
Concept Review
•  Effect of a matrix operator on the unit square
•  Geometry of one-to-one matrix operators
•  Images of lines under matrix operators

Skills
•  Find standard matrices for geometric transformations of .

•  Describe the geometric effect of an invertible matrix operator.
•  Find the image of the unit square under a matrix operator.
•  Find the image of a line under a matrix operator.

Exercise Set 4.11
1. Find the standard matrix for the operator  that maps a point  into

(a)  its reflection about the line .

(b)  its reflection through the origin.
(c)  its orthogonal projection on the x-axis.
(d)  its orthogonal projection on the y-axis.

Answer:

(a)  

(b)  

(c)  

(d)  

2. For each part of Exercise 1, use the matrix you have obtained to compute . Check your answers geometrically
by plotting the points  and .

3. Find the standard matrix for the operator  that maps a point  into

(a)  its reflection through the xy-plane.
(b)  its reflection through the xz-plane.
(c)  its reflection through the yz-plane.

Answer:

(a)  



(b)  

(c)  

4. For each part of Exercise 3, use the matrix you have obtained to compute . Check your answers
geometrically by plotting the points  and .

5. Find the standard matrix for the operator  that

(a)  rotates each vector 90° counterclockwise about the z-axis (looking along the positive z-axis toward the origin).
(b)  rotates each vector 90° counterclockwise about the x-axis (looking along the positive x-axis toward the origin).
(c)  rotates each vector 90° counterclockwise about the y-axis (looking along the positive y-axis toward the origin).

Answer:

(a)  

(b)  

(c)  

6. Sketch the image of the rectangle with vertices , , , and  under

(a)  a reflection about the x-axis.
(b)  a reflection about the y-axis.
(c)  a compression of factor  in the y-direction.

(d)  an expansion of factor  in the x-direction.
(e)  a shear of factor  in the x-direction.
(f)  a shear of factor  in the y-direction.

7. Sketch the image of the square with vertices , and  under multiplication by

Answer:

Rectangle with vertices at (0, 0), 

8. Find the matrix that rotates a point  about the origin

(a)  45°
(b)  90°
(c)  180°
(d)  270°



(e)  −30°

9. Find the matrix that shears by
(a)  a factor of  in the y-direction.
(b)  a factor of  in the x-direction.

Answer:

(a)  

(b)  

10. Find the matrix that compresses or expands by
(a)  a factor of  in the y-direction.

(b)  a factor of 6 in the x-direction.

11. In each part, describe the geometric effect of multiplication by A.
(a)  

(b)  

(c)  

Answer:

(a)  Expansion by a factor of 3 in the x-direction
(b)  Expansion by a factor of 5 in the y-direction and reflection about the x-axis
(c)  Shearing by a factor of 4 in the x-direction

12. In each part, express the matrix as a product of elementary matrices, and then describe the effect of multiplication by
A in terms of compressions, expansions, reflections, and shears.
(a)  

(b)  

(c)  

(d)  

13. In each part, find a single matrix that performs the indicated succession of operations.
(a)  Compresses by a factor of  in the x-direction, then expands by a factor of 5 in the y-direction.

(b)  Expands by a factor of 5 in the y-direction, then shears by a factor of 2 in the y-direction.
(c)  Reflects about , then rotates through an angle of 180° about the origin.

Answer:



(a)  

(b)  

(c)  

14. In each part, find a single matrix that performs the indicated succession of operations.
(a)  Reflects about the y-axis, then expands by a factor of 5 in the x-direction, and then reflects about .

(b)  Rotates through 30° about the origin, then shears by a factor of  in the y-direction, and then expands by a
factor of 3 in the y-direction.

15. Use matrix inversion to show the following.
(a)  The inverse transformation for a reflection about  is a reflection about .

(b)  The inverse transformation for a compression along an axis is an expansion along that axis.
(c)  The inverse transformation for a reflection about a coordinate axis is a reflection about that axis.
(d)  The inverse transformation for a shear along a coordinate axis is a shear along that axis.

16. Find an equation of the image of the line  under multiplication by

17. In parts (a) through (e), find an equation of the image of the line  under

(a)  a shear of factor 3 in the x-direction.
(b)  a compression of factor  in the y-direction.

(c)  a reflection about .

(d)  a reflection about the y-axis.
(e)  a rotation of 60° about the origin.

Answer:

(a)  

(b)  
(c)  

(d)  

(e)  

18. Find the matrix for a shear in the x-direction that transforms the triangle with vertices , and  into
a right triangle with the right angle at the origin.

19. (a)  Show that multiplication by

maps each point in the plane onto the line .



(b)  It follows from part (a) that the noncollinear points  are mapped onto a line. Does this
violate part (e) of Theorem 4.11.3?

Answer:

(b)  No

20. Prove part (a) of Theorem 4.11.3. [Hint: A line in the plane has an equation of the form , where A
and B are not both zero. Use the method of Example 6 to show that the image of this line under multiplication by the
invertible matrix

has the equation , where

and

Then show that  and  are not both zero to conclude that the image is a line.]

21. Use the hint in Exercise 20 to prove parts (b) and (c) of Theorem 4.11.3.

22. In each part of the accompanying figure, find the standard matrix for the operator described.

Figure Ex-22   

23. In  the shear in the xy-direction with factor k is the matrix transformation that moves each point  parallel
to the xy-plane to the new position . (See the accompanying figure.)

(a)  Find the standard matrix for the shear in the xy-direction with factor k.
(b)  How would you define the shear in the xz-direction with factor k and the shear in the yz-direction with factor k?

Find the standard matrices for these matrix transformations.

Figure Ex-23   



Answer:

(a)  

(b)  Shear in the xz-direction with

factor k maps (x, y, z) to : .

Shear in the yz-direction with factor k maps (x, y, z) to : .

True-False Exercises

In parts (a)–(g) determine whether the statement is true or false, and justify your answer.

(a) The image of the unit square under a one-to-one matrix operator is a square.

Answer:

False

(b) A  invertible matrix operator has the geometric effect of a succession of shears, compressions, expansions, and
reflections.

Answer:

True

(c) The image of a line under a one-to-one matrix operator is a line.

Answer:

True

(d) Every reflection operator on  is its own inverse.

Answer:

True

(e) The matrix  represents reflection about a line.

Answer:

False

(f) The matrix  represents a shear.

Answer:



False

(g) The matrix  represents an expansion.

Answer:

True
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