convert
from null-to-null resolution into 3-dB main-lobe width.

Fig. 7. xy-plane (top), the X�τ -plane (middle), and the Y�τ -plane (bottom)
of the HSAR image volume formed from a 4.3° synthetic aperture. All 2-D
cuts were centered at (x, y, c�τ/2) = (0.0, 0.0, 5.0). All plots use a dB
intensity scale to better show the structure.

and highlight the effects of the strong range-delay ambiguity
predicted by the HSAR PSF.

In this experiment, the extent of the synthetic aperture
is fixed at 4.3° azimuth with a constant 40° elevation. The
aperture of 4.3° was chosen, so that the slant-range resolution
is equal to the nominal cross-range resolution as determined by
the usual SAR resolution formulas. The flight path has a radius
of 190.7 km (to ensure that the far-field approximation used
by Xpatch is valid), and the antenna was moving at 68.9 m/s.
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Fig. 8. Ground plane image formed by a typical SAR backprojection procedure (left) and a ground plane HSAR image (right). Both images were formed
from a 4.3° aperture of the top-hat data set using a 750 MHz chirp waveform. Both plots use a dB intensity scale to better show the structure.

The transmit waveform was a Tukey-windowed (α = 0.15)
745-MHz LFM chirp centered at fc = 10 GHz with a time-
bandwidth product of 100 (giving rise to a pulse duration
of τ = 100/745 μs), and the pulse repetition frequency
(PRF) was 1 Hz. For definitions of standard SAR waveform
definitions (PRF, Tukey window, etc.), we refer the reader to
[26].

Fig. 3 shows cuts of the shifted HSAR PSF for the imaging
system described above with peak at the point (0, 5). In other
words, Fig. 3 shows the image of the reflectivity function
δ(y)δ(�τ − 5). The cuts shown are c�τ/2 = 5 m, cross-
range = 0, and range = 0.

A more realistic target response function ρ(�τ, 0) was gen-
erated using an Xpatch prediction of the upside-down canon-
ical “top-hat” facet model shown on the left side of Fig. 6.
This “bottom hat” involves a waveguide with radius 30 cm
(well within the geometrical optics regime at 10 GHz) and
depth 6 m. The outer radius of the ground plane is 10 m. The
“bottom hat” was located at the center of the scene.

The Xpatch-generated “truth” target response is compared
with the HSAR estimate on the right-hand side of Fig. 6.
Here, the delay is displayed after multiplication by c/2 to
allow comparison with the waveguide depth. We see that the
waveguide opening (at 0 delay) reflects very little energy at
this elevation, and most of the scattering energy comes from
scattering within the waveguide. We conclude that at least in
this center pixel, HSAR provides an accurate rendition of the
delay.

Fig. 7 shows 2-D cuts of the HSAR image. The top image
is a spatial image taken at a delay cut corresponding to
c�τ/2 = 5 m. This is a depth shorter than the depth of the
waveguide, and consequently, only a small amount of energy
is focused at the spatial origin. Energy corresponding to larger
delays appears in this spatial image, because the HSAR PSF
is not perfect. This bleed-through energy is unfocused and
appears downrange from the origin.

The middle image of Fig. 7 shows a slice at zero cross-
range, which is through the center of the “bottom hat”
waveguide. The vertical streak shows the variety of delays

associated with this waveguide pixel. The diagonal streaks
again correspond to the PSF not being ideal: there is an
ambiguity between delay and range. This is associated with
the central challenge in HSAR, namely, to distinguish between
delays due to range and delays due to geometry or delays
within the material.

The bottom image of Fig. 7 shows a slice at zero range,
which is again through the center of the waveguide. The
vertical streak again shows the diversity of delays associated
with this waveguide pixel, with a little bleed-through from the
nonideal PSF.

For comparison, a “standard” backprojection technique was
used to form the ground plane image in the left-hand side
of Fig. 8. The standard technique used to produce the left-
hand side of Fig. 8 invoked the start–stop (stop-and-hop)
approximation, then applied a matched filter for the LFM
chirp to each received pulse, and finally formed the image
through a 2-D nonuniform fast Fourier transform operation on
the matched-filtered data. This image is consistent with the fact
that a little energy is scattered from the waveguide opening:
most of the scattered energy arrives at a delayed time and is
consequently not correctly focused. The early time responses
are simply sidelobes of the chirp convolved with itself.

The right-hand side of Fig. 8 shows the zero-delay cut of
the HSAR image. Again the unfocused downrange energy
corresponds to the nonideal PSF giving rise to ambiguity
between delay and range. The HSAR image provides an
5.7-dB improvement (as measured by suppression of the
misplaced delayed-response peak) over the standard recon-
struction shown on the left-hand side of Fig. 8. Figs. 7 and 8
demonstrate that HSAR provides a richer description of the
top-hat response than standard SAR alone.

The primary conclusions from the top-hat experiment in this
section are as follows.

1) The middle row in Fig. 3 (formed using the 4.3°
synthetic aperture) illustrates that the primary ambiguity
ridge in the HSAR PSF lies along the �τ = 2R/c range-
delay line and is problematic. In addition to increasing
bandwidth to reduce the thickness of this ambiguity
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ridge in the delay dimension, the top row of Fig. 5
indicates that increasing aperture can also help suppress
the ambiguity ridge by increasing the resolution in the
nominal range dimension.

2) The HSAR algorithm does improve the suppression of
misplaced peaks due to multipath delays relative to
standard SAR. However, at least for typical apertures
and bandwidths (as in Fig. 8), the amount of suppression
is modest.

VI. CONCLUSION

This paper develops a time-domain algorithm for HSAR
that can accommodate arbitrary-transmit strategies. In con-
trast to standard SAR, HSAR uses a dispersive-scene model.
Although existing HSAR methods attempt to address scene
dispersion, many suffer from image-resolution degradation due
to so-called frequency-domain subbanding, and their resulting
images yield frequency-domain pixels which actually con-
tain noncausal components. Unlike previous frequency-domain
methods for HSAR, our time-domain formulation restricts
the reconstructed (dispersive) scene reflectivity function to
have a physically realistic (causal) response. Furthermore,
our approach avoids the use of suboptimal frequency-domain
subbanding.

A formula for the imaging PSF was calculated in
Section IV, and its predicted 3-dB main-lobe widths were
computed in Section V-A for a wide range of synthetic
apertures and signal bandwidths. An important result of the
analysis is that the PSF mainlobe resolution in the spa-
tial dimensions is equivalent to standard SAR, which is an
improvement over stop-start-approximation-based subbanding
methods, which inherently lose mainlobe resolution in the
nominal range direction by using frequency subbands. In terms
of the mainlobe width of the PSF, it was demonstrated that
the delay dimension is only affected by bandwidth of the
transmit signal, while qualitative plots of the entire imaging
PSF also show off-peak enhancement in the delay resolution
with increased aperture extent. Unfortunately, the imaging PSF
also indicates a very strong range-delay ambiguity, which
seems to require a large signal bandwidth and aperture extent
in order to acquire meaningful resolution in both dimensions.
The imaging results with synthetic data from a “bottom hat”
cavity in Section V-B indicate that, for data with a signif-
icant signal bandwidth and with persistence of the delay-
time response (necessary to spatially resolve the resonance),
it may be possible to estimate the time-delayed response of
a target due to structural and/or material dispersion using our
technique.

APPENDIX

A. Inclusion of Antenna Beam Pattern in Model for Einc

Since |z| 
 |x − γ (t ′)|, we can use the far-field
expansion

|x − z − γ (t ′)| = |x − γ (t ′)|︸ ︷︷ ︸
Rx (t ′)

− ̂(γ (t ′) − x)︸ ︷︷ ︸
�Rx (t ′)

·z + · · · (47)

Consequently the expression in the numerator of (12) can be
written as follows. First, in (9), we use (47)

0 = t2 − t1(x) − Rx( t1(x)) − R̂x( t1(x)) · z/c + · · · (48)

where we have replaced x − z in (9) by x. In the numerator
of (12), we write the current density j in terms of its temporal
Fourier transform J (ω, z)

j ( t1(x), z) = 1

2π

∫
eiω t1(x) J (ω, z)dω (49)

and use (48)∫
j ( t1(x), z)d z = 1

2π

∫∫
eiω t1(x) J (ω, z)dωd z

= 1

2π

∫∫
eiω[t2−Rx ( t1(x))/c]

×e−iω �Rx ( t1(x))·z/c J (ω, z)dωd z

= 1

2π

∫
eiω[t2−Rx ( t1(x))/c]

× Ĵ(ω, ω R̂x( t1(x))/c)dω (50)

where Ĵ denotes the spatial Fourier transform of J , evaluated
at ω R̂x( t1(x))/c

Ĵ (ω, ω R̂x( t1(x))/c) =
∫

e−iω �Rx ( t1(x))/c·z J (ω, z)d z. (51)

Thus, we see that the numerator of (12) involves the Fourier
transform of the waveform, the one-way wave propagation
from the point γ ( t1(x)) at time t1(x) to the point x and
time t2, and also the antenna beam pattern at the transmission
point γ ( t1(x)). This converts (12) into

E in(t2, x) ≈ 1

2π

∫
eiω[t2−Rx ( t1(x))/c]

4π Rx( t1(x))

× Ĵ(ω, ω R̂x( t1(x))/c)dω. (52)

For an ideal wideband antenna, in which the antenna beam
pattern is independent of frequency, we have

Ĵ (ω, ω R̂x( t1(x))/c) = 2π F(ω)W̃ (R̂x( t1(x))) (53)

where F is the Fourier transform of the transmitted wave-
form f (t), and consequently (52) reduces to (15).

B. Antenna Modeling in Reception

We model reception by the antenna whose phase center is
located at x = γ (t4) through

v(t4) =
∫∫

a
(
t4 − t ′, z

) Esc
B (t ′, γ (t4) + z)dt ′d z (54)

where a
(
t4 − t ′, z

)
is a weighting function depending on the

antenna.
Substituting (18) into (54) gives us

v(t4) =
∫∫ ∫∫

a
(
t4 − t ′, z

)
ssc

B (t3, y)

×δ(t ′ − t3 − |γ (t4) + z − y|/c)

4π |γ (t4) + z − y| dt3 d y dt ′ d z.

(55)
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In (55), we use the far-field expansion (47) and write
a
(
t4 − t ′, z

)
in terms of its temporal Fourier transform

a
(
t4 − t ′, z

) = 1

2π

∫
eiω′(t4−t ′) A

(
ω′, z

)
dω′ (56)

to get

v(t4) =
∫ (

eiω(t4−t ′) A (ω, z) dω

× δ(t ′ − t3 − Ry(t4)/c − R̂y(t4) · z/c + · · · )
8π2 Ry(t4)

× ssc
B (t3, y)

)
dt3 d y dt ′ d z. (57)

Doing the t ′ integration in (57) results in

v(t4) =
∫

dω dt3 d y d z A (ω, z)

×eiω(t4−t3−R y(t4)/c−�Ry(t4)·z/c+··· )

8π2 Ry(t4)
ssc

B (t3, y)

≈
∫

dω dt3 d y Â(ω, ω R̂y(t4)/c)

×eiω(t4−t3−R y(t4)/c)

4π Ry(t4)
ssc

B (t3, y) (58)

where Â(ω, ω R̂y(t4)/c) denotes the spatial Fourier transform
of A (ω, z) evaluated at the spatial frequency ω R̂y(t4)/c,
that is

Â(ω, ω R̂y(t4)/c) =
∫

e−i z·ω �Ry(t4)/c A (ω, z) d z. (59)

The Case of a Wideband Antenna: For an ideal wideband
antenna, we have

Â(ω, ω R̂y(t4)/c) = 1

2π
Ã(R̂y(t4)) (60)

and consequently (58) can be written

v(t4) ≈
∫

Ã(R̂y(t4))
eiω(t4−t3−R y(t4)/c)

8π2 Ry(t4)
×ssc

B (t3, y)dω dt3 d y (61)

which is equal to (19).
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