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Homework assignment 4 — due Thursday 9/28 /2006

Problem 1 (Solutions of the Laplace equation). In class we have seen
that one can solve the Laplace equation on a rectangle

—Au=0 in Q,
u=g on 0%},

by chopping the solution up into four parts v = uy + us +u3 + u4, where each of
the u; satisfies boundary conditions on one part of the boundary and is zero on
the other three parts. We have constructed uy4 in class that satisfies the bound-
ary conditions at = 0. Construct us that satisfies the boundary conditions at
the right edge, x = L, and is zero on all other parts of the boundary. Identify
the steps that differ from what we did in computing . (5 points)

Problem 2 (Uniqueness of solutions of the Laplace equation). In class,
it was shown that the heat equation has solutions (existence) by explicitly con-
structing them, and that there is only one solution (uniqueness).

We achieved the latter by assuming that there are two solutions ui, us that
satisfy the PDE, boundary conditions, and initial conditions. We then intro-
duced the difference 6 = u; — us and stated the equations that § has to satisfy:
the homogenous PDE as well as homogenous boundary and initial conditions.
If you go back to your notes, you will see that it wasn’t particularly hard to
derive that 6 = 0 by multiplying the PDE for §, integrating over time and
space, and integrating by parts where necessary to arrive at an equation that
had two non-negative terms that added up to zero, and therefore proved that
each term had to be zero. Thus we have 6 = 0 which implies u; = ug, which in
non-mathematical language reads that every two solutions of the heat equation
are equal, or in other words that there is exactly one unique solution.

For the Laplace equation we have shown existence of solutions in class. Prove
uniqueness by following the same recipe: assume that there are two solutions
Uy, U2 of

—Au=0 in Q,
u=g on 0},



introduce the difference 6 = u; — uso, derive the equation and boundary condi-
tions d has to satisfy, then multiply the PDE for § by ¢ itself, integrate, and
integrate by parts. Show that this implies that § = 0, i.e. u; = us. (5 points)

Problem 3 (Laplacian in a polar coordinate system.) We can identify
each point in the plane by specifying its z and y coordinates. Alternatively, we
can state its distance r from the origin as well as the angle 8 the vector from
the origin to the point forms with the positive z-axis. These two coordinate
systems are related by

r=\z2%+y?, § = arctan 2.
x

If we are given a function F(r,0) = F(r(x,y),0(z,y)), we can compute
derivatives with respect to each set of coordinates using the chain rule:
OF (r(x,y),0(z,y)) 8F(7’ 0) or AL OF(r,0) 00
Ox or oz 00 9z’

and similarly for 8— (r(z,y),0(z,y)).
Show that the fyollowmg identity holds:

AF(r(r,y), 00r,9)) = 1 (r(iF(r,@)) b g TS E(r,0)

Here,

0%F(r(z,y),0(z,y)) n O*F(r(z,y),0(z,y))

AF(r(z,y),0(x,y)) = 922 dy?

(5 points)



