MATH 651: Optimization I



Part 1

Examples of optimization problems



What is an optimization problem?

Mathematically speaking:

Let X be a Banach space; let
f: X—>R/[J{+ 00}
g: X—R™
h: X—R"
be functions on X, find x//X so that

f(x) — min!
glx) =0
hix) = 0

Questions: Under what conditions on X, f, g, h can we
guarantee that (1) there 1s a solution; (11) the solution 1s
unique; (111) the solution 1s stable.



What is an optimization problem?

In practice:
x={u,y/ 1s a set of design and auxiliary variables that

completely describe a physical, chemical, economical

model;

*f(x) 1s an objective function with which we measure how
good a design 1s;

*g(x) describes relationships that have to be met exactly,
for example the relationship between y and u;

*/i(x) describes conditions that must not be exceeded

f(x) — min!
glx) =0
0

Then find me that x for which
hix) =

Questions: How do I find this x?



What is an optimization problem?

Optimization problems are often subdivided into classes:

Linear vs. Nonlinear
Convex vs. Nonconvex
Constrained vs. Unconstrained
Smooth vs. Nonsmooth
With derivatives vs. Derivativefree

Continuous vs. Discrete
Algebraic vs. ODE/PDE

Depending on which class an actual problem falls into, one
method or another needs to be chosen.



Examples

Linear and nonlinear functions f{x)
on a domain bounded by linear inequalities



Examples

Strictly convex, convex, and nonconvex functions f{x)
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Another non-convex function with many (local) optima.
We may want to find the one global optimum.
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Optima 1n the presence of (nonsmooth) constraints.



Examples

y,
o
M

i

S

il

il

o

g

g s

',:,c:,'u,
iy
4
iy

o
5
i
";l
il
dh
4
0

i

e
4
i
L

2

;
%
1L
i
i
ke
it

i
Ly

4
B
o
i

o2

mooth and non-smooth nonlinear functions.



Applications: The drag coefficient of a car

Mathematical description:
x={u,y}: u are the design parameters (e.g. the shape of the car)
y 1s the flow field around the car

f(x): the drag force that results from the flow field

g(x)=y-q(u)=0:
constraints that come from the fact that there 1s a flow
field y=g(u) for each design. y may, for example, satisty

11 the Navier-Stokes equations



Applications: The drag coefficient of a car

Inequality constraints:
(expected sales price — profit margin) - cost(u) 2 0

max(forces exerted by y on the frame)
- material stiffness * safety factor 2 0

12 legal margins(u) 2 0
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Applications: The drag coefficient of a car

Analysis:
linearity: f(x) may be linear
g(x) 1s certainly nonlinear (Navier-Stokes equations)
h(x) may be nonlinear
convexity: 77

constrained: yes
smooth: f(x) yes
g(x) yes
h(x) some yes, some no
derivatives:  available, but probably hard to compute in practice

continuous: yes, not discrete

ODE/PDE: yes, not just algebraic
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Applications: The drag coefficient of a car

Remark:

In the formulation as shown, the objective function was of the form
fix) = ¢ (v)

In practice, one often 1s willing to trade efficiency for cost, 1.e. we are
willing to accept a slightly higher drag coeftficient if the cost is smaller.
This leads to objective functions of the form

flx) = cd(y) + a cost(u)
or

f(x) = ¢ (y) + alcost(u)]



Applications: Optimal oil production strategies
Permeability field ) Oil saturation

07
065
06

I 40.55
05

Mathematical description:
x={u,y}: u are the pumping rates at injection/production wells
y 1s the flow field (pressures/velocities)

800

800 1600 2400 3200 4000 4800 800 1600 2400 3200 4000 4800

f(x): the cost of production and injection minus sales price of
oil integrated over lifetime of reservoir (or -NPV)

g(x)=y-q(u)=0:
constraints that come from the fact that there is a flow

field y=¢g(u) for each u. y may, for example, satisty
15 the multiphase porous media flow equations
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Applications: Optimal oil production strategies

Inequality constraints /(x)20:

u -u =0:

imax 1

Pumps have a maximal pumping rate/pressure

produced_oil(7T)/available_o1l(0) — ¢ 2 0:
Legislative requirement to produce at least a certain fraction

¢ - water_cut(z) 2 0 (for all times ?):
It 1s inefficient to produce too much water

pressure — d 2 0 (for all times and locations):
Keeps the reservoir from collapsing
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Applications: Optimal oil production strategies

Analysis:
linearity:

convexity:
constrained:

smooth:

derivatives:

continuous:

ODE/PDE:

f(x) 1s nonlinear

g(x) 1s certainly nonlinear
h(x) may be nonlinear

no

yes

J(x) yes
g(x) yes
h(x) yes
available, but probably hard to compute in practice

yes, not discrete

yes, not just algebraic
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Applications: Switching lights at an intersection

Mathematical description:
x={T, ti], ti2 }: round-trip time T for the stop light system,

switch-green and switch-red times for all lights i

f(x): number of cars that can pass the intersection per
hour;

Note: unknown as a function, but we can measure it
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Applications: Switching lights at an intersection

Inequality constraints /(x)20:

300-T 20:
No more than 5 minutes of round-trip time, so that people
don't have to wait for too long

t-t, — 520 (for all lights i):
At least 5 seconds of green for everyone

t -t —520:

1(i+1) 2i
At least 5 seconds of all-red between different greens



Applications: Switching lights at an intersection

Analysis:
linearity: f(x) 7
h(x) 1s linear
convexity: 77

constrained: yes

smooth: f(x) ??
h(x) yes

derivatives: not available

continuous: yes, not discrete

ODE/PDE: no



Applications: Trajectory planning

CASSINI - SATURN ORBITAL SAMPLE TOUR
Saturn North Pole View

WEMUS 1 FLYEY -
26 APR 1998

WERNUS 2 FLYEY
24 JUM 1955

LAUMCH
15 0CT 1997

EAFRTH FLYEY
18 AUG 15995

Mathematical description:

x={y(t),u(t)}: position of spacecraft and thrust vector at time ¢
T

f (x)=f , [u(#)|dt minimize fuel consumption

my(t)—u(t)=0 Newton's law
[y(t)|=d,=0 Do not get too close to the sun
1 u_.—|u(t)|=0  Only limited thrust available



Applications: Trajectory planning

Analysis:
linearity: f(x) 1s nonlinear
g(x) 1s linear
h(x) 1s nonlinear
convexity: no

constrained: yes
smooth: yes, here
derivatives:  computable

continuous: yes, not discrete

ODE/PDE: yes

22 Note: Trajectory planning problems are often called optimal control.
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Applications: Economic games

Setup: A container loaded with
materials g and a nuclear device

produces radiation r(q).
Choosing detector locations s. will

allow us to flag containers that
produce radiation r(q) with

probability p(r(q),s).
Goal: Choose the best detector
locations!
Mathematical description:
x={q, s/ cargo composition, detector locations

f(x)=min_ p(r(q),s)—>max  probability of detection

c,—cost(s)

= detection strategy must be feasible
d,—cost(g)=>

0
0 bad guys have limited resources
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Applications: Economic games

Analysis:
linearity: f(x) 1s nonlinear
h(x) 1s nonlinear
convexity: 77

constrained: yes

smooth: in general not

derivatives:  sometimes

continuous: yes, but often have discrete components

ODE/PDE: no

Note: Games often have elegant solutions in the form of (Nash)
equilibria.
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Applications: Data fitting 1

Mathematical description: \
x={a,b}: parameters for the model y (t)=2 log cosh (\/%t)

f)=I/N 3,1y -(1)P

mean square difference between predicted value and
actual measurement
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Analysis:
linearity:

Applications: Data fitting 1

f(x) 1s nonlinear

convexity: ?? (probably yes)

constrained:

smooth:

derivatives:

continuous:

ODE/PDE:

no

yes

available, and easy to compute 1n practice
yes, not discrete

no, algebraic
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Applications: Data fitting 2

Mathematical description:
x={a,b}: parameters for the model y (t)=at+b

fx)=1/N 1y -(t)P*
mean square difference between predicted value and
actual measurement
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Applications: Data fitting 2

Analysis:
linearity: f(x) 1s quadratic

Convexity:  yes

constrained: no

smooth: yes

derivatives:  available, and easy to compute in practice
continuous:  yes, not discrete

ODE/PDE: no, algebraic

Note: Quadratic optimization problems (even if we have linear
constraints) are easy to solve!
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Applications: Data fitting 3

Mathematical description:
x={a,b}: parameters for the model y (¢t)=at+b

J(x)=1/N 3 1y -y(t)!:
mean absolute difference between predicted value
and actual measurement



Analysis:
linearity:

Convexity:

constrained:

smooth:

derivatives:

continuous:

ODE/PDE:

Applications: Data fitting 3

f(x) 1s nonlinear
yes

no

no!

not differentiable
yes, not discrete

no, algebraic

Note: Non-smooth problems are really hard to solve!

30
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Applications: Data fitting 3, revisited

Mathematical description:
x={a,b, S, J}. parameters for the model

“slack’ variables S,
fix)=1/N Zi s. — min!
s - ly-y(t)l 20

y(t)=at+b
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Applications: Data fitting 3, revisited

Analysis:
linearity: f(x) 1s linear, h(x) 1s not linear

Convexity:  yes

constrained: yes

smooth: no!

derivatives:  not differentiable
continuous:  yes, not discrete

ODE/PDE: no, algebraic

Note: Non-smooth problems are really hard to solve!
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Applications: Data fitting 3, re-revisited

Mathematical description:
x={a,b, S, J}. parameters for the model

“slack’ variables S,
fix)=1/N Zi s. — min!

s =1y it =0 s - (y-¥(t)) 20
S+ (y-¥(t) 20

y(t)=at+b
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Applications: Data fitting 3, re-revisited

Analysis:
linearity: f(x) 1s linear, h(x) 1s now also linear

Convexity:  yes
constrained: yes
smooth: yes
derivatives:  yes
continuous:  yes, not discrete

ODE/PDE: no, algebraic

Note: Linear problems with linear constraints are simple to solve!
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Applications: Traveling salesman

1 L RN % 3 .
“‘1;";&% = Task: Find the shortest tour through
ey e 07" N cities with mutual distances d .
P ij

4Magdeblirg

(Here: the 15 biggest cities of Germanys;
there are 43,589,145,600 possible tours
through all these cities.)
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x={ c. } the index of the ith city on our trip, i=1...N
f(x)z Zi dclcl+l
c,#7c, fori#j mo city is visited twice (alternatively: c¢,c;=1)
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Applications: Traveling salesman

Analysis:
linearity: f(x) 1s linear, h(x) 1s nonlinear

Convexity:  meaningless

constrained: yes

smooth: meaningless

derivatives:  meaningless

continuous:  discrete: x€Xc[1,2,...,N}"

ODE/PDE: no, algebraic

Note: Integer problems (combinatorial problems) are often
exceedingly complicated to solve!
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Part 2

Minima, minimizers,
sufficient and necessary conditions
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Part 3

Metrics of algorithmic complexity



Outline of optimization algorithms

All algorithms to find minimia of f(x) do so iteratively:

- start at a point X,

-fork=1,2,...,:
. compute an update direction P,

compute a step length o,
- Set X =Xy T 0 Py

set kek+1
ﬂ+1
ey
1\h 1" 0,03
R \\\\\\\\
AN N “W‘,:’:fﬁ,mm» |
RSO RERERL AL 2 X7 AATS
—ﬂ 1
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-0,1 0,05
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Outline of optimization algorithms

All algorithms to find minimia of f(x) do so iteratively:

- start at a point X,

-fork=1,2,...,:
. compute an update direction P,

. compute a step length o,

- set X, X, T 0 Dy
cset k—k+1

Questions:

- If x* 1s the minimizer that we are seeking, does x, & x™* ?
- How many iterations does it take for ||x, —x*||<e ?

- How expensive is every iteration?




How expensive is every iteration?

*Most of the time, the cost of optimization algorithms 1s dominated
by the cost of evaluating f(x), g(x), h(x) and their derivatives:

*Traffic light example: Evaluating f(x) might require us to sit at
an intersection for an hour, counting cars

*Designing air foils: Coming up with an improved wing design
and testing it in a wind tunnel costs millions of dollars.

41



How expensive is every iteration?

Example: Boeing wing design

Boeing 767 (1980s) Boeing 777 (1990s) Boeing 787 (2000s)

50+ wing designs 18 wing designs 10 wing designs
tested in wind tunnel tested in wind tunnel tested 1n wind tunnel

Planes today are 30% more efficient than those developed in the
1970s. Optimization in the wind tunnel and in silico made that happen

but 1s very expensive.
42 TV CRP



How expensive is every iteration?

Practical algorithms:

To determine the search direction Pk

*The gradient (steepest descent) method requires 1 evaluation of
V f(:) per iteration

*The Newton method requires 1 evaluation of Vf(:) and one
evaluation of V*f(-) per iteration

o[f derivatives can not be computed exactly, they can be approximated
by several evaluations of f(-) and Vf(*)

To determine the step length &

*Both gradient and Newton method typically require several
evaluations of f(-) and potentially Vf(-) per iteration.

43



How many iterations do we need?

Question: Given a sequence x,— x* (for which we know that
| X, —x*||—0), can we determine exactly

how fast the error goes to zero?

1y Gradient method —e—
Hewtan's method
O
_ *H
ka X
0,0001
1e-05
1e-08 F -
1E_1|:| [] [] [] [] []
] 2 4 B a 10 12
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How many iterations do we need?

Definition: We say that a sequence x, > x™* 1isof order s if
S

Ixi=x*[ < Cllxe —x*|

More generally, a sequence of numbers a, —0 is called of order s if
S

a,] < Cla,_,
The number C is called the asymptotic constant. We call Cla,_, [ -
the gain factor.
Specifically:

If s=1, then the sequence 1s called linearly convergent. In this case,
convergence requires C</. In a singly logarithmic plot, linearly
convergent sequences are straight lines.

If s=2, then the sequence 1s called quadratically convergent.

If /<s<2, then the sequence is called superlinearly convergent.
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How many iterations do we need?

Example: The sequence of numbers
a =1,0.9,0.81,0.729, 0.6561, ...

1s linearly convergent because
S
a,| < Cla,_|
with s=1, C=0.9.

Remark: Linearly convergent sequences can converge very slowly if C
1s close to one. Generally, linear convergence 1s considered slow and we
will want to avoid algorithms that have linear convergence.
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How many iterations do we need?

Example: The sequence of numbers
a =0.1,0.03, 0.0027, 0.00002187, ..

1s quadratically convergent because
S
a,| < Cla,_|
with s=2, C=3.

Remark: Quadratically convergent sequences can converge very slowly
if C 1s large. For many algorithms we can show that they converge
quadratically if a_1s small enough since then

2
a| < Cla,|” < ay
It a  1s too large then the sequence may fail to converge since

a < Cla)[" > laj

Generally, quadratic convergence 1s considered fast and we will want to
use algorithms that have quadratic convergence.
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How many iterations do we need?

Example: Compare linear and quadratic convergence

Gradient method —e— |

Mewton's method
0,01 F
= x|

0.0001 | Linear convergence.

The gain factor C<1
1S constant.

le-0E F
1e-08 | \ |
13_10 1 [ [ [ [
0 2 4 E o 10 12
k .
Quadratic convergence.

The gain factor Cla,_,|<1
becomes better and better!
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Metrics of algorithmic complexity

Summary:

e Quadratic algorithms converge faster in the limit than linear or
superlinear algorithms

* Algorithms that are better than linear will need to be started
close enough to the solution

Different algorithms are best compared by comparing the number of
function, gradient, or Hessian evaluations to achieve a certain

accuracy, as this i1s a good measure for the run-time of such
algorithms.
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Part 4

Smooth unconstrained problems:
Line search algorithms

minimize f(x)
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Smooth problems: Characterization of Optima

Problem: find solution X* of

minimize, f(x)

A strict local minimum X* must satisfy two conditions:

First order necessary condition: gradient must vanish:

V f(x*)=0
Sufficient condition for a strict minimum:

spectrum (V* f (x*)) > 0



Basic Algorithm for Smooth Unconstrained Problems

Basic idea for iterative solution x,—x* of the minimization problem

minimize f(x)

Generate a sequence X, by

1. finding a search direction Py

Ay
N7
6\‘:“*”.’ Iy,
. CNGSE 7S LT 7 ST
Fily

2. choosing a step length o,

€ AP Ty
A0 o q._ #‘wn‘. Q"
N \‘%@k‘@’ S e e

Then compute the update
X+1= X T O Py

Iterate until we are satisfied.
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Step 1: Choose search direction

Conditions for a useful search direction:

Minimization function should
be decreased 1n this direction:

pk'v f(x,)<0

Search direction should lead to

the minimum as straight as
possible

Vv f Xk)
kb,
N \\\\\ %“Q‘Wﬂ"' .
Sty

» o
Ry T e




Step 1: Choose search direction

Basic assumption: we can usually only expect to know the
minimization function f (Xk) locally at x, .

That means that we can only evaluate

f (%, Viix)=g,

V2f<xk)=Hk

For a search direction, try to model { in the vicinity of x , bya

Taylor series:

f(x,tp) =~ flx)

+ gifpk
1
+ Ep;CHkpk + ...

S

.
L AT T T 7 7T
R s s
e
Pl

v,
2
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Step 1: Choose search direction

Goal: Approximate f(-) in the vicinity of X, by a model

1
f(x,+p) =~ m(p) = f, + QZP T EPTHkP + ...

with  f(x)=f,  Vf(x)=g, V*f(x)=H,

Then: Choose that direction p, that minimizes the model mk( p)

TR,
NS0
NS z
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Step 1: Choose search direction

Method 1 (Gradient method, Method of Steepest Descent):

search direction is minimizing direction of linear model

f(x,+p) ~ fi + gp = m(p)




Step 1: Choose search direction
Method 2 (Newton's method):

search direction is the direction to the minimum of the quadratic model

1
m(p) = fi + gip + EpTHkp

Minimum is characterized by

op =g +Hp=0 - p = —Hilgk

R,
IR R A EZ L 50207
=R _:_'_'&__:' = =% <5
]
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Step 1: Choose search direction

Method 2 (Newton's method) -- alternative viewpoint:

Newton step 1s also generated when applying Newton's method for the

root-finding problem (F(x)=0) to the necessary optimality condition:

Linearize necessary condition around x,:

0=Vf(x* = Ivf<xk)+lvzf(xk)(X*_Xk)—l_"'

dx H, Py

Py = _H:gk
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Step 1: Choose search direction

Method 3 (A third order method):

The search direction is the direction to the minimum of the cubic model

1
mk(p) = fk + gip T EPTHkp_I_E axax 6X
I l m n |

1| &f

plpmpn
k

The minimum of this model 1s characterized by the quadratic equation

om,(p)

op

1
= g, +tHpt+=

0’ f

2|10x,0X,0x,

plpm=0

k

-  p, =777

There doesn't appear to be any practical way to compute the solution of

this equation for problems with more than one variable.
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Step 2: Determination of Step Length

Once the search direction 1s known, compute the update by choosing

a step length x, and set
Xpor = Xt 0 Py

Determine the step length by solving the 1-d
minimization problem (line search):

«, = argmin_f(x,+ap,)

For Newton's method: If the quadratic model
1s good, then step 1s good, then take full step
with o, =1




Convergence: Gradient method

Gradient method converges linearly, 1.€.

ka_x*” < C”Xk—l_X*H

Gain 1s a fixed factor C<1
Convergence can be very slow if C close to 1.

Example: If f{x)=x"Hx, with H positive definite and for
optimal line search, then A -2
n 1

WeY \A.} =spectrum H

/“I”/’”w,

X*+5y° - C~0.6
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Convergence: Newton's method

Newton's method converges quadratically, 1.e.

ka_x *H < C”Xk—l_x *H2

Optimal convergence order only if step length is 1, otherwise
slower convergence (step length 1s 1 1f quadratic model valid!)

If quadratic convergence: accelerating progress as iterations
proceed.

Size of C:
Ve (VR -V )|

Ix=y|

C measures size of nonlinearity beyond quadratic part.

C



Example 1: Gradient method

.
Q 0.. "" 77
\Q’Q A A iy v s iy
e ¥ by
"'*f&".g'."f?%
752 oy,

——_\_\_\_\_‘_\_\_

f(x,y)=—x’+2x°+y’

Local minimum at x=y=0,
saddle point at x=4/3, y=0

f\\
)

-0.1

0,05

0,1
0,05
0

-0, 05
-ﬂ 1
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Example 1: Gradient method

1

0.1}
0,01 |
%= x|
0,001 }
0,0001 |

1e-05 F

1e-0G F

1e-07

0 2 4 E 8 10 12

Convergence of gradient method:
Converges quite fast, with linear rate
Mean value of convergence constant C: 0.28

At (x=0,y=0), there holds

V2 £(0,0)~[A,=4,1,=2] C~ j+§~o 33



Example 1: Newton's method

f(x,y)=—x’+2x°+y’

Local minimum at x=y=0,
saddle point at x=4/3, y=0

0,1

10,050

/ 1 -,05

-U,l/ =0, 05 0 0,05 0,1
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Example 1: Newton's method

1

0.1}
0,01 F
%= x|
0,001 |
0,0001 |
16-0 |

le-0E }

1e-07

Convergence of Newton's method:
Converges very fast, with guadratic rate
Mean value of convergence constant C: 0.15

”Xk_X*H < CHXk—\_X*HY

Theoretical estimate yields C=0.5
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Example 1: Comparison between methods

Gradient method —s— |

Hewton's method
01 F

= x|
0,0001 |

le-06 |

1e-08 F

-lE_ll:l 1 1 1 1 1

Newton's method much faster than gradient method

Newton's method superior for high accuracy due to higher order
of convergence

Gradient method simple but converges in a reasonable number of
iterations as well



Example 2: Gradient method

oo,
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f(x,y)=|(x=y" +==

1
100

L1
100

(Banana valley function)

Global minimum at x=y=0

———x

s

\
tx

o

2.1
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Example 2: Gradient method

10

%= x|

0.1

0,01
0 hOoO- 10000 15000 20000 25000 20000 Z5000

Convergence of gradient method:

Needs almost 35.000 iterations to come closer than 0.1 to the
solution!

Mean value of convergence constant C: 0.99995

At (x=4,y=2), there holds

V° £(4,2)~{A,=0.1,A,=268] i

R ~(.9993
268+0.01
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Example 2: Newton's method

A7 3.8 319

4

4,1 4.2 4.3 4.4

0,03

0,1

0,05

0,05
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Example 2: Newton's method

10

1k
[x=xx 4

0,01 F
0,001 F
00001 F
1e-05 f
1e-0E F

1e-07 F

le-08
0 5 10 15 20 25

Convergence of Newton's method:

Less than 25 iterations for an accuracy of better than 107!
Convergence roughly linear for first 15-20 iterations since step
length o #1

Convergence roughly quadratic for last iterations with step
length ~1
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Example 2: Comparison between methods

10k Gradient method —— |
Mewton's method

—vk
”Xk x|

1 ] -

0,1 F ]

':]J:'j. . N — - | A PR nnfll__ n -

1 10 106 1000 10600 100000

Newton's method much faster than gradient method

Newton's method superior for high accuracy (i.e. in the vicinity
of the solution) due to higher order of convergence

Gradient method converges too slow for practical application
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Practical line search strategies

Ideally: We would use an exact step length determination (/ine
search) based on

«, = argmin f(x,+ap,)

This 1s a one-dimensional minimization problem for @, which one
could implement using Newton's method or bisection search or
predictor-corrector methods, or ....

However: This 1s expensive, since it may require many function or
gradient evaluations.

Instead: Find practical criteria that guarantee convergence but need
less function evaluations!
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Practical line search strategies

Strategy: Find practical criteria that guarantee convergence but need
less evaluations.

Rationale:

e Near the optimum, the quadratic approximation of f 1s valid, so
we may take full steps (step length 1) there

e Inexact line search only necessary when far away from the
solution

e If close to solution, our strategy will try a=1 first

* Quadratic convergence of Newton's method therefore retained
near the solution; when far away, convergence is slower in any
case.



Practical line search strategies

Practical strategy: Replace exact line search by a strategy that
* finds a reasonable approximation to the exact step length
e chosen step length guarantees a sufficient decrease 1n f(x);
e chooses full step length 1 for Newton's method whenever possible.

7 ~—
| a2 ZE
‘W’ "’l['
Al
“:Im\& ;1‘,"; 7 é{t I! Ilr
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A
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Practical line search strategies

Wolfe condition 1:

Only allow those step lengths that produce a sufficient decrease

f(x,+ap,) <

f (x,+apy)

\//\

O f(x,+op,)
O X
= [+ C1O‘V f i D

f(x) + c«

Il
o

X

Necessary:
0<c,<1

Typical values:
¢,=10""

1.e.: only very small
decrease mandated
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Practical line search strategies

Wolfe condition 2 (‘‘curvature condition”):
Only allow those step lengths at which f has shown sufficient
curvature upwards

V f (xy+apy)pr = [5 f(Xk_prk) = Cz[a f<Xk+O(pk) = ¢V frpx
0« — o« x=0
f (xi+apy) Necessary:
0<c,<c,<1

Typical:
¢,=0.9

Rationale: Exclude too
small step lengths
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Practical line search strategies

Wolfe conditions

Conditions 1 and 2 usually yield reasonable ranges for the step
lengths, but do not guarantee optimal ones

f (xi+apy)
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Practical line search strategies - Alternatives

Strict Wolfe conditions:
af(xk"‘o‘Pk) af<xk+0(pk>
0 a=a, T 0« w0
f(xptapy) /

f (xitocpy)

Goldstein conditions:

0 f (x,+ap,)

a X o=0

fxtapy) = flx) + (1-¢)
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Practical line search strategies

Conditions like the Wolfe conditions tell us whether a given step
length 1s acceptable or not.

However, in practice we don't want to try too many step lengths
since checking the conditions involves function evaluations of f{x).

Typical strategy (‘“Backtracking line search”):

e Start with a trial step length o=«
(for Newton's method, we want full step length so &=1)

e Verify if for thisa,  the conditions are satisfied
e [f so, then choose &=«

* If not, set «=ca,, c<1
and try step 2 again

, : : 1
A typical reduction factor 1s =3
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Practical line search strategies

An alternative strategy (‘“Interpolating line search”):

e Start with a trial step length o’=& , set i=0

(for Newton's method, we want full step length so &=1)

e Verity if for this (x(f) the Wolfe conditions are satisfied

e [f so, then choose X, =

e If not:
- let d)k(a): f(Xk-I-O(pk)

- 1n order to evaluate the sufficient decrease condition
f(Xk+O(£i)pk) < f[x + lex(ti)v i Dk

we alreadyhadtoevaluate $(0)=f(x,). #'(0)=V [ -p=g,p,
and (f)k( ) f(x, +0‘ pk)

_if i=0then choose « " as the minimizer of the quadratic
function that interpolates ~ $:(0),¢,(0), Byl

. . (i+1) ... )
-if 1>0then choose &;  as the minimizer Qf the cubic

. . I l) (1—
function that interpolates [0),07,(0), ¢, (), o)
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Practical line search strategies

An alternative strategy (‘“Interpolating line search”):

Step 1: Quadratic interpolation




83

Practical line search strategies

An alternative strategy (‘“Interpolating line search”):

Step 2 and following: Cubic interpolation
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Part 5

Smooth unconstrained problems:
Trust region algorithms

minimize f(x)
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Line search vs. trust region algorithms

Line search algorithms:

Choose a relatively simple strategy to find a search direction
Put significant effort into finding an appropriate step length

\
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Line search vs. trust region algorithms

Trust region algorithms:
Choose a relatively simple strategy to determine a step length
Put significant effort into finding an appropriate search direction

Background:

In line search methods, we choose a direction based on a local
approximation of the objective function

In other words: We try to predict the behavior of f(x) far away from x,

by looking atf ., g ., H,

W
TR
NS
That can not work if we are N e
e s ‘..:' A i ) W
Nt

N

o

SO
S

still far away from the solution!

(Unless the function 1s almost
quadratic everywhere.)
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Trust region algorithms

Trust region algorithms:
Choose a relatively simple strategy to determine a step length
Put significant effort into finding an appropriate search direction

Alternative strategy:

Keep a number A around that indicates up to which distance we trust
that our model m (p) 1s a good approximation of f(x +p )

Find an update as follows:

. 1
Py = arg min, mk(P)=fk+gk’P‘|'§PTBP
such that ||p|| < A,

Accept this direction unconditionally, 1.e. without line search:

Xes1 = Xt Py
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Trust region algorithms

f(x) .

The line search Newton direction leads to the exact minimum of the
approximating model function m (p).

However, this 1s of little help because m (p) 1s not approximate f(x)
well at these distances.

As a consequence, we need line search as a safe guard.
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Trust region algorithms

Example:

«

Rather, decide how far we trust the model and stay within this radius!



Trust region algorithms

Basic trust region algorithm:

For k=1,2,...:
*Compute update by finding an approximation Pjto the solution of

. 1
p, = agmin, m(p)=f,+g, p+=p Byp

such that ||p] < A,
PI = m,(0)—m,(p,)

Al = f(x)=f(x+p)

*Compute predicted improvement
*Compute actual improvement

1, .
If AI/PI < 1/4 then 4, = Z||pk||
AI/PI > 3/4 and |pdl=4¢ then A = 24,
oIf AI/PI >n forsome "€L01/4) then X = X+,
else  Xk+1 = X

90
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Trust region algorithms

Fundamental difficulty of trust region algorithms:

. T
p, = agmin, m(p)=f,+g, p+=p Byp
such that ||p|| < A,

 This 1s not a trivial problem to solve!

e As with line search algorithms, we don't want to spend a lot of time
finding the exact minimum of an approximate model.

* Trust region methods are all about finding cheap ways to
approximate the solution of the problem above!
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Trust region algorithms: The dogleg method

Find an approximation to the solution of:

. T
p, = agmin, m(p)=f,+g, p+=p Byp
such that ||p|| < A,

Note:

If the trust region radius 1s small, then we get the “Cauchy point” in

the steepest descent direction:

Py~ Py = TPy T€[0,1] pP = A,

gl

p;flS the minimizer of f( x) in direction piD

If the trust region radius 1s large, then we get the quasi-Newton

direction: -
Py = pf = _Bklgk



Trust region algorithms: The dogleg method

Find an approximation to the solution of:

. 1
p = argmin, m(p)= f+9,p+>p' By p
suchthat ||p|| < 4,

.\pf\ .

A<|Ip] AN p]
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Trust region algorithms: The dogleg method

Find an approximation to the solution of:

. T
p, = agmin, m(p)=f,+g, p+=p Byp
such that ||p|| < A,

B\

Ak>’pk

N

Idea:

Find the approximate solution P along the “dogleg” line
Xy 7 Xk-l_pi — X1<‘|'l7l]<3
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Trust region algorithms: The dogleg method

Find an approximation to the solution of:

. T
p, = agmin, m(p)=f,+g, p+=p Byp
such that ||p|| < A,

In practice, the Cauchy point is difficult to compute because it requires
a line search.

The dogleg method therefore uses not the minimizer Py of f(x) along Py

but the minimizer T
U 9k 9

Pk ="
gZBkgk

9

of _ r 1 7
mk(P)— ft g, P‘|‘§P B, p

U B
Xy, = Xtp, — XtD

The dogleg then runs along



Trust region algorithms: The dogleg method

Find an approximation to the solution of:

. T
p, = agmin, m(p)=f,+g, p+=p Byp
such that ||p|| < A,

Dogleg algorithm:
_ ~ _ _B
N—If pf=_Bklgk satisfies ||Pf||<Ak then set b= Px
T U
v_ 919, o U . _ Py
& Otherwise, if Px=""7 Isatisfies ||pk”>Akthen set D= oA
g, B, 9, HpkH

~ U B
Otherwise choose Pk as the intersection point of the line  Px ™ Px
and the circle with radius 4«

96
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Part 6

Practical aspects of
Newton methods

minimize f(x)
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What if the Hessian is not positive definite

At the solution, the Hessian Vo f(x*)is positive definite. Since f(x)
1s smooth, the Hessian 1s positive definite if near the optimum.

However, this needs not be so far away from the optimum:

At 1nitial point X,

the Hessian 1s indefinite:

2 _[=0.022 0.134
VI o=l g 1as 0337
A, =-0.386, A,=0.027

Quadratic model

1
mk(p)=fk+gfp+§pTHkp

has saddle point instead of
minimum, Newton step 1s invalid!

‘\\\\\}\\\\\\ )
‘s‘%\\‘.‘.‘\&\i‘\;‘.\*\\\\\

#’ LAl
AL
"0{0,“&,‘0‘ Bors
G
i era
L A
L
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What if the Hessian is not positive definite

Background: Search direction only useful if descent direction:

\% f(xk)T‘Pk<0

Trivially satisfied for Gradient method, for Newton's method there

holds:

Pk=_H;19k -

Search direction only then a
guaranteed descent direction, if H
positive definite!

Otherwise search direction 1s
direction to saddle point of
quadratic model and might be a
direction of ascent!

g P=—9 Hy g < 0

X
ﬂ?"ﬂ;

0.5
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What if the Hessian is not positive definite

If the Hessian 1s not positive definite, then modify the quadratic
model:

e retain as much information as possible;

e model should be convex, so that we can seek a minimum.

The general strategy then i1s to replace the quadratic model by a
positive definite one:

1

mk(P) - fk"‘gl{lH'E TI:IkP

Here, H, is a suitable modification of the exact Hessian H,= Vif(x,)
so that H, 1s positive definite.

Note: To retain ultimate quadratic convergence, we need that

~

*
H, - H, as X, X



What if the Hessian is not positive definite

The Levenberg-Marquardt modification:

Choose

~

H = H+7I T>—A

l

so that the minimum of

1 ~
m,(p) = fk+g;fp+§pTHkp

lies at

pk=_H;19k = _<Hk+T1)_1gk

Note: Search direction 1s mixture
between Newton direction and gradient.

Note: Close to the solution the Hessian
must become positive definite and we can
101  Cchoose T=0




What if the Hessian is not positive definite

The eigenvalue modification strategy:

Since H 1s symmetric, it has a complete set of eigenvectors:

H, =V f(x) =2 Avv

Therefore replace the quadratic model by a positive definite one:

1 ~
m,(p) = fk+gfp+§pTHkp

with Hk = Zi maX[?\,-,E] ViV;'[

Note: Only modify the Hessian in directions of negative curvature.

Note: Close to the solution, all eigenvalues become positive and we
get again the original Newton matrix.

102



What if the Hessian is not positive definite

One problem with the modification
IEIk = Zi max[)\l., e] viv;.r

1s that the search direction 1s given by

~ 1
Px = _Hklgk = ZimaX{Ai,El vi(viTgk)

that 1s search direction has large component (of size 1/€) in direction
of modified curvatures!

An alternative that avoids this 1s to use

ﬁk = Zi|Ai|viViT
103
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What if the Hessian is not positive definite

Theorem: Using full step length and either of the Hessian
modifications

H, = H 47l T>—A
Flk = Zi max[)\i,e] vl.vl.T

we have thatif x, —»x* andif feC ! then convergence happens
with quadratic rate.

Proof: Since f is twice continuously differentiable, there is a k such
that x 1s close enough to x* that H is positive definite. When that

1s the case, then

for all following iterations, providing the quadratic convergence rate
of the full step Newton method.



What if the Hessian is not positive definite

Example:

Wi
TR

flx,y) = x"=x"+y*—y’

’iz‘vg; R - iy
, SN T T ]
\ R R e g dy . ST
TR % 277/ | Blue regions indicate that
. Hessian ,
- _12x*-2 0
0.5 ‘ 1s not positive definite.
» +V2  +4(2)
minima at x=——y=
2, 2

105
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What if the Hessian is not positive definite

i

R

oy 0 Starting point:
T
\ ﬁﬂ#ﬁﬁ%ﬂ; Xy=0.1 ¥o=0.87
R 2 ::f.-
] —-188 0
H, =
0 7.08
0.5
— = -(3) Negative gradient
Unmodified Hessian search
= direction
(4) .
Search direction with eigenvalue
modified Hessian (e=10°)
(2) (1) L N
Search direction with shifted
@ Hessian (T=2.5; search direction
i

only good by lucky choice of 1)



Truncated Newton methods

In any Newton or Trust Region method, we have to solve an equation
of the sort

H, p, = —g

or potentially with a modified Hessian:

~

H,p, = —g,

Oftentimes, computing the Hessian 1s more expensive than inverting
it, but not always.

Question: Could we possibly get away with only approximately
solving this problem, i.e. finding

Py _H?gk

107  with suitable conditions on how accurate the approximation 1s?



Truncated Newton methods

Example: Since the Hessian (or a modified version) 1s a positive
definite matrix, we may want to solve

H, p, = —g

using an iterative method such as the Conjugate Gradient method,
Gauss-Seidel, Richardson iteration, SSOR, etc etc.

While all these methods eventually converge to the exact Newton
direction, we may want to truncate this iteration at one point.

Question: When can we terminate this iteration?

108



Truncated Newton methods

Theorem 1: Let p,  be an approximation to the Newton direction
defined by

H,p, = =g
and let there be a sequence of numbers (n,|,n, <1 so that

||gk+Hkpk|| <n, <1
gl

Then if X, —X™ then the full step Newton method converges with
linear order.

109



Truncated Newton methods

Theorem 2: Let p,  be an approximation to the Newton direction

defined by
H,p, = =g
and let there be a sequence of numbers {n,},n,<1,n,—»0  so
that ! H ol
_|_
9k T Ay Dy <n, <1
lg.l

Thenif X, —X™ then the full step Newton method converges with
superlinear order.

110



Truncated Newton methods

Theorem 3: Let p,  be an approximation to the Newton direction

defined by
H,p, = —g,
and let there be a sequence of numbers {n, },n,<1,n,=0(||g,||) so
that || - A||
_I_
gy 1y Py <n, <1
lgil

Thenif X, —X™ then the full step Newton method converges with
quadratic order.

111



Part '/
Quasi-Newton update formulas

B, =B +..

112



Quasi-Newton update formulas

Observation 1:

Computing the exact Hessian to determine the Newton search
direction

H,p, = — gy
1s expensive, and sometimes impossible.

It at least doubles the effort per iteration because we need not only
the first but also the second derivative of f(x).

It also requires us to solve a linear system for the search direction.

113



Quasi-Newton update formulas

Observation 2:

We know that we can get superlinear convergence if we choose the
update p, using

B,p, = —g,

instead of
H, p, = —g

under certain conditions on the matrix Bk.

114



Quasi-Newton update formulas

Question:

» Maybe it is possible to find matrices B, for which:

« Computing B is cheap and requires no additional function

evaluations

* Solving
B,p, = —g

for p _1s cheap

e The resulting iteration still converges with superlinear order.

115



Motivation of ideas

Consider a function p(x).

The Fundamental Theorem of Calculus tells us that

p(z)-p(x)=V p(€) (z—x)

for some &=x+t(z—x), t€[0,1]

Let's apply this to p( )= Vf( ), z= =X, X=X,_, :

Vf<xk>_vf<Xk—1)=gk_gk—1=v2f<Xk_t0‘pk><xk_xk—1)
=I:I<Xk_xk—1)

Letusdenote Y, {=9,—9;_1,S,_1=X,— X,_; then this reads

~

Hs, =y,

with an “average” Hessian H .
116



Motivation of ideas

Requirements:

o We seek a matrix Bk” so that
* The “secant condition” holds:
By, 15k= Yy

. Bk+1 1S symmetric
« B 1s positive definite

k+1
« B changes minimally from B

k+1 k

e The update equation is easy to solve for

-1
Pky1 = _Bk+1gk+1
117



Davidon-Fletcher-Powell

The DFP update formula:

Given B, define B, by

Bk+1=(1_}y Yk SDBk(I_YSkYIf)"‘Y)’kYZIC
1
yk: T
Y Sk

This satisfies the conditions:
e It 1s symmetric and positive definite

e It 1s among all possible matrices the one that minimizes
~—1/2 ~—1/2
”H (Bk+1_Bk)H ||F

e It satisfies the secant condition B, ,,S, =y,
118



Broyden-Fletcher-Goldfarb-Shanno

The BFGS update formula:

Given B, define B, by

T T

_ Bys sg B, 4 Yk
T T
S« Bk Vi Sk

This satisfies the conditions:
e It 1s symmetric and positive definite

e It 1s among all possible matrices the one that minimizes
~1/2 -1 ~1\ 75 1/2
||H <Bk+1_Bk )H ||F

e It satisfies the secant condition Bk 1S =Y
119



Broyden-Fletcher-Goldfarb-Shanno

So far:

« We seek a matrix Bk” so that
 The secant condition holds:
B, 18:= Y,
. Bk+1 1S symmetric
« B 1s positive definite
k+1
e« B changes minimally from B 1in some sense
k+1 k

Py = _Bk_l g
120
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DFP and BFGS

Now a miracle happens:

For the DFP formula:

B,.,=(I- yk.yksk)Bk(I_ykSkylf)-l_kakyz’

-1 T -1 T
1 _ 1 By Be sisy
By =By —————+—
Vi B Y Yk Sk
For the BFGS formula:
T
B, s sk By J’kYk
T
S, By Sy Yk Sk

B,.,=B,—

T T
Bk+1 (I— PkSkYk)Bk (I=p YicSk )+ Sk Sk

This makes computing the next update very cheap!

1
Y= "7
Yk Sk

1

pk= T
Yk Sk
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DEP + BFGS = Broyden class

What if we mixed:

DFP
B

k+1=(I_}’kYkS;C)Bk(I_YkSkYD"'Ykkaz:

B,s, s, B .
Bfi(l;s=Bk_ k2k2K k_I_YkYk

Sl{BkSk yifsk
B, .=, Bfflf+(1—<l>k)BfFGS

This 1s called the “Broyden class of update formulas.

1
yk_ T
Yk Sk

The class of Broyden methods with 0<¢, <1 is called the

“restricted Broyden class™.
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DEP + BFGS = Broyden class

Theorem: Let & C’, let X, be a starting point so that the set

Q={x:f (x)<f(x,)|

is convex. Let B, be any symmetric positive definite matrix. Then

*
X, —X

for any sequence X, generated by a quasi-Newton method that
uses a Hessian update formula by any member of the restricted
Broyden class with the exception of the DFP method (¢ = 1).



DEP + BFGS = Broyden class

Theorem: Let & C>' . Assume the BFGS updates converge, then
X, —oXx*

with superlinear order.
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Practical BEGS: Starting matrix

Question: How do we choose the initial matrix B, or Bgl ?

Observation 1: The theorem stated that we will eventually converge
for any symmetric, positive definite starting matrix.

In particular, we could choose a multiple of the identity matrix

|
B,=8I, B01=EI

Observation 2: If B is too small, then

_ 1
po=_Bolgo=_E90

1s too large, and we need many trials in line search to find a suitable
step length.

Observation 3: The matrices B should approximate the Hessian
matrix, so they at least need to have the same physical units.



Practical BEGS: Starting matrix

Practical approaches:

Strategy 1: Compute the first gradient g , choose a “typical” step

length O , then set

HgoH o)

B,=——1, B,'=——:I
"6 " gl
so that we get ) =_B_1g _ d,
T gl

Strategy 2: Approximate the true Hessian somehow. For example, do
one step with the heuristic above choose
T
1_ Y151

ylyll Bg_

B_ T
y151 Yi Y1

I

126  and start over again.



Practical BFGS: Limited Memory BFGS (LM-BFGS)

Observation: The matrices

B, SkS:Ir<Bk Yk)’k

B, .,=B, —
k+1— Pk SZB 5, yk s,
T T 1
Bk+1 (I- PkSkYk)Bk (I =Pk Yk Sk )+ xSk Sk Pr= yTS
k Sk

are full, even if the true Hessian 1s sparse.

Consequence:

We need to compute all n° entries, and store them.
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Practical BFGS: Limited Memory BFGS (LM-BFGS)

Solution: Note that in the kth iteration, we can write

“1_+,T p-1 T
By =V, 1B Vi 1T ProiSk-1Ska
. 1 T
with p,_,= T ,Vk_1=<1_ﬂk—1Yk—15k—1)
Yk-15k-1
We can expand this recursively:
“1_+,T p-1 T
B, =V 1B i Vit oy Skoi Sk
_ T T p-1
=V e Vi B Vi, Vi

T T T
TPk Vi1 Skc1Ska Vi Pr_1Sko1 Sk

[Vlf—l' ' 'VHBal[V1° ' 'Vk—1]
k
+Zj=1 pk—j{[vi—f "Vl:f—j+1

Consequence: We need only store kn entries.

Sk—jslf—j[vk—jﬂ' ' 'Vk—ll}
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Practical BFGS: Limited Memory BFGS (LM-BFGS)

Problem: kn elements may still be quite a lot if we need many
iterations. Forming the product with this matrix will then also be
expensive.

Solution: Limit memory and CPU time by only storing the last m
updates:

B = Vi Vi BV Vi

—I_ZJ | Pk- ] [ k-1 Vl:f—j+1 Sk—jsz—j[vk—j+1'.'vk—1]}

k—m.

Consequence: We need only store mn entries and multiplication with
this matrix requires 2mn+O(m’) operations.



Practical BFGS: Limited Memory BFGS (LM-BFGS)

B'= Vi Vi BV Vi

+ZJ | Pr- ] [ k=1 Vi:f—j+1 Sk—jslir—j[vk—jJrl'”Vk—l”

k—m.

In practice:

e Initial matrix can be chosen independently in each iteration;
typical approach is again

BEi Yk 15k -1 I
J’k 1 V-1

e Typical values for m are between 3 and 30.
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Parts 1-7

Summary of methods for
smooth unconstrained problems

minimize f(x)

131



Summary

Newton's method is unbeatable in terms of speed of convergence

However: to converge, one needs
- a line search method, using conditions like the Wolfe conditions
- to modify the Hessian matrix whenever it 1s not positive definite

Newton's method can be expensive or infeasible 1f
- computing second derivatives 1s complicated
- the number of variables is large

Quasi-Newton methods such as LM-BFGS can help in this case:

- need only the computation of first derivatives

- need little memory and no explicit matrix inversions

- but typically converge slower than Newton, at best superlinearly

Trust region methods are an alternative to Newton's method but share
the same drawbacks

132
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Part &

Equality-constrained Problems

minimize f (x)

g(x) =0, i=1,.



An example

Consider the example of the body suspended from a ceiling with
springs, but this time with an additional rod of fixed length
attached to a fixed point:

L. /]|
- O >
4, - R
p - -
] - ,'_i-
Ty - -
, - o
- - -
. s o
L o -
r = L]
a, o o'
T, - +
- . W
L - b
.. M .l
», - N
r ot
i, o
'X§

X

To find the position of the body we now need to solve the
following problem:

minimize f(5<’)=E(x,z)=ziEspring,i(x,z)JrEpm(x,z)

134 H}_)?OH_Lrod = 0



An example

to the problem by plotting the energy

1n

ht
z) along with the constra

insig

1n Some 11nsS

We can ga

nt

(x,

f

as a function o

#!LJ
T S Y
SRR

Lo
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Definitions

We call this the standard form of equality constrained problems:

minimize _, .. f(x)
g(x) =0, i=1..n

e

We will also frequently write this as follows, implying equality
elementwise:

minimize _,_.. f(x)
g(x) =0



Definitions

A trivial reformulation of the problem is obtained by defining the
feasible set:

Q={xeR": g(x)=0]

Then the original problem is equivalently recast as

minimize _, . . f(x)

Note 1: This reformulation 1s not of much practical interest.

Note 2: The feasible set can be continuous or discrete. It can also be
empty 1f the constraints are mutually incompatible. In the following
137  we will always assume that it 1s continuous and non-empty.
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The quadratic penalty method

Observation: The solution of
minimize _,_.. f(x)

glx) = 0

must lie within the feasible set where g(x)=0.

Idea: Let's relax the constraint and allow to search also in the
vicinity where g(x) 1s small but not zero. However, make sure that
the objective function becomes very large if far away from the
feasible set:

N 1
minimize _,_, Q,(X)= f(X)JrEHQ(X)HZ

Qu(x) i1s called the quadratic relaxation of the constrained

minimization problem. y 1s the penalty parameter.



The quadratic penalty method

Why is Q”(x ) called relaxation of the constrained minimization
problem with f(x), g(x)?

Consider the original problem

minimize f(5<’)=E(x,z)=Z E e i(X,2)+E (X,2)

i spring, i
[X =Xl =L = 0

with relaxation

S 1 - -
QH(X)=E<XaZ>+2_(HX_X0”_Lrod

U
If instead of a fixed rod we had a spring in this place with constant
D then we would have an unconstrained problem with objective
function ~ 1

f(})=E(X:Z)_l_ED(H}_)?OH_Lrod

2

2
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The quadratic penalty method

Example: Qu(x ) with y=infinity

12
18

=~ LR S = I = -

,t]
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The quadratic penalty method

Example: Qu(x ) with u=0.01
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The quadratic penalty method

Example: Qu(x ) with u=0.001

g
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S
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W
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The quadratic penalty method

Example: Qp(x ) with u=0.00001

143



The quadratic penalty method

Algorithm:

Given X, , [ ]=0, {1,/]=0

For t=0,1, 2, ...: )
Find an approximation 5<t to the (unconstrained) mimizer X,
of Q (x) that satisfies

IVQ, (k)

using X, as starting point.

<T,

start *

Set t=t+], Xt =3<t—1

Typical values:
u=cu,, c=0.1to 0.5

144 1=
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The quadratic penalty method

Positive properties of the quadratic penalty method:
ealgorithms for unconstrained problems readily available;

() is at least as smooth as f, g. for equality constrained problems;

eusually only very few steps are needed for each penalty parameter,
since good starting point known;

*it 1s not really necessary to solve each unconstrained minimization
to high accuracy.

Negative properties of the quadratic penalty method:
eminimizers for finite penalty parameters are usually infeasible;

eproblem 1s becoming more and more ill-conditioned near optimum
as penalty parameter 1s decreased, Hessian large.



The quadratic penalty method

Theorem (Convergence): Let X be the exact minimizer of Q ( )
andlet U,—0 . Let f£g be once differentiable.

Then every limit point of the sequence {Xt }t= 1,2,... is a solution of
the constrained minimization problem

minimize _._.. f(x)
g(x) =0

146
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The quadratic penalty method

Theorem (Convergence): Let X, be approximate minimizers of

Q,(x) with *
IVaQ,(x)

for a sequence T,—~0 andlet p,—0 . Let fEC’, geC"

=T,

Then every limit point of the sequence {Xt }t= 1,2,... satisfies certain
first-order necessary conditions for solutions of the constrained
minimization problem

minimize _._.. f(x)
g(x) =0



Lagrange multipliers

Consider a (single) constraint g(x) as a function everywhere:

a2

1 8.1

8.2

g(x,z)=-0.1 2(x,z)=0 2(x,z)=0.1

148 g(})= ‘X_io“_Lrod



Lagrange multipliers

Now look at the objective function f(x):

. 31 - o
f(X)=ZI-=1 ED(HX_XI'H_LO)Z
149



Lagrange multipliers

Now both f(x), g(x):

g(x,z)=0

150



Lagrange multipliers

Now both f(x), g(x):

Conclusion:
*The solution is where the 1socontours are tangential to each other
*The solution 1s where the gradients of fand g are parallel

151  *The solution 1s where g(x)=0



Lagrange multipliers

Conclusion:
*The solution 1s where the gradients of fand g are parallel

*The solution 1s where g(x)=0

In mathematical terms:
The (local) solutions of

minimize f(5<’)=E(X,z)=Zi E e i(X,2)+E (X,2)

g(X)=[X-%||-Ly, = 0

are where the following conditions hold for some value of A:

VI(SE)—AV g(x) =0

g(x) = 0
152



Lagrange multipliers

Consider the same situation for three variables and two
constraints:

f(X)=f(x,y,z)

153



Lagrange multipliers

Constraint 1: Contours of g,(x)

g (x)=0 g(=1 g (x)=2

154



Lagrange multipliers

Constraint 2: Contours of g,(x)

155



Lagrange multipliers

Constraints 1+2 at the same time

g (x)=0

156



Lagrange multipliers

Constraints 1+2 and f(x):

g (x)=0 local solutions

157



Lagrange multipliers

Conclusion:

*The solution is where the gradient of f can be written as a linear
combination of the gradients ot g , g

158  <The solution 1s where g (x)=0, g (x)=0



159

Lagrange multipliers

Generally (under certain conditions):
The (local) solutions of

)RR
(X):R">R™

minimize f(X)
g(x) =0,

|
=<

are where the conditions

hold for some vector of Lagrange multipliers AER™

Note: There are enough equations to determine both x and A.



Lagrange multipliers

By introducing the Lagrangian
L(%,A)=f(X)-2-g (%), L:R"XR™—R

the conditions

160



Constraint Qualification: Example 1

When is it possible to characterize solutions with Lagrange multipliers?
Consider the problem

minimize f(X)=(x+1F+(y+1)+z
g1<})=x=09
92(52)= y=0.

with solution

At the solution, we have

Vi(x)=(220), Vg,(X)=(1,0,0)", Vg,(x)=(0,1,0)"

and consequently

161



Constraint Qualification: Example 1

When is it possible to characterize solutions with Lagrange multipliers?
Compare this with the problem

minimize f(X)=(x+1)+(y+1)'+z°
gl(iz) = X2 = Oa
92(52) = y2 = 0.

with the same solution

At the solution, we now have

VI(%)=(220), Vg,(x)=Vg,(X)=(0,00)
and there are no Lagrange multipliers so that

Vf(X)=AV5(E)
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Constraint Qualification: Example 2

When is it possible to characterize solutions with Lagrange multipliers?
Consider the problem

minimize f(X)=y,

)
E (x+1)2+y2—1= 0.

There 1s only a single point at which both constraints are satistied:
x =(0,0)"
At the solution, we have
VIE)=(01), Vg,(X)=-Vg,(X)=(2,0)
and again there are no Lagrange multipliers so that
VIx)=AaVglx)
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Constraint Qualification: LICQ

Definition:

We say that at a point X the linear independence constraint qualification
(LICQ) 1s satisfied if

v gi<}>}i=1...ne

i1s a set of n_linearly independent vectors.

Note: This is equivalent to saying that the matrix

Vo0
A = )

Vo, [0

has full row rank n.

164



First-order necessary conditions

Theorem:
Suppose that X is a local solution of
minimize f(X) f(x):R"-R
g(x) =0, g(x):R"->R™

and suppose that at this point the LICQ holds. Then there exists a unique
Lagrange multiplier vector so that the following conditions are satistied:

VIi(x)-Aa-Vg(x) =
g(x) =0
Note: - These conditions are often referred to as the Karush-Kuhn-
Tucker (KKT) conditions.

- If LICQ does not hold, the problem may still have a solution,
165 but there 1s no guarantee that it satisties the KKT conditions!



First-order necessary conditions

Theorem (alternative form):
Suppose that X is a local solution of

minimize f(X) f(x):R"-R
Jx) = -, g(x):R"->R™

and suppose that at this point the LICQ holds. Then

VI(E)w =
for every vector tangential to all constraints,
w e [i:vVg(¥)=, i=).un)
or equivalently e Null ( A)
166



Second-order necessary conditions

Theorem:
Suppose that X is a local solution of

minimize f(X) f(x):R"-R
g(x) = 0, g(x):R"->R™

and suppose that at this point the first order necessary conditions and the
LICQ hold. Then

- T ) -
w V(X)W > 0
for every vector tangential to all constraints,

w € Null(A)
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Second-order sufficient conditions

Theorem:

Suppose that at a feasible point X the first order necessary (KKT)
conditions hold. Suppose also that

- T 2 -\ =

w Vf(x)w > 0
for all tangential vectors

w € Null(A), Ww#0
Then X is a strict local minimizer of

minimize f(X) f(x):R"-R
g(x) = 0, g(x):R"-R™

168



Characterizing the null space of 4

All necessary and sufficient conditions required us to test conditions like
- T ) -\ -
w Vf(x)w > 0

for all tangential vectors
w € Null(A), Ww#0

In practice, this can be done as follows:

Note that 1f LICQ holds, then dim(Null(A) )=n-ne. Consequently, there

exist n-n_vectors z so that Az=0, and every vector w can be written as

-

- - - - XNn— - -
w=Zd, weR", z=[z1,...,zn_,, eR™" ™ HeR"™™

This matrix Z can be computed from A for example by a OR
169 decomposition.



Characterizing the null space of 4

With this matrix Z, the following statements are equivalent:

First order Vf(}(’)\,'{/ =0 VYweE€ Null(A)
necessary .

conditions [Vf(}(’)] 7 =0

Second order \,_{/Tvzf@)\,_& >0 Vwe Nul(A
necessary

conditions zZ' [Vz f (52)] Z is positive semidefinite

Second order

sufficient w V(X)W >0 Ve Nul(A), w#0

conditions 7' [V2 f (?()] 7 is positive definite
170



Part 9

Quadratic programming

minimize f(x)=%xTGx-|-de-|—e

g(x)=Ax—b = 0

171
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Solving equality constrained problems

Consider a general nonlinear program with general nonlinear equality
constraints:

minimize f(x) f(x):R"-R
g(x) = 0, g(x):R"->R"

Maybe we can solve such problems with an iterative scheme like
unconstrained ones?

Analogy: For unconstrained nonlinear programs, we approximate f{x)
in each iteration by a quadratic model. For quadratic functions, we
can find minima in one step:

min f(x)=%xTHx+de+e

'Vf(x,)|p,==Vf(x,) © x=x,—H (Hx,+d)=—H 'd



Solving equality constrained problems

For the general nonlinear constrained problem:

Assuming a condition like LICQ holds, then we know that we need to
find points {X,A] at which

ViZ)-AVgx)
g(x) =0

I
-

Alternatively, we can write this as

with

L(%,A)=f(X)-2-g (), L:R"XR™—R

173



Solving equality constrained problems

If we combine z={x, 2\} then this can also be written as
V. L(z) =0

which looks exactly like the first-order necessary condition for
minimizing the function L(z). We may therefore think of finding
solutions for this problem as follows:

e Start at a point Z0={XO : AO]T
e Compute search directions using [Vi L( zk)] pkz—VZ L Zk)
e Compute a step length &,

« Update Z =2, T 0 Py

Note: This 1s misleading, since we will 1n fact not look for minima of

2
L(z), but for saddle points. Consequently, Vz L(z k) 1s indefinite.
174
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Solving equality constrained problems

The equations we have to solve in each Newton iteration have the
form

V. L(z)] p, = -V, L(z)
Because
L(x,A)=f(x)—A-g(x), L:R"XR™-=R
the equations we have to solve read in component form:

Vv f (Xk)_zl- Ai,kvzgi<xk) -Vyg (x,)
_Vg(xk)T 0

Dyl —
A
Dy

_ _(Vf<xk>—zim-,kv g,(x,
_Q(Xk)
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Linear quadratic programs

Consider first the linear quadratic case with symmetric matrix G:
1 n
f(x)=§xTGx+de+e, f:R"->R

g(x)=Ax—b, AER™", beR"
with

L(x,A)=f(x)—ATg(x)=%xTGx+de+e—AT(Ax—b)

Then the first search direction needs to satisfy the (linear) set of
equations

[ViL(Z())] p,=—V,L(z))

or equivalently:
G -A
-A 0

Gx,+d—A, A
_(Axo_b)

Dy
A
Do




Linear quadratic programs

Theorem 1: Assume that G 1s positive definite in all feasible
directions, i.e. Z'GZ is positive definite, and that the matrix A has
full row rank. Then the KKT matrix

G -A
-A 0
1s nonsingular and the system
G —Alp| — _|Gxy+d—-A,A
-A 0 P(A) _(Axo_b)

has a unique solution.
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Linear quadratic programs

Theorem 2: Assume that G 1s positive definite in all feasible
directions, i.e. Z'GZ is positive definite. Then the solution of the
linear quadratic program

min f(x)=% x Gx+d x+e

g(x)=Ax-b =0

1s equivalent to the first iterate

X
X, = Xyt Dy

that results from solving the linear system

G -A
~A 0

Gx,+d—A, A
_(Axo_b)

Py
A
|

178  lrrespective of the starting point x .
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Linear quadratic programs

Theorem 3: Assume that G 1s positive definite in all feasible
directions, i.e. Z'GZ is positive definite, and that the matrix A has
full row rank. Then the KKT matrix

G —-A
~A 0

Has n positive, n negative eigenvalues, and no zero eigenvalues. In
e

other words, the KKT matrix 1s indefinite but non-singular, and the
quadratic function

L(X,?\)=%XTG x+d x+e—A' (Ax—b)

in {X ,2\} has a single stationary point that 1s a saddle point.



Part 10

Sequential Quadratic Programming (SQP)

minimize f(x)
glx) = 0

180



The basic SQP algorithm

For Z={x, 2\} the equality-constrained optimality conditions read
V. L(z) =0

In analogy to Newton's method for unconstrained problems,
sequential quadratic programming uses the following basic iteration:

T
e Start at a point ZO={X0 , 2\0]

* Compute search directions using [Vi L(z,)| p,=-V,L(z,)

 Compute a step length

Update Zz,,,=Z 1+, P,

181



Computing the SQP search direction

The equations for the search direction are

sz(xk>_zi2\i,kvzgi<xk) -Vglx) Dy _
-Vglx) 0 |ip
_ Vf<xk)_ZiAi,ngi<Xk>
-g(x,)

which we will abbreviate as follows:

W, —A Vf(xk)_ZiAi,ngi<Xk>
_Alf 0 -g(x,)

Pyl
A
D

with

182




Computing the SQP search direction

Theorem 1: Assume that W 1is positive definite 1n all feasible
directions, 1.€. ZkTWka i1s positive definite, and that the matrix A has

full row rank. Then the KKT matrix of SQP step k£

W, _Aif
1s nonsingular and the system that determines the SQP search
direction
T X
W, —A| p; - _ V., L(x,A)
-A, 0 p?( —g(x,)

has a unique solution.
Proof: Use Theorem 1 from Part 9.

Note: The columns of the matrix Z span the null space of A .
183
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Computing the SQP search direction

Theorem 2: The solution of the SQP search direction system

Pk - _ V,L(x,,A,)
pk —g(x,)

equals the minimizer of the problem

W, —Al
~A, 0

. X X 1
min, m,(p)=L(x,,A,)+V, (Xk,Ak)TPk+§P

g(x)+Vg(x) pf =0

that approximates the original nonlinear equality-constrained
minimization problem.

o ViL(xoA ) p;

Proof: Essentially just use Theorem 2 from Part 9.

Note: This means that SQP in each step minimizes a quadratic model
of the Lagrangian, subject to linearized constraints.
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Computing the SQP search direction

Theorem 3: The SQP iteration with full steps, 1.e.

Wk _Aif
-A, 0

VXL(XI(’AI()
—g(x,)

Pyl = _
A
D«

X A
X1 =X, T Dy A=Aty

converges to the solution of the constrained nonlinear optimization
problem with quadratic order if (1) we start close enough to the
solution, (11) the LICQ holds at the solution and (i11) the matrix

Z'W Z_ is positive definite at the solution.
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How SQP works

Example 1:

4
min f(x) = (4+d) i
g(x) = x,+1 =0 |
-2

The search direction 1s then computed using the step

. X I 1 « x [0
min m,(p,) = 5 kTpk T X:ICpk T )

T

Pi T L<Xk’Ak)

T

Y pi=0

X+l +

In other words, the linearized constraint enforces that

X —_ . — X' o
Py = (Xz,k 1) - Xy xi1=Xo kT Doy = 1

b



How SQP works

Example 2:

min f(x)
g(x) = x,=sin(x,) = 0

The search direction 1s then computed by

min m, (p;)

xz,k—sin(xl’k) +

In particular, if we are currently at (0,-2), this enforces

187 —Pi T Dy = 2



How SQP works

Example 3: I
min f(x) |
g(x) =0 T

If the constraint 1s already satisfied at a L

step, then search direction 1s computed by

min m, (p;)
g<Xk>+Vg<Xk>Tp: = Vg(xk)Tp’,ﬁ =0

In other words: The update step can only be tangential to the
constraint (along the linearized constraint)!

188
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Hessian modifications for SQP

The SQP step
W, _AI{ Pi - _ VXL(Xk,Ak)
-A, 0 p?( —g(x,)

1s equivalent to the minimization problem

. X X 1
min, m,(p)=L(x,,A,)+V, (Xk,Ak)TPk+§P

g(x)+Vg(x) pf =0

or abbreviated:

o ViL(xoA ) p;

. X X 1 X X
min, m(p,)=L,+ (folf_AlfAk) pt3 ka W, p,

)
g(x,)+A, p; =0

From this, we may expect to get into trouble if the matrix ZkTWka 1S

not positive definite.



Hessian modifications for SQP

If the matrix Z'W Z in the SQP step

Wk _Al:f
-A, 0

—_— VXL<XI< 3Ak)
—g(x;)

D)
A
D«

1s not positive definite, then there may not be a unique solution.

There exist a number of modifications to ensure that an alternative
step can be computed that satisfies

~

Wk _Ai
-A, 0

V,L(x,A,)
—g(x,)

Pl — _
A
P«

instead.
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Line search procedures for SQP

Motivation: For unconstrained problems, we could look to f{x) to
measure progress along a search direction p, computed from a quadratic

model rm_that approximates f{x).

Idea: For constrained problems, we could think of using L(z) to
measure progress along a search direction p, computed using the SQP

step based on the model m. .

Problem 1: The Lagrangian L(z) 1s unbounded. For example, for linear-
quadratic problems, it 1s a quadratic function of saddle-point form.
Instead of a minimum we are now looking for this saddle point of L.

Consequence 1: We can't use L(z) to measure progress in a line search
algorithms using, for example, the Wolfe conditions.



Line search procedures for SQP

Motivation: For unconstrained problems, we could look to f{x) to
measure progress along a search direction p, computed from a

quadratic model m_that approximates f(x).

Idea: For constrained problems, we could think of using L(z) to
measure progress along a search direction p, computed using the SQP

step based on the model m. .

Problem 2: Some step lengths may lead to a significant reduction in
f(x) but take us far away from the constraints g(x)=0. Is this better
that a step that may increase f(x) but lands on the constraint ?

Consequence 2: We need a merit function that balances our desire to

199 decrease f(x) while satisfying the constraint g(x).



Line search procedures for SQP

Solution: Drive step length determination using a merit function that
contains both f(x) and g(x).

Examples: The most commonly used choices are to use either the /,

merit function :
¢1(X) = f<X>+;Hg<X>H1

1 _ _
—=|A o, >0

with

or Fletcher's merit function

o de(x) = )AL glx)+—lg(x)[]
with 2 U

Ax)=[A(x)A(X) T AV f(x)
193



Line search procedures for SQP

Definition: A merit functions is called exact if the constrained
optimizer of the problem

min, f(x)
g(x) =0

1s also a minimizer of the merit function.

Note: Both the l] and Fletcher's merit function

bo(x) = F(0)+ =g (x)l]
u

belx) = £ (=20 g(x)+ =g )
H

are exact for appropriate choices of AU .
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Line search procedures for SQP

Theorem 4: The SQP search direction that satisfies

Wk _Al:f
-A, 0

—_— VXL<XI< 3Ak)
—g(x;)

D)
A
D«

is a direction of descent for both the / merit function as well as
Fletcher's merit function if (1) the current point x_1s not a stationary
point of the equality-constrained problem, and (11) the matrix ZkTWka

1s positive definite.



A practical SQP algorithm

Algorithm: For k=0,1,2,...
*Find an update using the KKT system

X

D«
A

P«

Wk _Aif
A, 0

-_— VXL(XI(’AI(>
-g(x,)

*Determine a step length using a backtracking linear search, a merit
function and the Wolfe (or Goldstein) conditions:

¢(Xk+0‘Pi) = ¢(Xk) + C1O‘V¢<Xk>’P:
Vol tap)pe = ,Volx)p
*Update the iterate using either X
Xjy1= X100 Dy A =Ty
or

X T -1
196 Xip1= X T 0 Py Ak+1=[Ak+1Ak+1] Ak+1V f(xk+1)



Parts 8-10

Summary of methods for
equality-constrained Problems

minimize f (x)
g.(x) =0, i=1,..,n
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Summary of methods

There are two general methods for equality-constrained problems:

*Penalty methods (e.g. the quadratic penalty method) convert the
constrained problem into an unconstrained one that can be solved
with the techniques we already know.

However, they often lead to ill-conditioned problems

e[Lagrange multipliers allow to reformulate the problem into one
where we look for saddle points of a Lagrangian

*Sequential quadratic programming (SQP) methods look for these
saddle points by solving a sequence of quadratic programs with
linear constraints, which are simple to solve

*SQP methods are the most powerful methods to solve equality-
198 constrained problems etfficiently.
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Part 11

Inequality-constrained Problems

minimize f (x)
g;(x)



An example

Consider the example of the body suspended from a ceiling with
springs, but with an element of fixed minimal length attached to a
fixed point:

To find the position of the body we now need to solve the
following problem:

minimize f(5<’)=E(x,z)=Zi E e i(X,2)+E  (X,2)

H}_)_{OH_Lrod >
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An example

to the problem by plotting the energy
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Definitions

We call this the standard form of inequality constrained problems:

minimize _._.. f(x)
g.(x) =0, i=

We will also frequently write this as follows, implying (in)equality
elementwise:

minimize _._.. f(x)

202
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Definitions

Let x* be the solution of
minimize _._.. f(x)

g.(x) =0, 1...
h(x) > 0, i=1...

| =

ne
ni

We call a constraint active if it 1s zero at the solution x*:

e Obviously, all equality constraints are active, since a solution
needs to satisfy g(x*)=0

* Some inequality constraints may not be active if 1t so happens
that h,(x*)>0 for some index i

e Other inequality constraints may be active if h, (X *)=O

We call the set of all active (equality and inequality) constraints
the active set.



Definitions

Note: If x* is the solution of

minimize _,_.. f(x)

g.(x) =0, i=l..n,
h(x) = 0, i=l..n
then 1t 1s also the solution of the problem
minimize _,_. f(x)
g(x) =0, i=1l..n,
h(x) = 0, i=1..n,i isactive at x*

where we have dropped all inactive constraints and made
204  equalities out of all active constraints.



Definitions

A trivial reformulation of the problem is obtained by defining the
feasible set:

Q={xeR": g(x)=0,h(x)>0}

Then the original problem is equivalently recast as

minimize _, . . f(x)

Note 1: This reformulation 1s not of much practical interest.

Note 2: The feasible set can be continuous or discrete. It can also be
empty 1f the constraints are mutually incompatible. In the following
705  we will always assume that it 1s continuous and non-empty.
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The quadratic penalty method

Observation: The solution of
minimize _,_. f(X)

> ©
= >
AV ||
O o

must lie within the feasible set.

Idea: Let's relax the constraint and allow to search also in where
g(x) 1s small but not zero, or where h(x) 1s small and negative.
However, make sure that the objective function becomes very
large 1f far away from the feasible set:

miimize,cpcpeQ,(x)= f(x)+ g 1)+ - [[h(x)]
u 2

Qu(x) 1s called the quadratic relaxation of the minimization

problem. y is the penalty parameter, and

'h(x)]” = min{0, h(x)]



The quadratic penalty method

Replace the original constrained minimization problem
minimize f(x)
g(x) =0, i=1..,n,
h(x) = 0, i=1..,n

by an unconstrained method with a quadratic penalty term:

minimize,__, Q,(x)= f (x)+ =g (x)F+=—[[h(x)]"|

2 U 2 U
=0.01
p=0.0 ~
1.5 F
A Example:
u=0.1 S e —
~—al minimize f (x)=sin(x)
h,(x)=x—-0 > 0,
D/' ' h,(x)=1-x = 0.
0,5 ' ' '

207 ~0,5 0 0,5 1 1,5



The quadratic penalty method

Negative properties of the quadratic penalty method:
e minimizers for finite penalty parameters are usually infeasible;

e problem 1s becoming more and more 1ill-conditioned near optimum
as penalty parameter 1s decreased, Hessian large;

e for 1nequality constrained problems, Hessian not twice
differentiable at constraints.

u=0.01

v W@I’:}w
‘ \\“ﬂ ?*Hf"QEﬁﬁﬁi‘ #.
“”H m “{“ W i
L
w‘:’ e

u=0.02

u=0.1

-0,04 0,02 \ 0,02 0,04
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The logarithmic barrier method

Replace the original constrained minimization problem

minimize f(x)
h(x) = 0, i=1,.,n

l

by an unconstrained method with a logarithmic barrier term:

minimize, ., Q,(x)=f(x)+u Z?;l—loghi(x)

2 - ' . 1

a u=0.1 1=0.05 0.5 1 t

—0,5
-0,5 0 0,50 1 1.5 0,15 -0,1 -0,0% 0 0,05 01 0,15

209 minimize f(x)=sin(x) st x>0, x<1
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The logarithmic barrier method

Properties of successive minimization of

minimize, Q (x) = f(x) - uZIOghi(x)

e intermediate minimizers are feasible, since Qy(x )=c0 1n the
infeasible region; the method is an interior point method.

e 0 1s smooth 1f constraints are smooth;

e we need a feasible point as starting point;

e ill-conditioning and inadequacy of Taylor expansion remain;

* O (x) may be unbounded from below if /(x) unbounded.

 inclusion of equality constraints as before by quadratic penalty
method.

Summary:

This is an efficient method for the solution of constrained problems.



Algorithms for penalty/barrier methods

Algorithm (exactly as for the equality constrained case):

Given X, , [ ]=0, {1,/]=0

For t=0,1, 2, ...: )
Find an approximation 5<t to the (unconstrained) mimizer X,
of Q (x) that satisfies

IVQ, (k)

using X, as starting point.

<T,

start *

Set t=t+], Xt =3<t—1

Typical values:
u=cu,, c=0.1to 0.5

1 T,=CT,_



The exact penalty method

Previous methods suffered from the fact that minimizers of Qﬂ(x )

for finite [ are not optima of the original problem. Solution: use

minimize, $'(x) = f(x)+=| 2 |g,(x)|+ X[ (x)] ]

IJ_i i

-0.5 0 0.5 1 1.5 —0,04 -0, 02 0 0,02 0,04

212 minimize f(x)=sin(x) st x>0, x<1



The exact penalty method

Properties of the exact penalty method:

e for sufficiently small penalty parameter, the optimum of the
modified problem 1s the optimum of the original one;

* possibly only one iteration in the penalty parameter needed if size
of U is known 1n advance;

e this 1s a non-smooth problem!

This is an efficient method
if (but only if!) a solver for nonsmooth problems is available!
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Part 12

Theory of Inequality-Constrained
Problems

minimize f (x)



Lagrange multipliers

Consider a (single) constraint i(x) as a function everywhere:

a2

1 8.1

8.2

hxz)=-0.1  h(x,z)=0  h(x,z)=0.I

215 h<52>=‘}_£OH_Lrod > ()



Lagrange multipliers

Now look at the objective function f(x):

. 31 - o
f(X)=ZI-=1 ED(HX_XI'H_LO)Z
216



Lagrange multipliers

Now both f(x), h(x) for the case of a rod of minimal length 20cm:

0,2

1 0.1

-0,1

infeasible
region

4-0.2

-0.3

h(x,z)=0 with Lmd=20cm

217



Lagrange multipliers

Could this be a solution x*?

Answer: No — moving into the feasible direction would also reduce f(x).

Rather, the solution will equal the unconstrained one, and the inequality

218 . onstraint will be inactive at the solution.



Lagrange multipliers

Now both f(x), h(x) for the case of a rod of minimal length 35c¢m:

L

0,2

1 01

-0.1

infeasible
region

4-0.2

-0.3
-0.2 -0.1 0 0.1 0,2

h(x,z)=0 with Lmd=35cm
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Lagrange multipliers

Could this be a solution x*?

L

0,2

1 01

-0.3
-0.2 -0.1 0 0.1 0,2

Answer: Yes — moving into the feasible direction would increase f{(x).

70 Note: The gradients of 4 and f are parallel and in the same direction.
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Lagrange multipliers

Conclusion:

e The solution could be somewhere where the constraint 1s not active
 If the constraint is active at the solution: gradients of fand g are

parallel, but not antiparallel

In mathematical terms: The (local) solutions of

minimize f(X)=E(x,z

h(x)=|x—X;

_Zi Espring,i(X,Z>+Epot(X,Z)

X ‘_Lrod > O

are where one of the following conditions hold for some A, u:

Vf(x)=u-Vh(x) =0
h(x) =0
U > ()

Vi(x) =0
h(x) >0

or
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Lagrange multipliers

Conclusion, take 2: Solutions are where either

Vf(X>—[J°Vh<X) =0 or x) =
h(X) Vf( ) 0

I
-

h(x) >0
U > ()
which could also be written like so:
Vi(x)-w-Vhix) =0 Vf(x)-u-Vhix) = 0
h(x) = 0 h(x) >
U > 0 u = 0
(constraint 1s active) (constraint 1s 1nactive)



Lagrange multipliers

Conclusion, take 3: Solutions are where

Vix)=pVh(x) =0 o Vf(x)-p-Vh(x)
h(x) =0 h(x)
u > 0 u
or written differently:
VI(x)=u-Vhix) = 0
h(x) > 0
U > 0
uh(x) =0

773 Note: The last condition is called complementarity.

A2 |



Lagrange multipliers

Same idea, but this time with two minimum length elements:

. . 8,2
2) 1 8.1
(o 18
f .

infeasible 0.1
region
-6,2
-0.3

h](x,z)=0 h2(x,z)=0
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Lagrange multipliers

Could this be a solution x*?

8.2

1 6.1

Answer: No — moving into the feasible direction would decrease f(x).

Note: The gradient of f1s antiparallel to the gradient of /2 . &, 1s an

225 1inactive constraint so doesn't matter here.



Lagrange multipliers

Same idea, but this time with two different minimum length
elements: 8.5

DI
\ 41 B
B 1-08.1
infeasible > .
region '
: -8.3
-8.2 -8.1 (] 6.1 8,2

h](x,z)=0 hz(x,z)=0
226



Lagrange multipliers

Could this be a solution x*?

a,2

1 8.1

Answer: Yes — moving into the feasible direction would increase f{(x).

Note: The gradient of f1s a linear combination (with positive multiples)
227 of the gradients of h and h .
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Constraint Qualification: LICQ

Definition:

We say that at a point x the linear independence constraint qualification
(LICQ) 1s satisfied if

{V gi(x)}i=1...ne !{Vhi(x)}hl...ni,i active at x

1s a set of linearly independent vectors.

Note: This 1s equivalent to saying that the matrix of gradients of all active
constraints, ' ro
|V gi(x)]

Vg, (0
[V P fir a(.jtive i(X)]T

; has full row rank (i.e. 1ts rank 1s
|V i acive (X)) n_ + # of active ineq. constraints).




First-order necessary conditions

Theorem:
Suppose that x* 1s a local solution of

minimize f(x) f(x):R'-R
g(x) = 0, g(x):R"->R"
h(x) > 0, h(x):R"->R"

and suppose that at this point the LICQ holds. Then there exist unique
Lagrange multipliers so that the following conditions are satisfied:

Vi(x)=A-Vg(x)=p-Vh(x) = 0
g(x) =0
h(x) > 0
U > ()
Uihi<x) =0

299 Note: These are often called the Karush-Kuhn-Tucker (KKT) conditions.



First-order necessary conditions

Note: By introducing a Lagrangian
L(x,A,u)=f (x)=A"g(x)=p"h(x)

the first two of the necessary conditions

Vi(x)=A-Vg(x)=p-Vh(x) = 0

g(x) =
h(x) >

u
Uihi(x) =

follow from requiring that V' L(z) with z={x,A,u} , but not the rest.

Consequence: We can not hope to find simple Newton-based methods
like SQP to solve inequality-constrained problems.

230



First-order necessary conditions

Note: The necessary conditions

Vi(x)=A-Vg(x)-p-Vhix) =
g(x) =0
h(x) > 0
U > ()
Hihi(x ) =0
imply that there is a unique set of (active) Lagrange multipliers so that
A

Vi(x)=A

[I’l ]active

where A 1s the matrix of gradients of active constraints. An alternative
way of saying this 1s

V{(x) € span (rows of (A))

231 However, the opposite is not true: Multipliers must also satisfy ¢;=0
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First-order necessary conditions

A more refined analysis: Consider the constraints

h,(x)=x,—ax,>0, h,(x)=x,+ax,>0

/
Z 7

Intuitively (consider the 1socontours), the vertex point x* is optimal if the
direction of steepest ascent Vf(x) is a member of the family of red
vectors above. That 1s, let F , be the cone

F,(x*)={weR": w=u,V h,(x*)+pu,h,(x*), 4,>0, u,>0}
Then x* 1s optimal 1f

VI(x*) € Fylx*)



First-order necessary conditions

A more refined analysis: Consider the constraints

h,(x)=x,—ax,>0, h,(x)=x,+ax,>0

/)
)y .
>

Note: We can write things slightly different if we define

F,(x*)=[weR": w a=0 Va€F,(x*)]

1.e. the set of vectors that form angles less than 90 degrees with all
vectors 1n F . This set can also be written as

. F,(x*)={weR": w' Vh,(x*)=0, w' Vh,(x*)=0]
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First-order necessary conditions

A more refined analysis: If the problem also has equality constraints

g(x)=0, h,(x)=>0, h,(x)>0

all of which are active at x*, then the cone F ] 1S

F,(x*)=[weR": w Vg(x*)=0, w Vh,(x*)=0, w' Vh,(x*)>0]

In general:
r \
F (X*) — weR" : WTVgi(x*>=(), i=1,...,ne
. =
w'V h(x*)>0, i=1,...,n, constraint i is active at x*

\ J
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First-order necessary conditions

Theorem (a different version of the first order necessary conditions):
If x* 1s a local solution and if the LICQ hold at this point, then

Vix*)'w=0 VweF,(x*)

In other words: Whatever direction w in ', we go into from x*, the

objective function to first order stays constant or increases.

Note: This is a necessary condition, but not sufficient. If f(x) stays
constant to first order it may still decrease in higher order Taylor terms to
make x* a local maximum or saddle point. On the other hand, if x* is a
solution, then the condition above has to be satisfied.



Second-order necessary conditions

Definition:

Let x* be a local solution of an inequality constrained problem satisfying

Vi(x)=2-Vg(x)-p-Vg(x) = 0
g (x) =0, 1=l.n,
h(x) >0, i=l.n
U, >0, 1=l.n
pihy(x) =0, 1=L.n

We say that strict complementarity holds if for each inequality constraint
i exactly one of the following conditions 1s true:

° IJ1=O
e h(x*)=0

In other words, we require that the Lagrange multiplier 1s nonzero for all
236 active inequality constraints.



Second-order necessary conditions

Definition:
Let x* be a local solution and assume that strict complementarity holds.
Then define as before

( \

F (X*) — weR" : WTVQI,()(*):O, i:l,m,ne
1 —
w'V h(x*)>0, i=1,...,n, constraint i is active at x*

\ J

and the subspace of all tangential directions as

F,(x*) = WweR' : w'Vg,(x*)=0, i=1,...,n,
0, i=1,...,n, constraint i is active at x *

\ J

/

237 /
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Second-order necessary conditions

Note:
The subspace of all rangential directions

(
weR": w Vg.(x*)=0, i=1,...,n
w'V h(x*)=0, i=1,...,n,, constraint i is active at x*

e

Fz(x*) =

can be empty (i1.e. contain only the zero vector) if n or more constraints
are active at x*.

Example:

Here, F 1s a nonempty set, but

F contains only the zero vector.

J
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Second-order necessary conditions

Theorem (necessary conditions):

Let x* be a local solution that satisfies the first order necessary
conditions with unique Lagrange multipliers. Assume that strict
complementarity holds. Then

w' VEL(x* A% u*)w=
=w' V2 (x5)-A* Vig (x*)—u*Vh(x*)|w = 0

Note: This means that f{x) can not
“curve down” to second order along
tangential directions. The first order

Conditions imply that it doesn't “slope”™
in these directions.
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Second-order sufficient conditions

Theorem (sufficient conditions):

Let x* be a local solution that satisfies the first order necessary
conditions with unique Lagrange multipliers. Assume that strict
complementarity holds. Then

w' VEL(x* A%, yp*)w=
=w' | Vf (x*)-2*"Vig (x*)=u*Vih(x*)lw > 0
VweF, (x*),w#0

Note: This means that f{x) actually
“curves up” in a neighborhood of x*, /
at least 1n tangential directions!

For all other directions, we know that f(x)
slopes up from the first order necessary conditions. /
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Remark:

Second-order sufficient conditions

If strict complementarity holds, then the definition

F,(x*) =

\

weR": w Vg.(x*)=0, i=1,...,n
w' Vh(x*)=0, i=1,...,n,, constraint i is active at x*

e

1s equivalent to

F,(x*)=null A(x*)

with the matrix of gradients of active constraints A. In that case, the
second order necessary and sufficient conditions can also be written as

Z'VoL(x*,A*,u*)Z is positive semidefinite
Z'ViL(x*,A*,u*)Z is positive definite

Respectively, where the columns of Z are a basis of the null space of A.

J



Second-order necessary conditions

Definition (if strict complementarity does not hold):

Let x* be a local solution at which the KKT conditions with unique
Lagrange multiplier hold. Then define

( W

weR" : w' V g.(x*)=0, i=1,...,ne
Fylx*, u*)= w Vh(x*)=0 ...,N, constraint i active and p,*>0
w'V h(x*)>0, i=1,...,n., constraint i active and H*=0,

242
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Second-order sufficient conditions

Theorem (sufficient conditions without strict complementarity):

Let x* be a local solution that satisfies the first order necessary
conditions with unique Lagrange multipliers. Assume that strict
complementarity does not hold. Then

w' VEL(x* A% u*)w=
=w' V2 (x*)-A* Vi (x*)—u*Vh(x*)|w > 0

VweF,(x*)
Note: This now means that f(x) actually
“curves up” in a neighborhood of x*, //
at least 1n tangential directions plus all
those directions for which we can't infer F,(x*)

anything from the first order conditions!
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Part 12

Active Set Methods for
Convex Quadratic Programs

minimize f(x)=%xTGx+de +e

gi(X>
h.(x)

l

0,
0,

T
a: x—Db,
T
o X—p =



General idea

Note:

Recall that if W* 1s the set of active constraints at the solution x* then the
solution of

minimize f(x)=%xTGx-|- x'd+e

S
=
I

= 0, 1=1,...,n

T
T .
a'x_ﬁl' Z O, l=1,ooo,n

=
<
1

equals the solution of the following QP:

minimize f(x )=% x Gx+x d+e

gi<X)=aiTX_bi
hi<X)=o‘iTX_/3i

il
oS

] I
- =
\‘: \‘:
m

*x
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General idea

Definition: Let

T T
a; b, 4 b,
.T ] OT b
a b a — n,
A="r|  B=| M| Al Blyy= g
0(1 'B 1 O(first inequality in W frst 1neq.uahty W
T T B
X, ﬁ m; Kiast inequality in W last inequality inW

1

then the solution of the inequality-constrained QP equals the solution of
the following QP:

minimize f(x )=% x Gx+x d+e

A

W*X_B W = O
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General idea

Consequence: If we knew the active set W* at the solution, we could just
solve the linearly constrained QP

minimize f(x)=%xTG x+x d+e

AlysX=B|y =

and be done in one step.

Problem: Knowing the exact active set W* requires knowing the
solution x* because W* 1s the set of all equality constraints plus those
constraints for which

h(x*)=0

Solution: Solve a sequence of QPs using working sets W, that we

747 1teratively refine until we have the exact active set W*.



The active set algorithm

Algorithm:
« Choose an initial working set W —and a point x_that 1s feasible with

respect to these constraints
e For k=0, 1, 2, ....:
- Find the SQP search direction p from x to the solution X of

.. 1
minimize f(x )=§ x Gx+x d+e
Aly x=Bl, =
- I p =0 and all y 20 for constraints in W _then stop
- Else it p =0 but there are <0, then drop the inequality with the

most negative (. from W to obtain W,

- Else if X+p, 1s feasible with respect to Wk then set X =XAD,

( )

- Otherwise, set x =x +d D with
k+1 k k

04 =min l,mmigwk,agpﬁo

T
Bi—o; X,

T
| & Dy
248 and add the most blocking constraint to the active set Wk+1

J



The active set algorithm

Example:

minimize f(x)=(x,—1)

1 -2
-1 =2
-1 2 |x-
1 0
0 1

Choose as initial working set W ={3,5/ and as starting point x =(2,0 ).
249



The active set algorithm

Example: Step 0

W0={3,5}, x0=(2,0)T.
Then: p0=( 0,0)" because there is no other point that is feasible for W0

)

T

-1
V(x)-ul, Al,=| 2|-|*

Consequently: W ={5], x =(2,0)".

M3
Hs

=0 implies
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The active set algorithm

Example: Step 1

W ={5}, x]=(2,0)T.
Then: p =(-1,0 )" leads to the minimum along the only active constraint.

There are no blocking constraints to get to the point X =XAD,

)5 Consequently: W ={5}, x =(1,0)".



The active set algorithm

Example: Step 2

W2={5}, x2=(],0)T.
Then: p2=( 0,0)" because we are at the minimum of the active constraints.
T
Vf<x2)_“|W2A|W2= _c
Consequently: W ={}, x =( 1,0)".

0)—(H5)T(0 1):0 implies (u5)=(—5)
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The active set algorithm

Example: Step 3

W={}, x3=(],0)T.
Then: p3=( 0,2.5)" but this leads out of the feasible region. The first
blocking constraint 1s inequality 1, and the maximal step length 1s

o, =0.6

Consequently: W ={1}, x =(1,1.5 ).
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The active set algorithm

Example: Step 4

W ={1}, x4=(],].5)T.
Then: p =(0.4,0.2 )" is the minimizer along the sole constraint. There are

no blocking constraints to get there.

Consequently: W ={1}, x =(1.4,1 7).
254



The active set algorithm

Example: Step 5

W={1}, x5=(].4,].7)T.
Then: p =(0,0 )" because we are already on the minimizer on the

constraint. Furthermore,

(i) 11 ~2/=0 implies [u,|=(08/20

—1.6

255 Consequently: This is the solution.
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The active set algorithm

Theorem:

If G is strictly positive definite (i.e. the objective function is strictly
convex), then Wk;éW/ for k # 1.

Consequently (because there are only finitely many possible working
sets), the active set algorithm terminates in a finite number of steps.

Note:
In practice 1t may be that G 1s indefinite, and that for some iterations the
matrix ZkTGZkis indefinite as well. We know that at the solution, Z 'GZ,

1s positive semidefinite, however. In that case, we can't guarantee
termination or convergence.

There are, however, Hessian modification techniques to deal with this
situation.
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The active set algorithm

Remark:
In the active set method, we only change the working set W by at most

one element 1n each iteration.

One may be tempted to remove all constraints with negative Lagrange
multipliers at once, or add several constraints at the same time when they
become active.

However, in cases like this it can't be guaranteed any more that
W #W, for k # /and cycling may happen, i.e. we cycle between

the same points and sets x ,W .



Active set SQP methods for general nonlinear problems

For equality constrained problems of the form

minimize f(x) f(x):R">R
g(x) = 0, g(x):R"=R"

the SQP method could be employed. It repeatedly solves linear-
quadratic problems of the form

. X X 1 X X
min, m(p,)=L(x,,A,)+V,L (Xk,Ak)Tpk-l_EkaV)ch(xk’Ak)pk
g(x)+Vglx) p; =0

Here, each subproblem (a single SQP step) could be solved in one
iteration by solving a saddle point linear system.

258
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Active set SQP methods for general nonlinear problems

For inequality constrained problems of the form

\—/

minimize f(x

) =0,
x) > 0,

=1,...
=1,...

<

gil
hil

we repeatedly solve linear-quadratic problems of the form
. X T x 1 xT v72 X
min, m,(p,)=L(x,,A)+V, L(x,A,) pk"‘E p, V,L(x,,A)p,

T x
g(Xk)-l-Vg(Xk) pk = 0
h(xk)_l_vh(xk)Tplf =
Each of these inequality constrained quadratic problems can be solved
using the active set method, and after we have the exact solution of

this approximate problem we can re-linearize around this point for the
next sub-problem.



Active set SQP methods for general nonlinear problems

Note: Each time we solve a problem like

. X X 1 X X
mlnx mk(pk) (Xka )‘|‘V (Xka ) pk+§kaviL(XkaAk)pk

g(x)+Vg(x) p, =0
h(xk)‘|'Vh<Xk)TP;<< > 0

we have to do several active set iterations, though we can start with
the previous step's final working set and solution point.

Nevertheless, this 1s not going to be cheap, though it 1s comparable to
iterating over penalty/barrier parameters.

260
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Parts 11-12

Summary of methods for
inequality-constrained Problems

minimize f (x)



Summary of methods

There are two general methods for inequality-constrained problems:

*Penalty/barrier methods (e.g. the quadratic penalty and logarithmic
barrier methods) convert the constrained problem into an
unconstrained one that can be solved with the techniques we
already know.

Barrier methods are able to ensure that intermediate iterates remain
feasible with respect to inequality constraints

e[Lagrange multiplier formulations give rise to active set methods

*Both kinds of methods are expensive. Penalty/barrier methods are
simpler to implement but can only find minima located at the
boundary of the feasible set at the price of dealing with 1ll-

262 conditioned problems.
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Parts 13

Global optimization

minimize f (x)
g;(x)



Motivation

What should we do when asked to find the (global) minimum of
functions like this:

N
AR | o
5'5':' '.‘ %ﬁt\ﬁ#ﬁ sy L
T NN e e
Rt A ‘ﬁﬁ##"‘.ﬂnﬁﬂ ¥ 7
SR AL Ly #i*.lﬂr; HIT 7
il £ ".‘."";_.:-'*‘

f(x)=%(xiﬂé)%—cos(xl)-l—cos(xz)
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A naive sampling approach

A naive approach: One way would be to sample at M-by-M points
and choose the one with the smallest value.

Alternatively, we could start Newton's method at each of these
points to get higher accuracy.

Problem: If we have n variables, then we would have to start at M"
points. This becomes prohibitive for large n!

265



Monte Carlo sampling

A better strategy (“‘Monte Carlo’ sampling):
e Start with a feasible point X

e For k=0,1,2,...:
- Choose a trial point X,

- If f(Xt)Sf(Xk) then X, =X, [accept the sample]

- Else:
. draw a ran_dom number s n [0,1]

1 f(x)=f(x)

exp|— > S
T
then
X, 11=X, [accept the sample]
else
X, 1 =X, [reject the sample]
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Monte Carlo sampling

Example: The first 200 sample points

267



Monte Carlo sampling

Example: The first 10,000 sample points
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Monte Carlo sampling

Example: The first 100,000 sample points
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Monte Carlo sampling

Example: Locations and values of the first 100,000 sample points

Ay
\\\\* ’*fﬂ"t.
# _ L7
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Monte Carlo sampling

et LT S

o ht O
[ |._..Ia__,._ﬂ. YT
B

Example: Values of the first 100,000 sample points

. In the first 100,000

Note: The exact minimal value 1s -1.1032...

samples, we have 24 with values f(x)<-1.103.
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Monte Carlo sampling

How to choose the constant 7°:

e If 7T 1s chosen too small, then the condition

exp _fx)=1x) > s, seU([0,1])

T
will lead to frequent rejections of sample points for which f{x)
Increases.

Consequently, we will get stuck in local minima for large
numbers of samples before we accept a sequence of steps that
gets “us over the hump”.

e On the other hand, if T 1s chosen too large, then we will accept
nearly every sample, irrespective of the value of f(x).
Consequently, we will perform a random walk that 1s no more
efficient than uniform sampling.
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Monte Carlo sampling

Example: First 100,000 samples, 7=0.1
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Monte Carlo sampling

Example: First 100,000 samples, T=1
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Monte Carlo sampling

Example: First 100,000 samples, 7=10
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Monte Carlo sampling

Strategy: We need to choose T large enough that there is a reasonable
probability to get out of local minima, but small enough that this
doesn't happen before we have explored the region around a
minimum.

E le: F
xample: For f(x)=%(x§+x§)+cos(x1)+605(xz)

the difference in function value between local minima and saddle
points 1s around 2. We want to choose 7 so that

Af

exp|— [ 2, seU([0,1])

1s true maybe 10% of the time.

This 1s the case for 7=0.587.



Monte Carlo sampling

How to choose the next sample x :

o It x 1s chosen independently of x,_then we just sample the entire

domain, without exploring areas where f(x) 1s small.
Consequently, we should choose x “close” to x .

o It we choose x too close to x we will have a hard time exploring

a significant part of the feasible region.

o It we choose x in an area around x that is too large, then we

don't adequately explore areas where f(x) 1s small.

Common strategy: Choose
x=x+toy,  yeN(0,I)or U(-11])

where O 1s a fraction of the diameter of the domain or the distance
277 between local minima.



Monte Carlo sampling

Example: First 100,000 samples, 7=1, 0d=0.05
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Monte Carlo sampling

Example: First 100,000 samples, 7=1, 0=0.25
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Monte Carlo sampling

Example: First 100,000 samples, 7=1, o=1
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Monte Carlo sampling

Example: First 100,000 samples, 7=1, 0=4

281



Monte Carlo sampling with constraints

Inequality constraints:

* In case of simple inequality constraints, one can modify the
sample generation strategy to never generate trial samples that
don't satisfy the inequalities

e For complex inequality constraints, always reject samples for
which

h(x,)<0  for atleast one i
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Monte Carlo sampling with constraints

Inequality constraints:

* In case of simple inequality constraints, one can modify the
sample generation strategy to never generate trial samples that
don't satisfy the inequalities

e This 1s equivalent to using the following acceptance strategy:
IFQ(x)<Q(x,) then  X,,=x,

- Else:
. draw a random number s 1 [0,1]
1f [ '
X )—O( X
| - Q)0
then ! I
Xy 41 =X,
else
Xy 1= X
where

Q(x)=wo if at least one h.(x)<0, Q (x)=f(x) otherwise



Monte Carlo sampling with constraints

Equality constraints:

* We need to generate only samples that satisfy equality
constraints

 If we have only linear equality constraints of the form

g (x)=Ax—b=0

then one way to guarantee this is to generate samples using
X=x,+t0Zy, yeR"™, y=N(0,I)orU(-1,1]"")

where Z 1s the null space matrix of A, 1.e. AZ=0.
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Monte Carlo sampling

Theorem:

Let A be a subset of the feasible region. Let certain conditions on the
sample generation strategy hold. Then in the limit k —o0 we have

f(x)

number of samplesx, EA o fAe " dx

In other words, we are guaranteed that every region A will be
adequately sampled over time, and that the area around the global
minimum will be better sampled than any other region.

In particular,

f(x)
. 1 T
fraction of samplesx, €A = c fA e ' dx+0

1
m)
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Monte Carlo sampling

Remark:

Monte Carlo sampling appears to be a strategy that bounces around
randomly, taking into account only the values (not the derivatives)
of the objective function f(x).

However, that 1s not so if the sample generation strategy and T are
chosen carefully: In that case, we choose a new sample moderately
close to the previous one, and we always accept it if f{x) 1s reduced,
whereas we only sometimes accept it if f(x) 1s increased by this step.

In other words, on average we still move in the direction of steepest
descent!
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Simulated Annealing

Motivation:

Particles 1n a gas, or atoms in a crystal have an energy that is on
average in equilibrium with the rest of the system. At any given
time, however, i1ts energy may be higher or lower.

In particular, the probability that its energy 1s E 1s
E

_kB—T

P(E) « e
Where k_ 1s the Boltzmann constant. Likewise, the probability that a

particle can overcome an energy barrier of height AE is

1if AE<0

= | _AE
e “if AE>0
This 1s exactly the Monte Carlo transition probability if we identify

E=fk,

\

_AE
k., T
l,e ™

P(ESE+AE) o« min
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Simulated Annealing

Motivation:

In other words, Monte Carlo sampling 1s analogous to watching
particles bounce around in a potential when driven by a gas at
constant temperature.

On the other hand, we know that if we slowly reduce the temperature
of a system, it will end up in the ground state with very high
probability. For example, slowly reducing the temperature of a melt
results in a perfect crystal. (On the other hand, reducing the
temperature too quickly results 1n a glass.)

The Simulated Annealing algorithm uses this analogy by using the
modified transition probability

exp —f(Xt);ﬂXk) >s, se€U([0,1]), T,—0ask—-w
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Simulated Annealing

Example: First 100,000 samples, 0=0.25




Simulated Annealing

Example: First 100,000 samples, 0=0.25

7 7
6 ! 6
{
f
5 } 5
ar | N S ar
o b
P SR
oo S T '
! i g 1
A i : I T
E-;'ﬁii i i .

1

T=1 T =
141074k

24 samples with f(x)<-1.103 192 samples with f(x)<-1.103
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Simulated Annealing

2
Convergence: First 1,500 samples, f(x)= Zi=12—10x1.2+cos(xi)
V»ﬂ |
-8.5 u -8.5 [
1
T=1 Tk=
1+0.005k

(Green line indicates the lowest function value found so far)
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Simulated Annealing

T ——

1 1 1
18 168 1668 10668 1aeoat

r=1

Convergence: First 10,000 samples, f ( x):Z

14

12 +

18

10 1

— x;+cos(x)

=10

T ——

1
1 18 168

1 1
1088 18068 1a6o6t

1

T =
¥ 140.0005k

(Green line indicates the lowest function value found so far)
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Simulated Annealing

Discussion:

Simulated Annealing 1s often more efficient in finding global
minima because it 1nitially explores the energy landscape at large,
and later on explores the areas of low energy i1n greater detail.

On the other hand, there 1s now another knob to play with (namely
how we reduce the temperature):
e If the temperature 1s reduced too fast, we may get stuck in local
minima (the “glass” state)
e If the temperature 1s not reduced fast enough, the algorithm 1s no
better than Monte Carlo sampling and may require many many
samples.
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Very Fast Simulated Annealing (VFSA)

A further refinement:

In Very Fast Simulated Annealing we not only reduce temperature
over time, but also reduce the search radius of our sample generation
strategy, 1.e. we compute

X=x,+0,Y, yeN(0,I) or U(|-1,1]")

and let
a,—0

Like reducing the temperature, this ensures that we sample the
vicinity of minima better and better over time.

Remark: To guarantee that the algorithm can reach any point in the
search domain, we need to choose 0, so that

0

D, O =00
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Genetic Algorithms (GA)

An entirely different idea:
Choose a set (“population”) of N points (“individuals™) P ={x ,..x /

For k=0,1,2,... (“generations”):
« Copy those Nf<N individuals in P, with the smallest f(x) (i.e. the
“fittest individuals™) into Pk+1

e While #P, <N:

- select two individuals (“parents”) x ,x, from among the first N
individuals in Pk+1 with probabilities proportional to e_f I

- create a new point x  from x ,x (“mating”)
a

new

- perform some random changes on x  (“mutation”)
-additto P
k+1



enetic Algorithms (GA)

Example: Populations at k=0, 1,2 20, N=500, NS=2
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Genetic Algorithms (GA)

Convergence: Values of the N samples for all generations k

5 — - : 14

T
+ + +

12

18

e

+

ii!ii!!***%””w

1 18 188 1

F)=X,, 55 X+ cos(x)
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Genetic Algorithms (GA)

Mating:

e Mating is meant to produce new individuals that share the traits of
the two parents

e If the variable x encodes real values, then mating could just take the
mean value of the parents:

X, TX,

a

2

Xnew_

* For more general properties (paths through cities, which of M
objects to put where 1n a suitcase, ...) we have to encode x 1n a
binary string. Mating may then select bits (or bit sequences)
randomly from each of the parents

* There i1s a huge variety of encoding and selection strategies in the
literature.



Genetic Algorithms (GA)

Mutation
e Mutations are meant to introduce an element of randomness into the
process, to explore search directions that aren't represented yet in
the population
e If the variable x represents real values, we can just add a small
random value to x to simulate mutations
X, TX,

Xnew=—— Ty, yeR", y=N(0,I)

* For more general properties, mutations can be introduced by
randomly flipping individual bits or bit sequences in the encoded
properties

e There 1s a huge variety of mutation strategies in the literature.
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Part 13

Summary of
global optimization methods

minimize f (x)
g;(x)



Summary of methods

* Global optimization problems with many minima are difficult
because of the curse of dimensionality: the number of places
where a minimum could be becomes very large if the number of
dimensions becomes large

e There 1s a large zoo of methods for these kinds of problems

e Most algorithms use some sort of stochasticity to sample the
feasible region

e Algorithms also work for non-smooth problems

e Most methods are not very effective (if one counts number of
function evaluations) in return for the ability to get out of local
minima

e Global optimization algorithms should never be used whenever
we know that the problem has only a small number of minima
301 and/or 1s smooth and convex
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