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Abstract
A significant challenge in molecular dynamics (MD) simulations is ensuring that sampled
configurations converge to the equilibrium or nonequilibrium stationary distribution of inter-
est. Lack of convergence constrains the estimation of free energies, rates, and mechanisms
of complex molecular events. Here, we introduce the “Randomized ITErative trajectory
reWeighting” (RiteWeight) algorithm to estimate a stationary distribution from unconverged
simulation data. This method iteratively reweights trajectory segments in a self-consistent
way by solving for the stationary distribution of a Markov state model (MSM), updating
segment weights, and employing a new random clustering in each iteration. The iterative
random clustering mitigates the phase-space discretization error inherent in existing trajec-
tory reweighting techniques and yields quasi-continuous configuration-space distributions.
We present mathematical analysis of the algorithm’s fixed points as well as empirical val-
idation using both synthetic MD Trp-cage trajectories, for which the stationary solution
is exactly calculable, and standard atomistic MD Trp-cage trajectories extracted from a
long reference simulation. In both test systems, we find that RiteWeight corrects flawed
distributions and generates accurate observables for equilibrium and nonequilibrium steady
states. The results highlight the value of correcting the underlying trajectory distribution
rather than using a standard MSM.
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Significance
Molecular dynamics (MD) simulation is a key tool for studying the behavior of proteins
and other biomolecules, but despite four decades of hardware and algorithm advances, MD
cannot completely characterize the biomolecular behavior of most systems of interest. Typi-
cally, the molecular configurations generated by MD and related methods fail to conform to
the equilibrium or nonequilibrium steady-state distribution of interest, thereby limiting the
accuracy of computed observables such as rate constants. The present report introduces a
novel approach for correcting mis-distributed configurations using a Randomized ITErative
reWeighting (RiteWeight) strategy. The approach is validated for protein folding systems
under both equlibrium and nonequilibrium conditions.

1 Introduction
Despite numerous advances in enhanced equilibrium and path sampling methodologies
[1, 2, 3, 4, 5, 6, 7], the comprehensive study of complex biomolecular systems remains a
resource-intensive endeavor, often surpassing the computational capabilities accessible to
researchers. Conventional molecular dynamics (MD) cannot produce well-sampled confor-
mational distributions except in special cases [8]. A major challenge is the estimation of
the steady-state distribution of the sampled states [9, 10, 11]. The accuracy of the station-
ary distribution is crucial because it reveals thermodynamic and kinetic properties of the
system, underpinning the calculation of free energies and the identification of mechanistic
pathways, rate constants, and the “committor” reaction coordinate [12, 13, 14].

Recently, methods based on AlphaFold have been used to generate protein structural
ensembles [15, 16, 17, 18]. However, these methods are heuristic in the sense that they are
not designed to produce equilibrium ensembles conforming to the Boltzmann factor. The
algorithm described here, however, can leverage heuristic ensembles as the starting point
for conventional MD and subsequent Boltzmann-factor reweighting. An additional proposal
combines heuristic starting configurations with enhanced sampling techniques [19], but this
method too suffers from the limitations of the sampling weights.

One principled approach to estimate the steady-state distribution from sampled trajec-
tory data is to build a “Markov state model” (MSM), i.e., a discrete-state transition matrix
that can be processed to determine a discrete approximation of the stationary distribution
[20, 21]. However, previous work has noted that MSM estimates of stationarity are biased
by the trajectory training data [22]. To ameliorate this issue, a further step can be taken in a
MSM pipeline, namely, the subsequent reweighting of the trajectories based on the matrix’s
stationary solution [13]. This procedure — referred to here as ‘single-shot reweighting’ —
can be helpful. However, it cannot correct the weights of trajectories within the chosen
discrete states, nor does it provide a set of weights consistent with a subsequently computed
transition matrix [12, 23], potentially skewing the estimation of observables.

Unbiased estimation only occurs in the traditional MSM framework when the trajectories
in each discrete state are locally consistent with the stationary distribution for the chosen
boundary conditions. For example, source-sink boundary conditions lead to the challenging
requirement to sample from the “nonequilibrium steady state” (NESS) [12, 13, 24]. The need
for unbiased equilibrium or nonequilibrium samples creates a “chicken and egg” problem
which can be addressed by an iterative solution [12, 23], but which requires generating
long trajectories. We note that non-traditional MSMs can be used to generate unbiased
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estimates of observables [14]. In contrast, traditional MSMs are biased for both equilibrium
and nonequilibrium observables even when significant trajectory data is available [22, 25].

As an approach for correcting standard MSMs, we here introduce the “Randomized IT-
Erative trajectory reWeighting” (RiteWeight) algorithm. RiteWeight reweights trajectories
that are generated without biasing forces into their correct stationary distribution when
sufficient data is available. The method applies to both equilibrium and nonequilibrium
steady states. It naturally uses trajectories of any length, including just a single time step,
as it does not rely on dynamical relaxation. Thus, RiteWeight can employ data generated
from standard molecular dynamics (MD) or path sampling approaches, so long as no biasing
forces have been used. We emphasize that RiteWeight is distinct from conventional reweight-
ing or “importance sampling,” which requires a known and well-sampled initial distribution
[26, 27].

As shown in Figure 1, the RiteWeight algorithm iteratively reweights trajectories using
the stationary measure � for a discrete-state transition matrix T , which is determined in
each iteration by a new random clustering. The relative weights of the trajectory segments
in each cluster are fixed during a single iteration. However, the changing cluster definitions
enables RiteWeight to adjust phase-space weights with a precision beyond the resolution of
the discrete state matrix. The algorithm generates local stationarity within discrete states,
consistent with the available trajectory data. In the equilibrium case, the transition matrix
used is akin to a MSM based on weighted trajectories. For NESS, on the other hand, the
matrix is strictly computed from weighted trajectories conforming to source-sink boundary
conditions, akin to a “history augmented” MSM (haMSM) [28, 29, 25, 24].

RiteWeight is different from prior strategies for reweighting sampled trajectory data.
One approach explicitly approximates the configuration-space density function in order to
reweight configurations [30]. Another method updates the weights using a variational prin-
ciple for the equilibrium distribution [31]. RiteWeight, however, does not require density
estimation and only uses standard Markov models without additional fitting parameters or
assumed functional forms. Last, our research group recently applied iterative reweighting
without changing cluster definitions [23], but this approach prevents the quasi-continuous
distribution which is achieved using RiteWeight.

This work evaluates the RiteWeight algorithm through a combination of mathematical
analysis and empirical testing. In the experiments, we employ both synthetic molecular
dynamics (SynMD) and true MD trajectories of the Trp-cage miniprotein. SynMD consists
of trajectories generated from a fine-grained MSM, with each state mapped to an atom-
istic conformation, and it enables comparison to exactly calculable reference distributions
[32]. The MD data is a single 200 � s trajectory generated by the Shaw group [8]. We
compare the performance of RiteWeight, single-shot reweighting, and traditional MSMs for
estimating the stationary distribution from mis-distributed data sets. Overall, RiteWeight
yields better agreement with reference values for all observables considered in both equilib-
rium and nonequilibrium scenarios. RiteWeight achieves good performance using extremely
short trajectory segments, enabling computation of mechanistic, path-based observables.
Further, RiteWeight results are independent of the number of clusters used to discretize the
phase space. Finally, we present mathematical analysis identifying the fixed points of the
RiteWeight algorithm.
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Figure 1: The RiteWeight algorithm. In each iteration, a fixed set of trajectories (red
arrows) is organized into clusters (colored regions). Based on the discrete clusters and
current weights of the trajectories, the transition matrix T is computed and solved to yield
the stationary measure � for the given clusters. In the simplest RiteWeight algorithm, each
trajectory is then assigned a new weight (filled circles) so that the total cluster weights match
� but the relative weights of the trajectories starting within each cluster remain unchanged.
Circle sizes indicate relative weight. In subsequent iterations, the process is repeated with
new cluster boundaries, which enables changes in the relative weights of trajectories formerly
in the same cluster, e.g., trajectories 1 and 2 in iteration 2. Ultimately all the initial weights
are likely changed relative to one another.
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2 RiteWeight Algorithm
The RiteWeight algorithm estimates steady-state probability distributions by analyzing ki-
netic information extracted from numerous short MD trajectories or one long trajectory.
The algorithm processes pairs of phase-space points generated by unbiased dynamics and
separated by a fixed lag time. We refer to these pairs as ‘trajectory segments’. Unlike MSMs,
the algorithm’s ability to estimate stationary probabilities is not constrained by the choice
of lag time [21, 20]. Unlike single-shot reweighting, which requires within-cluster station-
arity for unbiased results [12, 13, 24], RiteWeight imposes no such constraints. Therefore,
transition pair data can be collected right from the start of the trajectories, ensuring that
no data is discarded and all available information is leveraged in the analysis.

2.1 The algorithm
The following steps define the RiteWeight algorithm. In this algorithm, the user must select
two hyper-parameters — the number of clusters n and the learning rate r — and introduce
an appropriate featurization that influences the cluster definitions.

1. Introduce features of each configuration that satisfy rotational and translational invari-
ance. For example, C� pairwise distances are commonly used in conventional MSMs
[33]. Define a distance between configurations based on the chosen features.

2. Assign an initial weight wi 2 [0; 1] to each segment i connecting two consecutive
configurations with the normalization

P
i wi = 1 . A possible choice is uniform weights

wi = 1=N , where N is the number of segments.

3. Randomly select n � N unique configurations as cluster centers. Define clusters by
mapping each configuration to the closest center using the chosen distance function.

4. Compute a transition matrix T based on the current weights of the trajectory segments
and the current definitions of the clusters:

TIJ =
P

I ! i ! J wiP
I ! i wi

(1)

where I ! i means that trajectory segment i begins in cluster I , and i ! J means
that segment i terminates in cluster J .

5. Calculate the stationary probabilities � I for the n discrete states using the left leading
eigenvector of the matrix T , i.e., � > T = � > .

6. Define a new weight for each trajectory segment i based on a convex combination of
the segment’s current weight and the stationary solution � from Step 5. For each
segment i starting from cluster I , the new weight is given as:

wnew
i = (1 � r ) wi + r

� I

wI
wi (2)

where wi is the previous weight of the i th trajectory segment, wnew
i is the new weight,

� I is the current iteration’s estimate of the stationary probability for the cluster I ,
and wI =

P
I ! i wi . Here, r represents the learning rate, a hyperparameter within

the interval (0; 1].
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7. Repeat steps 3-6 until a user-defined convergence criterion.

Several points are noteworthy. Random clusters are defined in step 3, and thus a new
clustering is performed every iteration. In step 6, the parameter r functions as the learning
rate, and it determines the balance between the current estimate � I for the probability of
cluster I versus the previous estimate wI . This parameter becomes significant when dealing
with noisy data, with a smaller r value recommended to mitigate the impact of noise. In
contrast, setting r = 1 means that a trajectory is assigned a weight that is a fraction of
the currently estimated stationary probability for the enclosing cluster, with the fraction
determined by the previous iteration’s weights.

For the initial assignment of weights to the trajectory segments, two main approaches
can be adopted. One option is to assign uniform weights to all segments, which essentially
serves as an uninformative prior. Alternatively, if there is prior knowledge available about
the stationary distribution of the system, this information can be used to assign the initial
weights in a more informed manner.

2.2 Analysis of RiteWeight fixed points
The mathematical analysis of RiteWeight illustrates strengths and limitations of the algo-
rithm. We analyze the fixed points in detail in the Appendix, and we summarize the findings
here.

For simplicity and clarity, our analysis assumes that configurations all belong to a dis-
crete state space of “microstates”, indexed by � , � , and 
 . We expect that RiteWeight in
continuous space behaves similarly to RiteWeight in discrete space at a level of resolution
automatically determined by the algorithm and its stopping criterion.

In the discrete setting, RiteWeight uses only coarse clusters containing multiple mi-
crostates for computation. Nevertheless, any fixed point of RiteWeight corresponds to a
stationary measure of the microstate transition matrix T , which has elements

T�� = C�� =
X




C�
 ; (3)

Here, C�� counts the initial weights of all the trajectory segments from � to � . The fixed
points of the algorithm are solely determined by this microstate transition matrix. The
Appendix proves these statements assuming a simple random partition model.

The characterization of the fixed points suggests that RiteWeight will converge to the true
stationary distribution given sufficiently dense and unbiased local sampling. In the limit of
high transition counts and small microstates, the matrix T approaches the true microscopic
transition operator. Thus, RiteWeight will find the correct distribution regardless of the
number of clusters or the lag time. However, in more realistic settings, the accuracy of
RiteWeight is constrained by the data analyzed, pointing to a potentially valuable role for
the adaptive sampling method that will be mentioned in the Discussion section.

Given the mathematical description of the fixed points, it is natural to ask whether the
RiteWeight stationary distribution can be derived directly from a fine-grained transition
matrix. In practice, this is not possible because the resolution of the microstates corre-
sponding to RiteWeight’s behavior cannot be easily determined for an arbitrary data set.
The Results section will show the limitations of simply using a fine-grained Markov state
model without RiteWeight.
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3 Test systems

3.1 Synthetic MD of Trp-cage
Synthetic MD (SynMD) trajectories are initially studied because they offer some of the
complexity of atomistic proteins, affordable generation of long trajectories which can be
analyzed with standard tools, and they permit exact solution of stationary properties [32].

Model: SynMD trajectories for the Trp-cage mini-protein are generated using a Markov
State Model (MSM) derived from a 208 � s atomistic MD trajectory [8], as previously de-
scribed [32]. The 10,500-state MSM for Trp-cage employed here uses a finer discretization
of configuration space than typical MSMs, with each state mapped to a specific atomistic
configuration. Based on the MSM and the mapped configurations, simple kinetic Monte
Carlo yields a “synthetic” MD trajectory that closely matches the statistical behavior in the
original atomistic MD [32]. The MSM lag time, and hence interval between synMD configu-
rations in the generated trajectories, is 1 ns. The mapped configurations enable downstream
analysis by standard MD analysis tools and the RiteWeight algorithm. Because the synMD
model is governed by a standard MSM transition matrix, the exact equilibrium distribution
is directly obtained as the eigenvector of the matrix corresponding to eigenvalue of one.

Trajectory preparation: For ease of interpretation, state indices for the MSM were as-
signed in ascending order of the first (slowest) time-lagged independent component (TIC1)
[32]. Numerous short Trp-cage SynMD trajectories were generated, in a manner designed
to yield a distribution significantly different from equilibrium. The initial states for the
trajectories were selected by partitioning the SynMD discrete phase space into 500 bins
along the state indices, and 20 configurations were randomly chosen with replacement from
each bin. Each selected configuration was used to initiate a short trajectory of 5 ns, i.e.,
5 steps. Hence the unprocessed trajectory data consisted of 10,000 segments, each 5 steps
long, distributed roughly evenly among the state indices, which vary with TIC1.

RiteWeight Analysis: The RiteWeight algorithm was applied in a fashion blind to the dis-
crete nature of synMD, and hence only coordinates of the mapped atomistic configurations
were used. Specifically, for clustering and solving stationarity, atomistic configurations were
featurized using minimal residue-residue distance, calculated as the closest distance between
the heavy atoms of two residue separated in sequence by at least two neighboring residues.
Next, tICA dimensionality reduction was performed at a 5ns lag time with 10 tICs, using
commute maps for eigenvector scaling.

3.2 Atomistic MD of Trp-cage
As a more challenging test of RiteWeight, we examined true atomistic MD trajectory data
obtained from the groundbreaking 208 � s explicit solvent simulation of Trp-cage [8]. Using
this dataset, we compared the performance of RiteWeight and standard MSMs in estimating
both the equilibrium distribution from mis-distributed datasets and path-based observables
such as the MFPT (mean first-passage time) and nonequilibrium probability flows.

3.2.1 Equilibrium distribution

Trajectory preparation: As a mis-distributed starting point for testing RiteWeight, we chose
to generate out-of-equilibrium samples distributed approximately uniformly along the slow-
est coordinate. To do so, we subsampled the 208 � s atomistic MD trajectory based on tICA
analysis. Specifically, we applied tICA with a 10 ns lag time [25] to the set of all minimal
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residue-residue distance, calculated as the closest distance between the heavy atoms of two
residue separated in sequence by at least two neighboring residues. All conformations from
the 208 � s trajectory were projected onto TIC1 and grouped into 100 uniformly spaced bins.
From each bin, 10,000 conformations are randomly selected or all within a bin; if fewer than
10,000 are available in a bin, all are selected. These are taken as starting points for two-step
trajectories, i.e., two consecutive snapshots extracted from the long trajectory, separated by
lag time � = 10 ns.

RiteWeight and MSM Analysis: For both MSM and RiteWeight analysis, the subsampled
data were featurized using all minimal residue-residue distances and analyzed by tICA. A
commute tICA mapping was applied with a 10ns lag time, retaining the number of tICs
required to capture 95% of the total variance. Clustering was then performed in this tICA
feature space for both MSM and RiteWeight analyses. For RiteWeight, 10 random Voronoi
clusters were considered for each iteration, and the learning rate (r ) was set to 1. For
MSM estimates, different clustering resolutions noted in Results were used to compute the
stationary distribution using the PyEMMA software. Further conformational distributions
were calculated from the stationary solution by evenly dividing the probability in a cluster
among its constituent conformations.

3.2.2 Nonequilibrium Analysis

Trajectory preparation: To test RiteWeight in a nonequlibrium context, we started from the
equilibrium-like full distribution of the 208 � s MD trajectory [8]. That is, no subsampling
of the trajectory data was performed, so all starting points from the MD trajectory were
considered (separated by 0.2 ns time intervals in the original MD data) for segments used
in analysis. To construct the two-step segments, we employed different lag times � =0.2, 1,
10, and 100 ns, as indicated in the Results.

Macrostate definitions: Nonequilibrium analysis for kinetic and mechanistic transition
properties requires defining three region for Trp-cage based on the atomistic trajectory:
folded, unfolded, and intermediate. To obtain these states, we first used the fuzzy spectral
clustering method PCCA++ based on a lag time of 100 ns to obtain probabilistic cluster
assignments, following prior work [25]. We selected the intermediate region as the 10% of
clusters whose membership scores were closest to 50% cluster identity, i.e., clusters with the
most ambiguity between folded and unfolded states. The remaining 90% of clusters were
assigned to either the folded or unfolded clusters based on the higher membership score.

MSM Analysis: MSM analysis was also based on the full 208 � s MD trajectory, with
no subsampling. For the MD dataset used here, optimal MSM hyperparameters were pre-
viously identified [20, 34] using variational scoring, cross-validation and implied timescale
convergence [25], and we use the same choices. These include featurization by minimal
residue-residue distances, dimensionality reduction by tICA with commute mapping at a
lag time of 10ns, retaining 100 tICs, as well as using 50 clusters obtained via k-means clus-
tering. Several MSM lag times are examined in this study, as described with our findings.
The PyEMMA software package [35] was used to compute MFPT, and other path quantities.

RiteWeight Analysis: Calculation of nonequilibrium observables from RiteWeight, such
as the NESS, MFPT and nonequilibrium probability flows, requires defining source and
sink states for boundary conditions. Here, the unfolded cluster (identical to that used in
MSM analysis) is the source state and the folded state (also identical to the MSM choice) is
the sink. During RiteWeight iterations, weights within the source and sink states were not
modified, consistent with nonequilibrium theory [36]. Random clustering for the RiteWeight
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procedure was thus performed only in the intermediate region, using 10 random clusters
based on the same tICA coordinates as employed above for MSM clustering. The transition
matrix solution for each RiteWeight iteration employs source-sink boundary conditions in
the nonequilibrium case.

4 Results
The RiteWeight algorithm is studied in two models where reliable reference data is available
for comparison. The first model employs synthetic molecular dynamics (SynMD) under-
pinned by an exactly soluble fine-grained transition matrix [32], and the second is based on
extremely long standard atomistic MD [8].

4.1 Synthetic Molecular Dynamics (SynMD) of Trp-cage
The RiteWeight procedure correctly recovers the true equilibrium distribution for the SynMD
Trp-cage system starting from trajectory data that is strongly mis-distributed (Fig. 2). This
finding holds regardless of the number of clusters used, even as few as 10, underscoring the
design of the algorithm to ascertain quasi-continuous distributions despite using discrete
MSM-like stationary solutions at each iteration. Not surprisingly, the convergence behavior
depends strongly on the number of clusters, with finer-grained clusterings yielding faster
convergence (Fig. 7).

In contrast to the converged RiteWeight distributions, the single-shot reweighting es-
timates — i.e., after the first iteration of the RiteWeight algorithm — show significant
discrepancies due to discretization error (Fig. 2). Even with a fine-grained resolution of
1000 clusters, the single-shot reweighting does not accurately predict the true stationary
probabilities of the Trp-cage SynMD microstates. The discrepancy here can be attributed
to a lack of local equilibrium within clusters, an assumption explicitly not made by the
RiteWeight procedure.
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Figure 2: Recovery of true distribution independent of the number of clusters. (a)
RiteWeight recovers the exactly known SynMD equilibrium distribution (green) for Trp-
cage starting from a far from equilibrium distribution (red dashed), using either 10 clusters
(dark-magenta) or 1,000 clusters (magenta). (b) Single-shot reweighting, employing the sta-
tionary distribution obtained by solving a single MSM, deviates from the true distribution
with 10 (light-blue) or 1,000 (dark-blue) clusters. Data shown employs a learning rate r = 1
and lag time t� = 1ns, the shortest available for the SynMD model. The RiteWeight distri-
butions are obtained as the average over the final 1,000 iterations based on the convergence
analysis of Fig. 7.
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4.2 Atomistic MD of Trp-cage: Equilibrium and NESS
RiteWeight is also successful at reweighting mis-distributed atomistic MD data for Trp-cage,
both in equilibrium and nonequilibrium steady state (NESS).

For the equilibrium scenario (Fig. 3), we find that data subsampled from a 208 � s
long trajectory [8] is reweighted accurately, recovering the reference distribution. The final
distribution reflects converged behavior of the algorithm (Fig. 8). By contrast, MSM-based
reweighting using the same features is unable to recover the correct distribution even when
as many as 50,000 clusters are used. The failure to recapitulate the correct distribution
can be attributed to the MSMs’ sensitivity to the nonequilibrium distribution within each
cluster. This behavior persists even when lag times as long as 100 ns are used (Fig.9).

Figure 3: Correcting atomistic MD data for Trp-cage: equilibrium case. Starting from input
trajectory data (red dashed) differing substantially the reference long MD equilibrium data
(green, with uncertainty range) RiteWeight is able to recover the true distribution (ma-
genta). Also shown are Markov state model (MSM) “single shot” estimates for equilibrium
based on different numbers of clusters (blue dashed lines). The distributions are also shown
plotted against the slowest tICA component TIC-1. Uncertainty for the reference MD data
(green shading) was computed as � twice the standard error of the mean for each bin popu-
lation based on dividing the MD trajectory into three � 70 ns blocks. Both RiteWeight and
MSM estimates were calculated using a lag time � = 10 ns, and RiteWeight data employed
10 clusters.

RiteWeight is similarly successful in reweighting to NESS (Fig. 4). In this case, equilib-
rium data from the full 208 � s Trp-cage trajectory was reweighted into NESS for folding by
enforcing source and sink boundary conditions on the MD segments for the unfolded and
folded clusters, respectively.

To test whether the RiteWeight iterative process had converged when estimating the
equilibrium distribution, a Kullback-Leibler (KL) divergence analysis was employed. For
this, the probability distribution PN at a putative “final” iteration N was used as a ref-
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erence, and the divergence of all prior iterations’ distributions (Pi , where i < N ) was
calculated relative to PN . This process was repeated for N = 20; 000; 60; 000; 80; 000, and
100; 000. The overlap of the profiles for N � 60; 000 confirms that the distribution has
converged beyond iteration 60,000 (Fig. 8). The final RiteWeight probability distribution
was then calculated by averaging the probability density functions (PDFs) over the final
10,000 converged iterations.

For the nonequilibrium steady state (NESS) calculations using RiteWeight, convergence
was assessed by monitoring the behavior of kinetic properties. Specifically, the MFPT,
calculated with a lag time of 0.2 ns, was observed to converge after approximately 200,000
RiteWeight iterations (Fig. 10). The final NESS probability density function (PDF) was
subsequently generated by averaging the weights of the final 10,000 converged iterations of
the process.

Figure 4: Correcting atomistic MD data for Trp-cage: nonequilibrium steady state. The
probability density for intermediate clusters is plotted as a function of TIC-1, excluding the
folded and unfolded states. The initial distribution (red) represents all MD samples outside
the folded and unfolded states, and the MD reference distribution (green) is derived from
trajectory segments more recently in the unfolded state than folded. RiteWeight (magenta)
closely follows the reference distribution. The bimodal shape of the initial, equilibrium dis-
tribution arises because more probability occurs near the metastable states but intermediate
clusters were not derived solely based on TIC-1, the x axis coordinate, leading to apparent
tapering at the extremes.

4.3 Atomistic MD of Trp-cage: Kinetics
We analyzed kinetics as quantified by the mean first-passage time (MFPT), which is equiva-
lent to the reciprocal rate constant [37]. For RiteWeight, we calculated the MFPT from the
steady-state flux, equivalent to the reciprocal MFPT, in a discrete formulation [38], given
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by
1

MFPT
=

X

I =2 folded ; J 2 folded

� I TIJ (4)

where � I is the estimated probability in cluster I and TIJ is the transition probability com-
puted in (1) from weighted transition counts. For MFPT folding analysis using RiteWeight,
the transition matrix employed source-sink boundary conditions, with the unfolded cluster
as the source state and the folded cluster as the sink. For MSM analysis, the MFPT was
estimated using PyEMMA software, which employs the first-step relation.

Results for kinetics (Fig. 5) show that RiteWeight can recover the reference MFPT value
observed in the long MD trajectory, regardless of lag time. RiteWeight MFPT values are
derived from well-converged analysis runs (Fig. 10). As seen in previous work [25], the MSM
recovers the correct MFPT but only at sufficiently long lag time.

Figure 5: Kinetics computed from equilibrium data. The mean first-passage time (MFPT,
i.e., reciprocal rate constant) for folding is computed as a function of lag time, and compared
to reference MD values (dark green) based on 20 events with associated uncertainty (green
shaded region). For each lag time shown, the MFPT is computed from the corresponding
RiteWeight (magenta) or MSM (blue) transition matrix. The reference MFPT varies slightly
with lag time even with fixed states because some first entries to the target folded state are
missed at longer lag times.

RiteWeight is able to reproduce the correct MFPT at any lag because it corrects the
distribution internal to the clusters. The transition matrix elements TIJ , computed in
Eq. (1) from weighted transition counts, reflect the distribution internal to state I . If the
correct weights are used, the MFPT will be estimated accurately [39]. RiteWeight estimates
the correct weights by self-consistent iteration, whereas the MSM implicitly uses uniform
weights without correction. For example, if trajectories are initially distributed according
to equilibrium within each cluster — which is approximately the case here — the MSM
will not account for the distribution that arises in a source-sink nonequilibrium steady state
which is “tilted” with respect to equilibrium [40].
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4.4 Atomistic MD of Trp-cage: Mechanism
A key goal of molecular simulation is understanding “mechanisms” of complex processes,
i.e., temporal sequence(s) of configurations through which molecules pass during functional
transitions, and prior work assessing MSMs suggested limitations in characterizing mecha-
nism [25], noting that more than one mechanism may be operative. To quantify mechanism
in the atomistic Trp-cage system, we focused on steady state net flows in the transition
region as given by

Net flux(I; J ) = ( � I TIJ � � J TJI ) =� (5)

where by convention the cluster indices I and J are ordered so that net flow is positive in
the reference MD data. The net flux quantifies path information locally at the resolution of
the clusters. RiteWeight directly yields the appropriate nonequilibrium steady-state clus-
ter populations � I . For MSMs, one uses the (backwards) committor-weighted equilibrium
population [25], i.e., � I = q( � )

I � eq
I computed by pyEMMA. Identical source and sink states

were used for RiteWeight and MSMs.
RiteWeight estimates for net fluxes closely match the MD reference values while MSM

predictions exhibit substantial discrepancies (Fig. 6), echoing MSM limitations noted previ-
ously for mechanistic quantities [25]. For all lag times examined (0.2, 1, 10, 100 ns), MSMs
exhibited some net fluxes in the opposite direction of MD, implying different temporal se-
quences of events. Of note, these opposite fluxes tended not to occur for the largest net flux
IJ pairs. However, MSM fluxes closely match MD only for the 100 ns lag time, which is 1-2
orders of magnitude longer than the time the events take in MD, i.e., the transition-path
time [25], suggesting that mechanistic quantities at that lag are unphysical. On the other
hand, RiteWeight accurately recapitulates the mechanistic fluxes at the shortest lag time
� = 0 :2 ns, which provides appropriate precision for the rapid transition processes. Com-
parison of RiteWeight and MSM inter-state fluxes to MD confidence intervals generated
by bootstrapping (Figs. 11 and 12) indicates that MSM estimates for some state pairs fall
outside or at the extremes of 95% confidence intervals for lag times up to and including 10
ns.
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Figure 6: Mechanistic fluxes for atomistic Trp-cage folding. Model-predicted net fluxes
among intermediate-region clusters for both RiteWeight (magenta) and MSMs (blue), as
defined by Eq. (5), are compared to reference values computed from the 208 � s MD tra-
jectory. The black dashed line represents equality of predicted and reference values. Four
different lag times are examined as noted in the panels.
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5 Discussion and Conclusions
We have introduced and examined RiteWeight, an algorithm for correcting distributions
deviating from equilibrium or nonequilibrium steady states. Although it is built on a frame-
work of Markov state models (MSMs) that discretize phase space, the RiteWeight procedure
iteratively achieves self-consistency among all possible discretizations. This new approach
overcomes a key limitation of MSMs by correcting the distribution within each discrete
cluster to conform to the steady state. When the internal distributions match the steady
state, a wider array of observables — especially path-based mechanistic quantities — can be
calculated with high accuracy even at short lag times [25]. The robustness of the RiteWeight
procedure is demonstrated by the insensitivity to the number of clusters used during the
iteration process (Fig. 2).

The RiteWeight algorithm produces models analogous to the previously introduced di-
rectional or “history augmented” MSMs (haMSMs) [41, 40, 28, 25] but with a key difference:
no history information is used to analyze the data. This enables RiteWeight to be applied
to a much wider variety of dynamics data, including data from adapative sampling [42, 43].
The raw data can be generated from multiple trajectories of arbitrary lengths initiated from
arbitrary starting points. We see significant potential for RiteWeight analysis of MD data
initiated from heuristic ensembles obtained from machine-learning approaches [15, 16, 17, 18]
or models based on nuclear magnetic resonance (NMR) data [44, 45].

We have probed, in somewhat more detail than previous studies [25], the shortcomings
of MSMs for mechanistic quantities (Fig. 6). It is reasonable to wonder why MSMs built
from the reference data itself continue to show discrepancies from reference values even at
long lag times. At sufficiently long lag times, the system must become fully Markovian, but
evidently at 100 ns, the local dynamics probed by the net flux analysis is still influenced
by the initial distribution within a cluster. This behavior contrasts with a more ‘global’
cluster-to-cluster MFPT analysis where MSMs match the reference value at a lag of 100 ns
(Fig. 5).

There remain important tasks ahead to realize the full potential of RiteWeight. Most
notably, the data analyzed here consisted of larger data sets with dense sampling in visited
regions of phase space. For sparser data sets, the algorithm may need to rely not only
on a smaller learning rate in Eq. (2) but also potentially on regularization and smoothing
strategies. We anticipate that adaptive sampling approaches that are optimized to improve
sampling in key phase-space regions affecting observables [42, 43], should prove valuable for
RiteWeight analysis. Finally, although RiteWeight can be accurate at any lag time, using
longer lag times could be explored for numerical efficiency in equilibrium calculations.

We also foresee substantial opportunities for applying RiteWeight in disparate situations.
In the longstanding goal of rapidly generating Boltzmann-weighted ensembles for proteins,
RiteWeight could be applied to MD data generated from modern heuristic ensemble gen-
erators [15, 16, 17, 18]. In more specialized problems — for example, optimization of the
weighted ensemble path sampling method [46, 47] — RiteWeight could be used to estimate
to observables like the local MFPT in an iterative fashion [23].

In summary, the novel RiteWeight algorithm has shown its efficacy in reweighting flawed
initial datasets into desired steady state distributions. The iterative use of random clusters
solved by standard transition-matrix methods is shown to provide a quasi-continuous and
accurate final distribution. Applications to equilibrium and nonequilibrium observables
compare favorable to state-of-the-art methods, with a particular advantage in quantifying
nonequilibrium mechanistic observables.
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Appendix: Mathematical analysis of fixed points
This section identifies the “fixed points” of the RiteWeight algorithm, which are defined as
follows.

Definition 1 (Fixed point). A collection of trajectory weights (wi )N
i =1 with

P
i wi = 1 is a

fixed point of RiteWeight if the weights stay the same during each RiteWeight iteration for
any positive probability choice of partition.

The practical RiteWeight algorithm uses a continuous state space and random Voronoi
partitions, but here for simplicity we consider a finite state space with random hyperplane
partitions. See [48] for background on random hyperplane partitions, which are called the
“stable under iteration tesselation” in stochastic geometry.

Assumption 1 (Finite state space). The state space consists of a finite number of distinct
microstates � 2 Rd.

Assumption 2 (Random hyperplane partition). The RiteWeight partition is generated
through one or more iterations of the following procedure. Initially, there is a single cluster
containing all the microstates. At each iteration, any cluster C that contains at least two
microstates is randomly split by a hyperplane into two new clusters as follows. First, we
choose a uniformly random direction that is normal to the hyperplane

u � Unif f v 2 Rd : kvk = 1g:

Then, conditional on u, we choose a uniformly random offset


 � Unif
n

� 2 R : min
� 2 C

� > u < � < max
� 2 C

� > u
�

:

The normal direction and the offset define two new clusters of microstates,

f � 2 C : � > u < 
 g and f � 2 C : � > u > 
 g

that are split by the hyperplane.

Under Assumptions 1 and 2, the following main result shows that the fixed points of
RiteWeight are completely determined by the microstate transition matrix.

Theorem 1 (Fixed points of RiteWeight). Consider a finite state space (Assumption 1) and
a collection of trajectories with weights(wi )N

i =1 satisfying
P

i wi = 1 . Define the associated
microstate transition matrix P with entries

P�� =
P

� ! i ! � wiP
� ! i wi

; (6)

and assumeP has a unique stationary measure. Here,� ! i means that segmenti begins
in microstate � , and i ! � means that segmenti ends in microstate � . Then, under the
random partition model (Assumption 2), (wi )N

i =1 is a fixed point of RiteWeight if and only
if the vector � with entries

� � =
X

� ! i

wi (7)

is a fixed point of P , that is,
� > P = � > : (8)
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Proof. First we check that equation (8) implies (wi )n
i =1 is a fixed point of RiteWeight. By

assumption, the microstate transition matrix P has a unique stationary measure, so it is
irreducible and aperiodic. It follows that the cluster transition matrix T is irreducible and
aperiodic, so T has a unique stationary measure also. Next, equation (8) implies

X

I

wI TIJ =
X

�

X

� 2 J

� � P�� =
X

� 2 J

� � = wJ ; for each cluster J:

Hence, the weights wI determine the unique stationary measure of T , and so the RiteWeight
iteration preserves the weights exactly.

Next, we assume that (wi )n
i =1 is a fixed point of RiteWeight and check that equation (8)

holds. Since (wi )n
i =1 is a fixed point, we must have � J = wJ for each cluster J and conse-

quently X

� 2 J

� � = wJ =
X

I

wI TIJ =
X

�

X

� 2 J

� � P�� :

By considering all the possibilities for the random cluster I , we arrive at the identity

� > A = � > P A

where A is the matrix whose columns are characteristic functions for each random cluster:
1s indicate membership and 0s indicate non-membership in the cluster. To complete the
proof, we will show that A has full column rank and therefore condition (8) holds.

We observe that the first iteration of the random hyperplane model generates a uni-
formly random direction u 2 Rd that leads to distinct values � > u for distinct microstates
� with probability one. Hence, there must be a consistent ordering of the microstates, say
� 1; : : : ; � n , so that the event

� >
1 u < � � � < � T

n u;

occurs with positive probability. It follows that a division into clusters

f � 1; : : : ; � i g and f � i +1 ; : : : ; � n g

occurs with positive probability for each i = 1 ; : : : ; n � 1. With this ordering of the mi-
crostates, the linear span of the columns of A includes all the vectors

P i
j =1 ej , where ei is

a standard basis vector, and A has full column rank. This completes the proof.

Supplementary figures
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Figure 7: Convergence of the SynMD Trp-cage equilibrium distribution using RiteWeight.
The symmetric Kullback-Leibler (KL) divergence — comparing the estimated stationary
distribution in the current iteration vs. the distribution of 100 iterations prior — is plotted
against the number of iterations for two levels of clustering resolution. (a) The KL divergence
for a finer resolution: 1000 clusters. (b) The KL divergence for a coarser resolution: 10
clusters.

Figure 8: Convergence of the atomistic Trp-cage equilibrium distribution using RiteWeight.
The main plot shows the convergence of the initial (dashed red) distribution to the final
(yellow) distributions showing increments of 100 iterations. The inset shows the KL diver-
gence of the RiteWeight distribution as a function of iteration, referenced to four different
“final” iterations as noted in the legend: 20,000, 60,000, 80,000 and 100,000. The similarity
of the curves for 60,000 and beyond suggests RiteWeight is converged.
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Figure 9: Markov state model (MSM) “single shot” estimates for equilibrium based on
different numbers of clusters (blue dashed lines) for lag time � = 100 ns.

24



Figure 10: Convergence of the atomistic Trp-cage folding MFPT using RiteWeight. The
MFPT is computed from the nonequilibrium steady state distribution as described in the
text, and is shown as a function of RiteWeight iteration number. Regardless of lag time
examined, the MFPT value is steady after � 200,000 iterations. Four different lag times are
examined as shown in the legend. The variation of MFPT with lag time is not an artifact
but a physical consequence of the intermittency of trajectory data, i.e., the true first events
sometimes are missed with longer lag time.
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Figure 11: Net flux analysis among intermediate states with MD-based uncertainty: short
lag times (0.2 and 1.0 ns). For each pair of states indicated on the horizontal access, the
net steady-state flux � i Tij � � j Tji is shown for RiteWeight (RW – magenta), Markov state
model (MSM – blue), and molecular dynamics (MD – X and confidence interval). The MD
95% confidence interval is derived by bootstrapping round-trip paths. A “round-trip path”
is defined as a trajectory segment starting from the folded macrostate, entering the unfolded
macrostate, and then ending back at the folded macrostate. 24 such round-trip paths are
present in reference MD trajectory. The f i; j g ordering is chosen so the value is positive,
according to the net flux estimated from the mean of the bootstrap samples. Note that to
estimate the net flux from direct MD bootstraps only the ensemble of reactive trajectories
that proceed from the unfolded to the folded macrostate are considered. Two lag times are
used for analysis: 0.2 ns (top) and 1.0 ns (bottom).
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Figure 12: Net flux analysis among intermediate states with MD-based uncertainty: long
lag times (10 and 100 ns).
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