Cubic Surfaces with 27 Lines over GF(4)

Orbiter
April 16, 2019

1 The field of order 4

The field Fy :
polynomial: X2 + X+1=7
Z; =log,(1+a)

i vi | =i | vt [ log,(v) | o Zi | ¢(vi) | T(vs) | N(i)
0 0=0 0 | DN DNE 1 | DNE 0 0 0
1 1=1 1 1 3] 2 2 1 0 1
2 a= 2 3 1| 3 1 3 1 1
3|at+l=a? 3 2 2| 1|DNE 2 1 1
2 The groups
2.1 The semilinear group
Group action PT'L(4,4) of degree 85
Group order 1974067200
t1—(85, 84, 80, 64, 27, 2)
Base: (0,1,2,3,4,6)
Strong generators for a group of order 1974067200:
1000 1 0 0 O 1000
0100 0a> 0 0 0a00
0010| {0 0a® O "[OO0O10] °
2
00011 0 0 0« o 0001O
(10007 (10007 (10007
0100 0100 0100
00aOf {0010 ’[001TO0] °
[0001], [1001], [a0O1],
(10007 (10007 (10007
0100 0100 0100
0010 (0010 "J0O01O0] "’
(0101, [0aO1], [0011],
1000 10007 (10007
0100 0100 0010
0010 (0001 0100’
[ 00a1], [0010], [0001],
0100
1000
0010
0001




0 (1,0,0,0) | | 10 | (3,0,1,0) | | 20 | (1,3,1,0) | | 30 | (0,2,0,1) | | 40 | (2,0,1,1)
11(0,1,0,0) | | 11 | (0,1,1,0) | | 21 | (2,3,1,0) | | 31 | (1,2,0,1) | | 41 | (3,0,1,1)
21(0,0,1,0) | | 12 | (1,1,1,0) | | 22 | (3,3,1,0) | | 32 | (2,2,0,1) | | 42 | (0,1,1,1)
31(0,0,0,1) | | 13 ](2,1,1,0) | | 23| (1,0,0,1) | | 33| (3,2,0,1) | | 43 | (2,1,1,1)
41 (1,1,1,1) p| 14| (3,1,1,0) | 24 | (2,0,0,1) || 34 | (0,3,0,1) | 44 | (3,1,1,1)
51(1,1,0,0) | | 15 | (0,2,1,0) | | 25 | (3,0,0,1) | | 35| (1,3,0,1) | | 45 | (0,2,1,1)
6] (21,0,0) | |16 (1,2,1,0) | | 26 | (0,1,0,1) | | 36 | (2,3,0,1) | | 46 | (1,2,1,1)
71(3,1,0,0) | | 17 | (2,2,1,0) | | 27 | (1,1,0,1) | | 37 | (3,3,0,1) | | 47 | (2,2,1,1)
81(1,0,1,0) | | 18 | (3,2,1,0) | | 28 | (2,1,0,1) | | 38 | (0,0,1,1) | | 48 | (3,2,1,1)
91(2,0,1,0) | | 19](0,3,1,0) | | 29| (3,1,0,1) | | 39 | (1,0,1,1) | | 49 | (0,3,1,1)
iloe oA Ji] A ]
50 | (1,3,1,1) | | 60 | (3,1,2,1) | | 70 | (1,0,3,1)
511 (2,3,1,1) | | 61 (0,2,2,1) | | 71| (2,0,3,1)
52| (3,3,1,1) | | 62 ] (1,2,2,1) | | 72| (3,0,3,1)
80 | (3,2,3,1)
531 (0,0,2,1) | | 63| (2,2,2,1) | | 73| (0,1,3,1)
811 (0,3,3,1)
54 | (1,0,2,1) || 64 | (3,2,2,1) b | 74| (1,1,3,1)
82 | (1,3,3,1)
55 | (2,0,2,1) | | 65| (0,3,2,1) | | 75 | (2,1,3,1)
83 | (2,3,3,1)
56 | (3,0,2,1) | | 66 | (1,3,2,1) | | 76 | (3,1,3,1)
84 | (3,3,3,1)
571 (0,1,2,1) | | 67| (2,3,2,1) | | 77| (0,2,3,1)
58 | (1,1,2,1) | | 68| (3,3,2,1) | | 78| (1,2,3,1)
59 | (2,1,2,1) | | 69 | (0,0,3,1) | | 79| (2,2,3,1)

2.2 The orthogonal group

Group action PT'L(4,4)Wedge of degree 1365
Does not have strong generators.

2.3 The group stabilizing the fixed line

Group action PT'L(4,4)Wedgeres100 of degree 100
Does not have strong generators.



Poset classification up to depth 5

il e Jlil e Ji] ow J[i] e~ Jli] n
0 (0,1,0,0,0,0) 10 | (0,1,1,0,0,0) | | 20 | (2,3,1,0,0,0) | | 30 | (1,2,0,1,0,0) | | 40 | (0,0,1,0,1,0)
11 (0,0,1,0,0,0) 11| (1,1,1,0,0,0) | | 21| (3,3,1,0,0,0) | | 31 | (2,2,0,1,0,0) | | 41 | (1,0,1,0,1,0)
21 (0,0,0,1,0,0) 12 | (2,1,1,0,0,0) | | 22| (1,0,0,1,0,0) | | 32 | (3,2,0,1,0,0) | | 42 | (2,0,1,0,1,0)
31 (0,0,0,0,1,0) 13| (3,1,1,0,0,0) | | 23| (2,0,0,1,0,0) | | 33 | (0,3,0,1,0,0) | | 43 | (3,0,1,0,1,0)
41(1,1,0,0,0,0) | | 14 | (0,2,1,0,0,0) | | 24 | (3,0,0,1,0,0) |} | 34 | (1,3,0,1,0,0) |: | 44 | (0,0,2,0,1,0)
51 (2,1,0,0,0,0) 15 | (1,2,1,0,0,0) | | 25| (0,1,0,1,0,0) | | 35 | (2,3,0,1,0,0) | | 45 | (1,0,2,0,1,0)
6| (3,1,0,0,0,0) 16 | (2,2,1,0,0,0) | | 26 | (1,1,0,1,0,0) | | 36 | (3,3,0,1,0,0) | | 46 | (2,0,2,0,1,0)
71 (1,0,1,0,0,0) 17 | (3,2,1,0,0,0) | | 27| (2,1,0,1,0,0) | | 37 | (1,0,0,0,1,0) | | 47 | (3,0,2,0,1,0)
8 (2,0,1,0,0,0) 18 | (0,3,1,0,0,0) | | 28 | (3,1,0,1,0,0) | | 38 | (2,0,0,0,1,0) | | 48 | (0,0,3,0,1,0)
9 (3,0,1,0,0,0) 19 | (1,3,1,0,0,0) | | 29 | (0,2,0,1,0,0) | | 39 | (3,0,0,0,1,0) | | 49 | (1,0,3,0,1,0)
il e~ Jil on Ji] e J[i] a Jli] n
50 | (2,0,3,0,1,0) | | 60 | (0,2,2,1,1,0) | | 70 | (2,0,0,2,1,0) | | 80 | (0,1,3,2,1,0) | | 90 | (2,3,1,3,1,0)
51| (3,0,3,0,1,0) | | 61 | (1,2,2,1,1,0) | | 71 | (3,0,0,2,1,0) | | 81 | (1,1,3,2,1,0) | | 91 | (3,3,1,3,1,0)
52 | (0,0,0,1,1,0) | | 62 | (2,2,2,1,1,0) | | 72 | (0,2,1,2,1,0) | | 82 | (2,1,3,2,1,0) | | 92 | (0,1,2,3,1,0)
53 | (1,0,0,1,1,0) | | 63| (3,2,2,1,1,0) | | 73 | (1,2,1,2,1,0) | | 83 | (3,1,3,2,1,0) | | 93| (1,1,2,3,1,0)
54 | (2,0,0,1,1,0) || 64 | (0,3,3,1,1,0) | | 74 | (2,2,1,2,1,0) | | 84 | (0,0,0,3,1,0) | | 94 | (2,1,2,3,1,0)
55| (3,0,0,1,1,0) | | 65| (1,3,3,1,1,0) | | 75 | (3,2,1,2,1,0) | | 85 | (1,0,0,3,1,0) | | 95 | (3,1,2,3,1,0)
56 | (0,1,1,1,1,0) | | 66 | (2,3,3,1,1,0) | | 76 | (0,3,2,2,1,0) | | 86 | (2,0,0,3,1,0) | | 96 | (0,2,3,3,1,0)
57 | (1,1,1,1,1,0) | | 67 | (3,3,3,1,1,0) | | 77 | (1,3,2,2,1,0) | | 87 | (3,0,0,3,1,0) | | 97 | (1,2,3,3,1,0)
58 | (2,1,1,1,1,0) | | 68 | (0,0,0,2,1,0) | | 78 | (2,3,2,2,1,0) | | 88 | (0,3,1,3,1,0) | | 98 | (2,2,3,3,1,0)
59 | (3,1,1,1,1,0) | | 69 | (1,0,0,2,1,0) | | 79 | (3,3,2,2,1,0) | | 89 | (1,3,1,3,1,0) | | 99 | (3,2,3,3,1,0)
Strong generators for a group of order 5529600:
1000 1000 1 000
0100 0100 0a> 0 0
0010| ’|00a0]| |0 0a* 0]
2
0001f, [0001], [0 0 0a*],
(10007 [1000] [1000]
0100 0100 0100
0010| ’|l0010| 0010/ "
[000a], [00alf, [0a01],
10007 [1000] [1000]
0100 0100 0100
0010 ’{o001| >[a010]| "
le001], [0010], [0001],
1000 0100
al00 1000
0010| ’|o010
0001], [0001],




3 The orbits

3.1 Number of orbits at depth
| Depth [ Nb of orbits

0 1
1 1
2 1
3 1
4 3
5 4

3.2 Orbit representatives: overview

N = node
D = depth or level
O = orbit with a level
Rep = orbit representative
SO = (order of stabilizer, orbit length)
= number of live points
F = number of flags
Gen = number of generators for the stabilizer of the orbit rep.

Table 1: Orbit Representatives

N | D | O | Rep SO L | F | Gen
0| 0] 0] {} (5529600, 1) | 100 | 1 11
11 1] 0|{0} (55296, 100) 64 | 1 10
21 210]{0,3} (1728, 3200) 36 | 1 7
3131 0]{0,3,56} (144, 38400) 16 | 3 7
41 41 01|40,3,56, 76} (288, 19200) 41 2 6
5141 11]{0,3,56,77} (96, 57600) 411 8
6 4] 2]{0,3,56,80} (72, 76800) 41 2 6
71 51 01{0,3, 56,76, 96 } (1440, 3840) 8
8| 5| 11]{0,3,56,76, 97} (96, 57600) 5
91 5| 21 {0,3,56,80,92} (360, 15360) 7
10| 5| 3| {0,3,56,80,93} (120, 46080) 6




4 The poset of orbits

—

5 Stabilizers and Schreier trees

5.1 Stabilizers and Schreier trees at level 0

Node 0 at Level 0 Orbit 0 / 1

Strong generators for a group of order 5529600:
1000

There are 1 extensions
Number of generators 11

{}5529600

000 1 000
100 0a> 0 0
0Oa0| |0 0a% 0
001], [0 0 0a?
1000 [1 0007
0100 0100
0010| ’|0010
00al], [0a01],
1000 (10007
0100 0100
0001| ’|a010
0010], L0OOT1],
0 0100

0 1000

o o010

1], [0001],

[=}



Generators for the Schreier trees:
Generators for a group of order 5529600:

1000 1100 1100 1000
0100 a000 a’000 0100
0010 a?0al 00al 0010
0001], [ 0010f, [ 0010, ,[000a],
1000 1000 1000 1000
0100 0100 0100 0100
0alo0 0010 0010 0001
0001],[0a01| |a00L1] [0010],
1000 1 000 1a2 00
0100 0 100 o> 0 00
a010 0a?aa 1 0 11
0001f,[0 010],[ 0 0ca®0],

Orbit 0 / 1: Point 0 lies in an orbit of length 94 with average word length 3.75532 H1; = 2.44651

Node 0 at Level 0 Orbit 0 / 1 Tree 0 / 1

Number of generators 11

Extension number 0

Orbit representative 0

Flag orbit length 100

Flag orbit is defining new orbit 1 at level 1

5.2 Stabilizers and Schreier trees at level 1

Node 1 at Level 1 Orbit 0 / 1

{0}55206
Strong generators for a group of order 55296:
10007 [1000 1 000
0100 0100 006200
0010| (000 |0 O10]
0001f, [0001], [0 001,
1000] [10 007 [1000
0100 01 00 0100
0010f '"l0o0a®0| ’|0O0a0O]|
000af, OO 01], [0aO1],
1000 100 07 [ 1000
0100 0a0 0 0100
0010| ’[00a 0] ’|a®?010]|
«a001], [001a®] | 0001],




There are 1 extensions

Number of generators 10

Generators for the Schreier trees:
Generators for a group of order 55296:

1000 10
0100 01
0010 00
0001],[00
10 007 10
01 00 01
00a?0 00
00 01], [0«
10
01
a? 0
00

1 000
aa? 00

0 0a0

0 00a],
00 1 000
00 0a200
a0 0 010
01],[0 001
00 1000
00 0100
a0 0010
01 a001

0

00 1 000
00 aa? 00
10 0 0a 0
01 0 00a

0

0

OO O

(=Rl

o~ OO
Q oo o

VO O O |
o

o o= O

oo Rl o
— Q2 oo

Orbit 0 / 1: Point 3 lies in an orbit of length 64 with average word length 4.1875 Hyo = 2.42813

Node 1 at Level 1 Orbit 0 / 1 Tree 0 / 1

Number of generators 10

=

Extension number 0
Orbit representative 3

Flag orbit length 64
Flag orbit is defining new orbit 2 at level 2

5.3 Stabilizers and Schreier trees

Node 2 at Level 2 Orbit 0 / 1

Strong generators for a group of order 1728:

1000
0100
0010’
0001

at level 2

{0, 3}1728

1 000 1 0
0a? 00 0 o?
0 0Oa O 10 0
0 00« 0 0

o= OO
— o O O



100 O 1 00 O 1 00 O
0Oa0 O 0 a0 O 0 a0 O
001 0] o 01 O | 01 O]’
000a®], [0*0a®|, [0a®0a®],
010 O
a?00 0
0100
al « OO
There are 1 extensions
Number of generators 7
Generators for the Schreier trees:
Generators for a group of order 1728:
0100 1 000 1 000 100 O
a000 0a®> 00 0000 00 0
0001 0 Oa 0 0 010 00a O
1010 000aO00010010aQ0
1 00 O 0100 100 O
0 0 0 a000 010 O
0 0 0001 001 0
0040042 1010],[0a0a®],

Orbit 0 / 1: Point 56 lies in an orbit of length 36 Wlth average Word length 3.16667 H7 = 2.43392

Node 2 at Level 2 Orbit 0 / 1 Tree 0 / 1

Number of generators 7

=

|

Extension number 0

Orbit representative 56

Flag orbit length 36

Flag orbit is defining new orbit 3 at level 3

5.4 Stabilizers and Schreier trees at level 3

Node 3 at Level 3 Orbit 0 / 1

{0,3,56}144
Strong generators for a group of order 144:
1000 10 0 0 10 0 0
0100 01 0 0 01 0 0
0010 ’|00a® 0| "[00a® 0Of
0001], [00 0a*], |00 0a],
10 0 0 1000 0100
01 0 0 1100 1 000
a0a® 0 7|l0010| | 02 0%
0Oa 0a®|, [0011] |a® 0a® 0],



O = O
=
O O O
Q9

vowOoO O

There are 3 extensions

Number of generators 7

Generators for the Schreier trees:
Generators for a group of order 144:

o oo
oo r~Oo
Q

o wO O
VO O O

@ 0 1 0 1

1000 0 00 1000
0100 1 00 0100
0010 0 0 a? 0010
0001 o> 0a® 0 0001

1 0 0
Orbit 0 / 3: Point 76 lies in an orbit of length 2 with average word length 1.5 H7 = 0.564575
Orbit 1 / 3: Point 77 lies in an orbit of length 6 with average word length 2.16667 H7 = 1.31812
Orbit 2 / 3: Point 80 lies in an orbit of length 8 with average word length 2.75 H7 = 1.58848

Node 3 at Level 3 Orbit 0 / 1 Tree 0 / 3

Number of generators 7

X
|

Extension number 0

Orbit representative 76

Flag orbit length 2

Flag orbit is defining new orbit 4 at level 4

Node 3 at Level 3 Orbit 0 / 1 Tree 1 / 3

Number of generators 7

=

|

Extension number 1

Orbit representative 77

Flag orbit length 6

Flag orbit is defining new orbit 5 at level 4

L



Node 3 at Level 3 Orbit 0 / 1 Tree 2 / 3

Number of generators 7

-

L

Extension number 2

Orbit representative 80

Flag orbit length 8

Flag orbit is defining new orbit 6 at level 4

5.5 Stabilizers and Schreier trees at level 4

Node 4 at Level 4 Orbit 0 / 3
{0, 3,56, 76}288

Strong generators for a group of order 288:

10 0 O 100 O 10 0 0]
01 0 O Oa 0 O 01 0 O
00a®> 0| |00 0| "[a0ca® O
00 0], [000a®], [Oa 0a*],
1000 01 0 0 la 00]
1100 1 0 0 O aa 00
0010] | 0a® 02| "[1acd?l
00111 o? 004201 040411_1
There are 2 extensions
Number of generators 6
Generators for the Schreier trees:
Generators for a group of order 288:
1000 100 O 10 0 O 1000
0100 Oa 0 O 01 0 O 1100
0010 00a O 002 0 0010
2 2
0001],l000a”], [00 Oa”|,[00121],
10 0 O 1000
01 0 O 0100
00a® 0 0010
00 0a? 0001

0
Orbit 0 / 2: Point 96 lies in an orbit of length 1 with average word length 1 Hg =0
Orbit 1 / 2: Point 97 lies in an orbit of length 3 with average word length 1.66667 Hs = 0.898244

Node 4 at Level 4 Orbit 0 / 3 Tree 0 / 2
Number of generators 6

10




Extension number 0

Orbit representative 96

Flag orbit length 1

Flag orbit is defining new orbit 7 at level 5

Node 4 at Level 4 Orbit 0 / 3 Tree 1 / 2

Number of generators 6

Extension number 1

Orbit representative 97

Flag orbit length 3

Flag orbit is defining new orbit 8 at level 5

Node 5 at Level 4 Orbit 1 / 3
{0, 3,56, 77}o6

Strong generators for a group of order 96:

100 0 1 000 1000
Oa 0 O 0 100 0100
00a 0| "[a®> 010| [a010]|
010a®] [ 0a°01], [Oa01],
1 000 10 0] [11 0 O
1 100 aa® 00 01 0 0
&> 010 | 1 020 "|11a%a®]|
o¢2c12111 agala_1 101 0a21
0 100 10200
1 000 0200
0a20al| ’|0a®al
o> 0a 0, [0a®01],
There are 1 extensions
Number of generators 8
Generators for the Schreier trees:
Generators for a group of order 96:
100 O 1 000 1000 1000
Oa 0 O 0 100 0100 0100
00a O a? 010 a 010 0010
010a*], [ 02201, |0a01f, [0001
1 0 00 11 0 0 1 0 00] 100
aa® 00 01 0 0 aa® 00 010
1 0a20 11a?o? 1 0220 001
a2a1a101 0a21a2a1a_1 000
Orbit 0 / 1: Point 96 lies in an orbit of length 4 with average word length 2 Hg = 1

11




Node 5 at Level 4 Orbit 1 / 3 Tree 0 / 1

Number of generators 8

=

|

Extension number 0

Orbit representative 96

Flag orbit length 4

Flag orbit is fused to node 4 extension 1
Fusion element:

—
o
o

o O O
o O

Node 6 at Level 4 Orbit 2 / 3
{0,3,56,80} 72

Strong generators for a group of order 72:

1000 1 000
0100 00200
00a O] |0 010
1000aj, [0 00a],
[1100] [0100 1o
0100 1000 11
0O0aal| |0001] 7|00
1000af, [0010], [0O
There are 2 extensions
Number of generators 6
Generators for the Schreier trees:
Generators for a group of order 72:
1000 1000 1000
0100 0100 0100
00« O 0010 0010
000a],[0001], |000T1],
1000 la 0 O
0100 11 0 O
00a 0 00 a
000« 00a®a?

0

(=R
oo~ O
oL oo
S oo o

0

Orbit 0 / 2: Point 92 lies in an orbit of length 1 with average word length 1 Hg = 0
Orbit 1 / 2: Point 93 lies in an orbit of length 3 with average word length 2 Hg = 1

12



Node 6 at Level 4 Orbit 2 / 3 Tree 0 / 2
Number of generators 6

Extension number 0

Orbit representative 92

Flag orbit length 1

Flag orbit is defining new orbit 9 at level 5

Node 6 at Level 4 Orbit 2 / 3 Tree 1 / 2

Number of generators 6

|

Extension number 1

Orbit representative 93

Flag orbit length 3

Flag orbit is defining new orbit 10 at level 5

5.6 Stabilizers and Schreier trees at level 5

Node 7 at Level 5 Orbit 0 / 4
{0, 3,56, 76, 96 } 1440

Strong generators for a group of order 1440:

o R oo

oo o~
cofl o
Q

-
QNJQ —
o
N O

Q

I =

(SRR VS
—~o o S
I =

Q
Q "o o©
1 R o

There are 0 extensions
Number of generators 8

Node 8 at Level 5 Orbit 1 / 4
{0,3,56,76,97}o

13

VO O O

vOoO O

—_



Strong generators for a group of order 96:

10 00 1000 1000
Oa 00 0100 0100
00a°0| "|a010]| 1010/
00 01], 004010 01010
1000 0100
1100 a 000
0010 ° Oa 01
2
0011 ) o ano
There are 0 extensions
Number of generators 5
Node 9 at Level 5 Orbit 2 / 4
{0, 3,56, 80,92}360
Strong generators for a group of order 360:
1000 1 000 1000
0100 0a200 0100
0010| [0 010 |00« O]’
0001], [0 00a], 000040
1 000 1000 1100
0200 1a00 0100
0 010 ’[00a0]| ’[00aa]| ’
0000‘0 00al 000a],
1a20 0
1 00 O
0 0ada?
0 0a 0],
There are 0 extensions
Number of generators 7
Node 10 at Level 5 Orbit 3 / 4
{0, 3,56, 80, 93}120
Strong generators for a group of order 120:
[1 0 00] (1 000 1000
0a®> 00 0 a00 1100
0 020 "|a® 00| "|0010
2
100 01, | 0a"01], [0011],
010 0] (1100 1 a0 O
a>00 0 0100 1020 0
000a®| "|0011] "|a® 01a?
L 001 0f, [0001], [o® al a],

There are 0 extensions
Number of generators 6

14



Classification of 5+ 1 Configurations in PG(3,4)

The order of the group is 1974067200
The group has 4 orbits on five plus one configurations in PG(3,4).

Of these, 1 impose 19 conditions.
Of these, 1 are associated with double sixes. They are:
0/1 is orbit 3/4 {0, 3,56, 80,93}120 orbit length 46080
The overall number of five plus one configurations associated with double sixes in PG(3,4) is: 46080

Flag orbits for double sixes

The number of primary orbits below is 4

The number of primary orbits above is 1

The number of flag orbits is 1

The flag orbits are:

(1) Flag orbit 0 / 1 down=(3,0) up=(0,-1) is ( 0, 3, 56, 80, 93, 16, 340, 38, 61, 156, 0, 16, 340, 38, 61, 156, 165, 155,
72, 54, 25, 356, 0 ) with a stabilizer of order 120
Strong generators for a group of order 120:

1 0 0 0 1 0 0 O 1 0 0 0
0 a®> 0 0 0 a 00 1 100
0 0 &> 0| 7’| e*> 0 a 0] 'l0 0 1 0] "
2
o 0o o0 1], [ 0« 0 1] [0O0 1 1],
010 0] [1 1 0 0 1 o 0 0
> 0 0 0 01 0 0 1 &2 0 0
000 |’ 0 01 1] °'|a® 01 a
2
. 0 0 1 0_O L0 0 0 1 ) o a 1 a |,
Double Sixes
The order of the group is 1974067200
The group has 1 orbits:
The orbits are:
(1) 0/1 {16, 340, 38, 61, 156, 165, 155, 72, 54, 25, 356, 0}1440 orbit length 1370880
Strong generators for a group of order 1440:
1 0 0 0 1 0 0 0 1 0 0 0
0 o2 0 0 0 a 0 0 1 1 0 0
0 0 &> 0|’]1 0 @a Of’l0 0 1 0]°"
00 0 1) [0« 0 11] |00 1 1],
1 0 00 1 1 0 0 00 1 0
a? 0 a2 0 01 0 0 00 1 «a
a2 o2 00|00 1 1|’ a 0 a 0
1 1 1 1], o000 1] [ala 1],

The overall number of objects is: 1370880

Flag orbits for surfaces

The number of primary orbits below is 1
The number of primary orbits above is 1
The number of flag orbits is 1

The flag orbits are:

15



(1) Flag orbit 0 / 1 down=(0,0) up=(0,-1) is ( 16, 340, 38, 61, 156, 165, 155, 72, 54, 25, 356, 0, 71, 55, 26, 100, 1,
138, 109, 345, 84, 85, 122, 110, 145, 139, 81 ) with a stabilizer of order 1440
Strong generators for a group of order 1440:

1 0 00 1 0 0 0 1 0 0 0
0 a> 0 0 0 a 0 0 11 0 0
0 0 &> 0’1 0 @a Of 0 0 1 0]"
00 0 1), [0 a 0 1] [0O0 1 1],
1 0 00 1 1 0 0 00 1 0
a®2 0 o 0 01 0 0 00 1 «
> o> 00|00 1 1|’ a 0 a 0
1 1 1 1], [000 1] [ala 1],

Surfaces

The order of the group is 1974067200
The group has 1 orbits:

The orbits are:

(1) 0/1 {16, 340, 38, 61, 156, 165, 155, 72, 54, 25, 356, 0, 71, 55, 26, 100, 1, 138, 109, 345, 84, 85, 122, 110, 145, 139,
81}51840 orbit length 38080
Strong generators for a group of order 51840:

1 0 0 0 1 0 00 1 0 00
01 0 0 00 a 0 0 00 a 0 O
0010|000« 0’0 0 a 0]"
000 1], Lo o0 o0 1] L0 0 0 1],
1 0 00 1 0 00 1 0 0 0
0 a2 0 0 00 a 0 O 0 a 0 0
0 0 a2 0’1 0 a 0| | a a a 0]
1 0 0 1], [0« 0 1] [0 1 0 1],
1 0 0 0 1 0 0 0 1 0 0 0
a2 1 0 0 1 o2 o2 0 a2 0 a® 0
1 01 0]'l0 0 0|’ a o> 0 0]°
a1a1110a21 a21a11

1 o «o O

a 0 0 0

a 0 o «

00 a 0],

The overall number of objects is: 38080

The Group PI'L(4,4)
The order of the group is 1974067200

Cubic Surfaces with 27 Lines in PG(3,4)

The order of the group is 1974067200
The group has 1 orbits:

The orbits are:

16



(1) 0/1 {16, 340, 38, 61, 156, 165, 155, 72, 54, 25, 356, 0, 71, 55, 26, 100, 1, 138, 109, 345, 84, 85, 122, 110, 145, 139,
81}51840 orbit length 38080
Strong generators for a group of order 51840:

1 0 0 0 1 0 00 1 0 00
01 0 0 00 a 0 0 00 a 0 0
0010’00 aoO0]’f0 0 aa0]"”
000 1] Lo o0 o0 1] [0 0 0 1],
1 0 0 0 1 0 00 1 0 0 0
0 &2 0 0 0 o 0 0 0 a 0 0
0 0 a2 0|’]1 0 a@a 0|’ a a a 0]
1 0 0 1], L0a 0 1] [0 1 0 1],
1 0 0 0 1 0 0 0 1 0 0 0
o> 1 0 0 1 &> o> 0 o> 0 o 0
1 010’0 0 0|’ a o> 0 0]°
a1a1110a21 a21a11

1 o o O

a 0 0 0

a 0 o «

00 a 0],

The overall number of objects is: 38080
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Surface 4#0

The equation

The equation of the surface is :
X0X3 4+ X1 Xo + X1 X5 4+ XoX5 =0

Number of points on the surface 45

The automorphism group of the surface has order 51840
The automorphism group is the following group

Strong generators for a group of order 51840:

1 0 0 O 1 0 0 O 1 0
0 1 0 O 0 a 0 O 0 «
0 0 1 O I'0 0 a O 1 0 0
000 1], 0001 [0 o0
1 0 0 0 1 0 0 O 1 0
0 o> 0 0 0 aa 0 0 0 «
0 0 o> 0|’|1 0 a 0’| a «a
1 0 0 1 o 0 a 0 1 ) 0 1
1 0 0 O 1 0 0 0 1
a? 1 0 0 1 o2 &2 0 a?
10 1.0’ 0 0 & 0’| a «
a 1l a 1] |1 0 1] [
1 « a 0
a 0 0 0
a 0 o «a
0 O a 0 o
General information
Plane types by points:
13457940
Type of pts on lines:
527
Type of lines on point:
345
Type iso of tritangent planes:
245
The 27 lines
P {1 0 o? 0]
0 —dal —
01 1 « 79
0 —a {1 0 0]
1 —= a2 — 2
01 0 « 54
v —a {1 0 1 0]
2 — a3 —
010 1],
e —a _[0 0 1 o]
3 — U4 —
000 1],
¢ 1 0 0 O
PTE =101 0 0,
b —a [1 0 o? 1]
5 — 4 —
01 0 al],,

18
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340
O
38

0 x — 0
3 b @ © s 2 2 3 - ) B = 0
© — — - —_— — ™ X — el — - —
f V' T T —— — ! f L e B |
= ~
02& -3 — 3 oo 12a —_.— O~ — @ S —~o —_.— - — 23
— oo Lo o—
012&10 o~ =) — o - O 3 S = = S —
o o o o= —Ho <@ - @7 40 o~ —
IS o~ S° e~ < <
o o "9O 00 T2 4o 79 A0 =9 o
e o =<9 o ! ! L o S By S
L ) L | [ —
I [,_ I [ I [ [ . I " [ [ I
© ) < 9 © 3 < 0 ©
L 5 & 7 B S g ] 5 - g g 8
I I I R I I I I I "
0 o o ~ ~ ) < 9 © 5 0 ) o
= < Kol I Kol < <3

:| 145
:| 139

2
2

a 0 1
0 1 «
0 o 1
1 1 «

1
0
1
0

|
|

‘€21 = C34
‘€22 = C35

623 = C36

= C45

Loy

= C46 =

las

= Cs6 =

L2
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Points on surface

All Points

The surface has 45 points:

The points on the surface are:

0: Ph=PF =
12P1:P1:
2: Phb=P =
3: Ps=P3=
4: Pp=P=
5: Ps=Ps=
6: Ps=PFPs =
7. P =P =
8: Pk =FP =
9: Ph=Py=
102P10:P10
11:P11:P11*
122P12:P12
132P13:P13
14:P14:P14
152P15:P23
162P16:P26
17:P17:P27
182P18:P30
192P19:P31
20:P20:P34
212P21:P35
222P22:P38

o~~~ —~ —

O\‘O:i\;—‘ i R i i =

N WNhRER~RO OO

e~ o~ = —

Eckardt Points
The surface has 45 Eckardt points:

mFRP 00O RO~ OO

OR O, OFOFWNRFE O W-

O W WNNFR P, ORFRRFRF~F~O

OO O OO = OOO
N a2 g s N NN N

—_H O OO0 OO0 O HF -

R R R RO OO OO
NSNS NSNS NS AN NS NN NN NN

o 1 2 3 4 5 6 7 8 9
oo 1 2 3 4 5 6 7 8 9
1110 11 12 13 14 23 26 27 30 31
2134 35 38 39 42 47 48 51 52 53
315 59 60 61 62 67 68 69 70 75
417 79 8 8 8 0 0 0 0 0

23 : Py3 = P39 = (1,0,1,1)
24 : Pyy = Py = (0,1,1,1)
25: Pys = Pyr = (2,2,1,1)
26 : Pys = Pig = (3,2,1,1)
27 : Poy = P51 = (2,3,1,1)
28 : Pyg = Psy = (3,3,1,1)
29 : Py = Ps3 = (0,0,2,1)
30 : P30:P54:(1,0,2,1)
31: P31 = Psg = (2,1,2,1)
32: P32 = Pso = (3,1,2,1)
33 : P33:P61:(0,2,2,1)
34 : Pyy = Psp = (1,2,2,1)
35 : P35—P67:(2,3,2,1)
36 : P36—P68:(3737271)
37 : P37 = Psg = (0,0,3,1)
38 : P38:P70:(1,0,3,1)
39 : P39—P75:(2,1,3,1)
40 : Py = Pré = (3,1,3,1)
41 : Py = Pro = (2,2,3,1)
42 . P42 = PSO = (3,2,3, 1)
43 : Py = Py = (0,3,3,1)
44 : Py = Pgo = (1,3,3,1)

o 1 2 3 4 5 6 7 8 9
oo 1 2 3 4 5 6 7 8 9
1710 11 12 13 14 23 26 27 30 31
2134 35 38 39 42 47 48 51 52 53
3154 59 60 61 62 67 68 69 70 75
417 79 8 8 8 0 0 0 0 O

o 1 2 3 4 5 6 7 8 9
oo 1 2 3 4 5 6 7 8 9
1110 11 12 13 14 15 16 17 18 19
2120 21 22 23 24 25 26 27 28 29
3130 31 32 33 34 35 36 37 38 39
4140 41 42 43 4 0 O 0 0 O

The Eckardt points on the surface are:

EO:PO:P0:(1,0,0,0)21€4m1€11 N2 = as N bg N cs6
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Ei=P =P =
Ex=P,=Py=
Es=P;=P;=
Es=P =P =
Es=Ps=Ps=
Es=Ps=Ps =
Er=P; =P =
Es=Ps=Ps =
Ey=Py=Py=

0,1,0,0) =44 NlsNlis =asNbiNeis
0,0,1,0) =3 N {11 NLas = as Nbg Ncas
0,0,0,1) =4l3NLlsNLliy =asNbiNecia
1,1,1,1) =2 Nlz N b1z = az N bz N cas
1,1,0,0) = £a Nl7 N l1g = as Nbz N cas
2,1,0,0) = £a N by N Loy = as NbaNcas
3,1,0,0) = £aNls N laz = as Nbs Ncss
1,0,1,0) = l2 N €11 N b2z = az N bs N c36
)

(2,0,1,0 =0y N¥i1 Nl = a1 NbgNcig

E10 = Pio = Pio = (3,0,1,0) = £1 N 411 N €20 = a2 N bs N ca6

Ein =P =P =

Ey3 = Pip = Pia =
Ei3 = P13 =Pz =
Eyy=Py=Pu=
Ei5 = Pis = Pag =
Ei6 = Pig = P =
Eivr = Pir =Py =
Eis = Pig = P30 =
Ei9 = P19 = P31 =
Eao = P = P34 =
Eo1 = Po1 = P35 =
Eoo = Pos = P3g =
Eo3 = Pos = P39 =
Eoy = Poy = Pyo =
Eos = Pos = Pa7 =
Eas = Pog = Pag =
Eor = Por = P51 =
Eas = Pog = P52 =
Ea9 = Pag = P53 =
Eso = P3o = Psa =
E31 = P31 = Psg =
E32 = P32 = Pso =
Es3 = P33 = Ps1 =
Es3qy = Py = Ps2 =
Es5 = P35 = Pe7 =
Es6 = P3¢ = Pes =
Es7 = P37 = Peg =
Ess = Psg = Pro =
Es9 = P39 = Pr5 =
Ei0 = Pyo = P =
Eq =Py = Prg =
Ei2 = Py = Pgo =
Ey3 = Py3 = Ps1 =
Eyjy = Pyy = Pgo =

0,1,1,0
1,1,1,0
2,1,1,0
3,1,1,0
1,0,0,1
0,1,0,1
1,1,0,1
0,2,0,1
1,2,0,1
0,3,0,1
1,3,0,1
0,0,1,1
1,0,1,1
0,1,1,1
2,2,1,1
3,2,1,1
2,3,1,1
3,3,1,1) =
0,0,2,1
1,0,2,1
2,1,2,1
3,1,2,1
0,2,2,1
1,2,2,1
2,3,2,1
3,3,2,1
0,0,3,1
1,0,3,1
2,1,3,1
3,1,3,1
2,2,3,1
3,2,3,1
0,3,3,1
1,3,3,1

= L1a N l17 Nl2e = c14 Nc23 N cse
= f13 N {l1g Nlae = c13 N caa N csp
= /05N {10 N¥ag = ag NbsNcse
= f12 N {21 Nlae = c12 Nc34 N cse
= {15 N L17 Nlas = c15 N caz N cap
=/{laNls Ntz =a3NbiNcis
= L15 N l1s N2z = c15 N c2a N c36
=41 Nl Nliz =a2Nbi Neciz
= L15 N lao N L21 = c15 N c26 N C34
=/45N¥lsNlis =asNbiNcis
=/loN¥lioN¥is =aiNbsNecis
=/l3N¥lrNFlig =as NbaNcos
= f13 N L19 Nla5 = c13 N cas N cap
= f14 N Ll19 N¥23 = c14 Ncas Nc3p

= {12 N la2 N la5 = c12 Ne35 N Ca6
=/laNlip Nl =aszNbsNecss
=fl5N¥LsNlas = ag NbsNcss
= Ll14 N lap Nlaa = c14 Ncas N Cas
=41 N¥ls Nty =az2NbzNecas
=4loN¥ls Ntz =a1 NbzNecis
=Ll1s N l1s N2z = c16 Nc2a Nc3s
=/{l3NlioN¥lays =asNbsNecas
=/l5N¥gNlas = ag NbsNcye
= {12 N la3 N lag = c12 N 36 N Ca5
=/laNlyNlar =az3NbsNcaa
=l1NlyN¥lis =axNbsNcog
= {13 N Alag N Loy = c13 N c26 N Cas
=LloNlyg Nty =a1 NbsNcia
= Ll16 N l17 N lag = c16 N c23 N Ca5

A/—\/—\/-\/—\/—\/-\AA/—\A/-\/—\/—\/-\AA/—\A/—\/—\/-\/-\/—\/—\/—\A/—\/—\/-\/-\/—\/-\A
NN N N N NI N N N NI N NI N N N N N NI N N N NI N NN N N NI N N e s a2
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The Eckardt points on the surface are:

Ey= Py =P(1,0,0,0) = as Nbs N cse,

E, =P =P(0,1,0,0) = as Nb1 Neis,

E; = P, =P(0,0,1,0) = asa N bs N cas,

E3 =P;=P(0,0,0,1) = as Nb1 Ncua,

Ey=Py=P(1,1,1,1) = az N by N ca3,

Es =Ps =P(1,1,0,0) = as Nb2 N 25,

Es = Ps = P(a,1,0,0) = a5 N bs N cas,

E; = P, =P(a?,1,0,0) = as N bz N ¢35,

Eg = Ps =P(1,0,1,0) = a3 Nbs N cs6,

Ey = Py = P(,0,1,0) = a1 Nbs N cis,
E1o = Pio = P(a?,0,1,0) = az Nbs N 26,
Ey = P11 =P(0,1,1,0) = c14 N c23 N cs6,
Ei2 = P12 =P(1,1,1,0) = ¢13 N c24 N 56,
Ei3 = P13 = P(a,1,1,0) = as N bs N cse,
Eiy =Py =P(a?,1,1,0) = c12 N ez Nese,
Ei5 = P3 =P(1,0,0,1) = c15 N c23 N cas,
Ei16 = Py =P(0,1,0,1) = az N b1 N eus,
Eiy7 = Py =P(1,1,0,1) = c15 N c24 N c36,
Egs = P3o =P(0,,0,1) = az N b1 N ez,
Ei9 = P31 =P(1,0,0,1) = c15 N c26 N Ca4,
Eso = P3y = P(0,0°,0,1) = ag N b1 N ¢,
B2 = P35 = P(1,0°,0,1) = a1 Nbs Ncis,
E3 = P3s =P(0,0,1,1) = aa N b2 N caa,
Ey3 = P3g =P(1,0,1,1) = ¢13 N c25 N cas,
Eyy = Pio =P(0,1,1,1) = ¢14 N c25 N 36,
Ess = Py = P(a,a,1,1) = ag N b2 N cas,
Eos = Pis = P(a”,a,1,1) = a2 N bs N 25,
Eor = P51 = P(a,0”,1,1) = ¢16 N cas N caa,
Eog = Pss =P(a?,0%,1,1) = a1 Nba Ncaa,
E29 = Ps3 = P(0,0,,1) = as Nbs N caa,
Esp = Psa = P(1,0, 0, 1) = c12 N ¢35 N cas,
Es31 = Psg = P(a,1,a,1) = az N bs Ncss,
Ess = Pso = P(a®, 1,0, 1) = ag N bz N ¢36,
E33 = Ps1 = P(0,a, 0, 1) = ¢14 N2 N 35,
Esy = Ps2 = P(1,a,,1) = aa Nbz N cas,
Ess = Por = P(a,0”,a,1) = a1 Nb3 N cas,
Es6 = Pos = P(a®, 0%, a,1) = c16 N caa N c35,
E37 = Psg = P(0,0,0°,1) = as Nbs N cus,
Ess = Pro =P(1,0,0%,1) = ag N bs N s,
Es9 = Prs = P(a,1,0°,1) = c12 N 36 N cas,
Ei = Prg =P(a®,1,0°,1) = az N by N e,
Ey = Prg =P(a,a,0®,1) = as N by N caa,
Ei2 = Pyo = P(a’, o, 0%, 1) = c13 N cas N cas,



E43 = P81 = P(O,QQ,QQ,].) = ail mb4 m614,
Ei = Py = P(1,0°,0%,1) = c16 N ca3 N cas.

Double Points

The surface has 0 Double points:

|0123456789
|0123456789

The Double points on the surface are:

The double points on the surface are:

Points on lines

Line 0 = a3 has 5 points:
Line 1 = a2 has 5 points:
Line 2 = a3 has 5 points:
Line 3 = a4 has 5 points:
Line 4 = a5 has 5 points:
Line 5 = ag has 5 points:
Line 6 = b1 has 5 points:

(P, |i€{9,21,28,35,43}}
{P; | i€ {10,18,26,34,41}}
{P; | i € {4,8,16,31, 40}}
(P |i€{2,3,2220,37}}
(P ]i€{0,1,5,6,7}}

{P; | i € {13,20,25,32,38}}
(P | i€ {1,3,16,18,20}}
Line 7 = b2 has 5 points: {F; | i € {4,5,22,25,28}}
Line 8 = b3 has 5 points: {P; | i € {7,29,32,34,35}}
Line 9 = b4 has 5 points: {F; |7 € {6, 38,40, 41,43}}
Line 10 = bs has 5 points: {P; | i € {13,21,26,31,37}}
Line 11 = bg has 5 points: {P; | i € {0,2,8,9,10}}

Line 12 = ¢12 has 5 points:
Line 13 = c13 has 5 points:
Line 14 = c14 has 5 points:
Line 15 = ¢35 has 5 points:
Line 16 = ci6 has 5 points:
Line 17 = c23 has 5 points:
Line 18 = c24 has 5 points:
Line 19 = cg5 has 5 points:
Line 20 = cg6 has 5 points:
Line 21 = ¢34 has 5 points:
Line 22 = ¢35 has 5 points:
Line 23 = ¢3¢ has 5 points:
Line 24 = c45 has 5 points:
Line 25 = c46 has 5 points:
Line 26 = c56 has 5 points:

{P, | i€ {14,18,28,30,39}}
{P; | i€ {12,16,23, 35,42} }
{P;|ic{3,11,24,33,43}}
{P,|i€{1,15,17,19,21}}
{P; | i€ {9,20,27,36,44}}
{P;|ic {4,11,15,34,44}}
{P, | i€ {12,17,22,36,41}}
{P;|ic {5,23,24,26,27}}
{P, | i €{10,19,25,33,42}}
{P, | i€ {14,19,27,29, 40}}
{P; | i€ {7,30,31,33,36}}
{P;|ic {8,17,24,32 39}}
{P; | i€ {6,37,39,42,44}}
{P, |ie{2,15,2330,38}}
{P,|i€e{0,11,12,13,14}}

Points on surface but on no line

The surface has 0 points not on any line:

|0123456789

The points on the surface but not on lines are:



Tritangent planes

The 45 tritangent planes are:

1 00 o
Te=m=79=|0 1 0 o | =V(a’Xo+a’X1 + X2 + X3)
0 0 1 1
dual pt rank = 52 = (3,3,1,1).
1 0 a O
o1 = w1 = 46 = 01 0 O :V(OLXO+X2)
0 0 0 1
dual pt rank = 9 = (2,0, 1,0).
1 0 0
ms=m=50=]0 1 0 1 |=V(aXo+X1+a"Xs+ X3)
00 1 o
dual pt rank = 75 = (2,1, 3,1).
1 01 0
M3 =m3=25=[0 1 0 O :V(X0+X2)
0 0 0 1
dual pt rank = 8 = (1,0, 1,0).
1 0 o 0
Ta=m=72=|0 1 1 0 |=V(a’Xo+ X1+ X2)
00 0 1
dual pt rank = 14 = (3,1, 1,0).
01 0 0
Ta=m=8=[0 0 1 0 |=V(Xo)
0 0 0 1
dual pt rank = 0 = (1,0,0,0).
1 0 0 1
Ti5 = g = 23 = 0 1 0 O :V(X0+OLX2+X3)
0 0 1 «
dual pt rank = 54 = (1,0, 2,1).
1 0 0 O
7T51=7I’7:4: 0 1 0 0 :V(XQ)
0 0 0 1
dual pt rank = 2 = (0,0, 1,0).
1 00 0]
T =g = 10 = 1 0 « :V(aX1 +X3)
0 0 1 0 |
dual pt rank = 30 = (0,2,0,1).
1 0 o 0]
1 =mg=67=|0 1 0 =V (a®Xo + X2)
0 0 0 1]
dual pt rank = 10 = (3,0, 1,0).
1 0 0 1
Tas=mo=39=|0 1 0 o | =V(Xo+a’X1+a’Xs+ Xs)
00 1 o
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dual pt rank = 82 = (1,3,3,1).

1 0 0 1
3o = 11 = 27 = 01 0 1 :V(X0+X1+X2+X3)
0 0 1 1
dual pt rank = 4 = (1,1,1,1).
1 0 0 «
Tau=72=58=]0 1 0 a2 :V(ozX0+o¢2X1 +X2+X3)
0 0 1 1
dual pt rank = 51 = (2,3,1,1).
1 1 0 0
Tao = m13 = 41 = 0 0 1 0 :V(X0+X1)
0 0 0 1
dual pt rank = 5 = (1,1,0,0).
1 00 o
s =ma=80=|0 1 0 o |=V(a’Xo+a’X1+aXs+ Xs)
0 0 1 «
dual pt rank = 68 = (3,3,2,1).
1 0 0 07
ey = M5 = 1 = 01 0 O :V(X2+X3)
0 0 1 1|
dual pt rank = 38 = (0,0, 1,1).
1 0 0 0 ]
m=me=15=|0 1 0 o | =V(a’X1+ X;3)
0 01 0 |
dual pt rank = 34 = (0,3,0,1).
1 0 0 «
Te2 = M7 = H3 = 01 0 « :V(ozX0+o¢X1 +X2+X3)
0 0 1 1
dual pt rank = 47 = (2,2,1,1).
1 0 0 o
Taa=ms=T7l=|0 1 0 1 |=V(a’Xo+X1+a’Xs+ X3)
0 0 1 a2
dual pt rank = 76 = (3,1, 3,1).
1 a 0 0
a3 = 19 = 62 = 0 0 1 0 :V(aX0+X1)
0 0 0 1
dual pt rank = 6 = (2,1,0,0).
1 0 0 «
T35 = Moo = 49 = 01 0 1 :V(OLX0+X1 +CYX2+X3)
0 0 1 «
dual pt rank = 59 = (2,1,2,1).
1 0 0 O
Tss=mn1=3=|0 1 0 0 |=V(a"X2+ X3)
00 1 &

25



dual pt rank = 69 = (0,0, 3,1).

1 0 0 O
T3 = Moo = H = 01 0 1 :V(Xl—l—Xg)
0 0 1 0
dual pt rank = 26 = (0,1,0,1).
1 00 o
g3 =m23=76=1 0 1 0 « :V(a2X0+o¢X1 +a2X2+X3)
00 1 &
dual pt rank = 80 = (3,2, 3,1).
1 & 0 0
Tis=m2a=83=[0 0 1 0 |=V(a’Xo+X1)
0 0 0 1
dual pt rank = 7 = (3,1,0,0).
1 0 0 O
Tsa=mps=2=[0 1 0 0 |=V(aXz+ Xs)
0 0 1 «
dual pt rank = 53 = (0,0, 2,1).
1 0 0 0
mae =m26=20=[0 0 1 O —V(Xl)
0 0 0 1
dual pt rank = 1 = (0,1,0,0).
1 0 0 1
Tea = o7 = 31 = 0 1 0 « :V(Xo+aX1 +X3)
0 0 1 O
dual pt rank = 31 = (1,2,0,1).
1 0 0 O
e =T =0=]0 1 0 0 |=V(X3)
0 0 1 0
dual pt rank = 3 = (0,0,0,1).
1 0 0 O
Tes = a9 = 12 = 01 0 «o :V(aX1+aX2+X3)
0 0 1 «
dual pt rank = 61 = (0,2,2,1).
1 0 0 O
T12,3456 =m30 =18 = | 0 1 0 a? | = V(a2X1 +a* X, -I—Xs)
00 1 o
dual pt rank = 81 = (0,3,3,1).
1 0 0 1
Tassas =731 =36=| 0 1 0 o | = V(Xo +a’ X, +X3)
0 01 o0
dual pt rank = 35 = (1,3,0,1).
1 0 «
T12,36,45 — 32 = 59 = 0 1 0 062 = V(OéXo =+ a2X1 + aXs + Xg)
0 1 «
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dual pt rank = 67 = (2,3,2,1).

1 0 0 O
T13,24,56 = M33 = 6 = 1 0 1 :V(X1—|—X2—|—X3)
0 0 1 1
dual pt rank = 42 = (0,1,1,1).
1 0 0 1
Mi3,25046 =T34 =26= [ 0 1 0 1 :V(X0+X1 +X3)
0 0 1 0
dual pt rank = 27 = (1,1,0,1).
1 0 0 o
mi32645 =m35=70= [ 0 1 0 1 :V(OLQX0+X1 + aXs + Xs)
0 0 1 «
dual pt rank = 60 = (3,1,2,1).
1 0 0 O
m14,2356 =36 =9=| 0 1 1 0 :V(X1+X2)
0 0 1
dual pt rank = 11 = (0,1, 1,0).
1 0 1 0
Mia2536 =m37r=30=1] 0 1 1 O :V(X0+X1 +X2)
0 0 0 1
dual pt rank = 12 = (1,1, 1,0).
1 0 a« O
14,2635 =m3g =ol=] 0 1 1 0 :V(aX0+X1 +X2)
0 0 0 1
dual pt rank = 13 = (2,1, 1,0).
1 0 1
Mi5,2346 =739 =21=| 0 1 0 0 | = V(Xo + Xg)
0 1 0
dual pt rank = 23 = (1,0,0,1).
1 0 0 1
T15,24,36 = T40 = 22 = 0 1 0 O = V(Xo + Xo + Xg)
0 0 1 1
dual pt rank = 39 = (1,0, 1,1).
1 0 0 1
m5,2634 =741 =24=1 0 1 0 0 = V(Xo +a’Xs + Xs)
00 1 o
dual pt rank = 70 = (1,0, 3,1).
1 0 0 17
716,23,45 = T42 =33 = 0 1 0 « :V(X0+OLX1 + aXo +X3)
001 a]
dual pt rank = 62 = (1,2,2,1).
1 0 0 o]
Mi62435 =Mz =74d=[ 0 1 0 « :V(a2X0+aX1+X2+X3)
0 0 1 1
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dual pt rank = 48 = (3,2,1,1).

e Qe

= V(OCXQ -|— 0[X1 + OCQXQ + X3)

O = O
—= o O

1
716,25,3¢ = Taa = D5 = | 0
0

Q
o

dual pt rank = 79 = (2,2, 3,1).

The Generalized Quadrangle

The lines in the tritangent planes are:

o = T12 = {EZ | 7= 0,7, 12} = {al,bg,clg}

Tl = 721 = {& | 7= 1,6,12} = {ag,bl,clg}

T = 13 = {& | 7= 0,8,13} = {al,bg,clg}

T3 = TM31 = {EZ | 7= 2,6, 13} = {a3,b1,cl3}

T4 =— T14 = {& | 7= 0,9, 14} = {al,b47014}

s = T41 = {& | 7= 3,6, 14} = {a4,bl,cl4}

e =— T15 = {EZ | 7= 07 10, 15} = {al,b5,cl5}

7 = 51 = {& | 1= 47 6,15} = {a5,bl,cl5}

] = T1e — {& | 1= 07 11, 16} = {al,bs,cls}

T9g = Te1 = {EZ | 7= 5,6, 16} = {as,bl,cls}

10 = T23 = {& | 1= 1,8, 17} = {ag,bg,CQ;;}

M1 =ma2 = {l; | i =2,7,17} = {as, ba, cas}

T12 = 724 = {& | 7= 1,9, 18} = {ag,b4,024}

w3 = a2 = {€; | 1 = 3,7,18} = {a4, b2, coa}

T14 = 25 = {& | 1= 1,10, 19} = {a27657025}

T5 = M52 = {& | = 4, 7, 19} = {a5,b2,025}

Tie — T26 — {& | = 1,11,20} = {ag,bs,CQG}

17 = T2 — {& | = 5,7, 20} = {aa,bQ,CQG}

T8 = T34 — {& | = 2,9,21} = {ag,b4,034}

19 = T43 = {& | 1= 3, 8,21} = {a4,b3,034}

20 =— T35 — {& | = 2,10, 22} = {a3,657035}

21 =— TH53 — {& | = 4, 8, 22} = {a5,b3,035}

T22 = T36 = {& | 1= 2,11,23} = {ag,bs,C;;s}

23 = T3 = {& | 1= 5,8, 23} = {aa,b;;,c;gs}

T24 = T45 = {& | 7= 3, 10, 24} = {a4,b5,045}

o5 = msa = {£; | i = 4,9,24} = {as, ba, cas}

T26 =— T46 — {& | 1= 3, 11,25} = {a4,bs,C4s}

o7 = T4 — {& | 7= 5,9, 25} = {as,b4,046}

28 — T56 — {& | = 4,11,26} = {as,bs,C56}

29 = Te5 — {& | 1= 5,10, 26} = {a57657056}

T30 = M12,34,56 = {4i | 1 = 12,21,26} = {c12, ¢34, 56}
31 = T12,35,46 = {4i | i = 12,22,25} = {c12, ¢35, Ca6}
T32 = T12,36,45 = {£i |t = 12,23,24} = {c12, 36, Ca5}
33 = M13,24,56 = 14; | i = 13,18,26} = {c13, ca4, 56 }
T3a = Tia,25,46 = {4 | i = 13,19,25} = {c13, c25, Ca6 }
T35 = M13,26,45 = 14 | i = 13,20,24} = {c13, c26, Ca5 }
736 = M14,23,56 = 14; | i = 14,17,26} = {c14, c23, c56 }
737 = Ti4,25,36 = {£i | i = 14,19,23} = {c14, c25, 36}
Tas = M14,26,35 = 14i | i = 14, 20,22} = {c14, c26, 35 }
39 = M15,23,46 = {4; | i = 15,17,25} = {c15, 23, Ca6 }
a0 = Tis,24,36 = {4 | i = 15,18,23} = {c15, c24, 36 }
a1 = T15,26,30 = {4; | i = 15,20,21} = {c15, c26,C34}
Ta2 = Ti6,23,45 = {4; | i = 16,17,24} = {c16, C23,Ca5 }
Taz = Tie 24,35 = {14 | i = 16, 18,22} = {c16, c24, 35}
a4 = T16,25,30 = {4; | i = 16,19,21} = {c16, 25,34}
The tritangent planes through the 27 lines are:

alr = fo S {ﬂ'i | 7= 2,6,8,0,4} = {7I'13,7I'15,71’16,7I'12,71'14}
az =1 € {m; | i =12,1,10,16,14} = {24, w21, 723, 726, 25 }
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ag =¥y € {m; | i =11,3,20,22,18} = {m32, w31, 735, 736, W34 }

ag = Vl3 € {ﬂ'i | i1 =19, 13, 26, 24, 5} = {7I'43,7I'42,71’46,7I'45,7T41}

as =404 € {ﬂ'i | 1= 25, 7,21, 15,28} = {7I'54,7I'51,71’53,7I’52,71’56}

ae = U5 € {m; | i =29,17,23,9,27} = {mes, T62, 763, T61, T4 }

by =40s € {mi |1=23,1,7,9,5} = {ms1, w21, 751, T61, W41}

by =47 € {ﬂ'i | 1= 11, 17, 13,0, 15} = {7I'32,7I'52,71’42,7I’12,71’52}

bs = Llg € {m; | i =2,19,10,23,21} = {m13, ma3, 723, T63, W53 }

by =49y € {ﬂ'i | 1 =12,25,4,18, 27} = {7I'24,7I'54,71’14,7I’34,71’64}

b5 = 610 (S {ﬂ'i | 1= 29, 20, 6, 14, 24} = {71'65,7I'35,71'15,7I'25,7I'45}

be = £11 € {m; | i = 22,8,26,16,28} = {ms3s, T16, 46, T26, 756 }

c12 =t12 € {mi | i =32,1,0,30,31} = {m12,36,45, T21, T12, T12,34,56 , T12,35,46 |
c13 =013 € {m; | 1 =33,34,3,2,35} = {m13,24,56, 713,25,46, 31, 13, T113,26,45 }
cra = l1a € {m; | 1 =37,38,36,4,5} = {m14,25,36, 714,26,35, T14,23,56 , 14, T41 }
c15 =15 € {m;i | i =41,6,40,39, 7} = {m15,26,34, T15, T15,24,36 , T15,23,46 51 |
cr6 = lis € {mi |1 =44,8,43,9,42} = {m16,25,34, T16, T16,24,35, 61, T116,23,45 |
co3 = l17 € {m; | 1 =11,39,10, 36,42} = {732, T15,23,46, T23, T14,23,56 , T16,23,45 }
coq = lig € {m; | i =12,33,40, 13,43} = {724, T13,24,56, T15,24,36 , T42, 7716,24,35 }
cos = lig € {m; | i =37,44,34,14,15} = {m14,25,36, 716,25,34, T13,25,46, 25, 52 }
coe = b0 € {m; | 1 = 38,17,41,35,16} = {714,26,35, T62, T15,26,34, T13,26,45, 7726 }
c3q = o1 € {m; | i =44,41,19, 30,18} = {716,25,34, T15,26,34, 43, T12,34,56, T34 }
c35 = lag € {m; | i = 38,20,43,31,21} = {m14,26,35, T35, 716,24,35, T12,35,46 7753 }
c3e = la3 € {m; | 1 = 37,32,22,40,23} = {714,25,36, T12,36,45, 36, T15,24,36 , 763 }
cas = log € {m; | i = 32,25,35,42,24} = {m12,36,45, T54, T13,26,45 , T16,23,45 , 7745 }
cas = las € {m; | 1 = 34,39,26,31,27} = {m13,25,46, T15,23,46 , 46, T12,35,46 , 7764 }
cse = las € {m; | 1 = 33,29, 36, 30,28} = {713,24,56, T65, T14,23,56 , T12,34,56 , 7056 }
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