
Solutions to the heat equation in some special cases

Consider the heat equation
ut = kuxx

with initial condition u(x, 0) = f(x) and the following boundary conditions.

• Zero temperature ends: u(0, t) = u(L, t) = 0. The solution is

u(x, t) =
∞∑
n=1

Bne
−(nπ/L)2kt sin(nπx/L)

• Perfectly insulating ends: ux(0, t) = ux(L, t) = 0. The solution is

u(x, t) =
∞∑
n=0

Ane
−(nπ/L)2kt cos(nπx/L)

• Periodic ends: u(−L, t) = u(L, t) and ux(−L, t) = ux(L, t). The solution is

u(x, t) =
∞∑
n=0

ane
−(nπ/L)2kt cos(nπx/L) +

∞∑
n=1

bne
−(nπ/L)2kt sin(nπx/L)

The coefficients An, Bn and an, bn are defined using the initial condition:

• For zero temperature ends, the eigenfunctions are sin(nπx/L), n ≥ 1, and

Bn =
2

L

∫ L

0

f(x) sin(nπx/L) dx.

• For perfectly insulating ends, the eigenfunctions are cos(nπx/L), n ≥ 0, and

A0 =
1

L

∫ L

0

f(x) dx, An =
2

L

∫ L

0

f(x) cos(nπx/L) dx (n ≥ 1)

• For periodic ends, the eigenfunctions are sin(nπx/L), n ≥ 1, cos(nπx/L), n ≥ 0, and

bn =
1

L

∫ L

−L
f(x) sin(nπx/L) dx

a0 =
1

2L

∫ L

−L
f(x) dx, an =

1

L

∫ L

−L
f(x) cos(nπx/L) dx (n ≥ 1)

• For zero temperature ends the eigenvalues are (nπ/L)2, n ≥ 1
• For perfectly insulating or periodic ends, the eigenvalues are (nπ/L)2, n ≥ 0

Note: For periodic ends on 0 ≤ x ≤ L, that is, u(0, t) = u(L, t) and ux(0, t) = ux(L, t), we
get eigenvalues (2nπ/L)2 and eigenfunctions sin(2nπx/L), n ≥ 1, cos(2nπx/L), n ≥ 0, and

u(x, t) =
∞∑
n=0

cne
−(2nπ/L)2kt cos(2nπx/L) +

∞∑
n=1

dne
−(2nπ/L)2kt sin(2nπx/L).

So to keep the same eigenvalues/eigenfunctions, we changed the interval to −L ≤ x ≤ L.
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