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(a)

Give a precise definition of when a sequence {a,} of real numbers is a Cauchy
sequence.

Solution. Sequence {a,} is a Cauchy sequence if, for any € > 0, there exists some
N € N so that |a, — a,| < eif n,m > N.

Give a precise definition of when a function f: S — T is one-to-one (also called
injective).

Solution 1. Function f: S — T is one-to-one if for each ¢ € Ran(f) there is only
one s € S so that f(s) =t.

Solution 2. Function f: S — T is one-to-one if for any si,s5 € S, the equality
f(s1) = f(s2) implies s1 = so.
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Prove that the sequence {a,} given by a, = /2 + % converges to a limit.

Solution. Given € > 0, choose N € N so that N > % Then note n > N implies

|a, — V2| = \/2—1—%—\/5‘
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<e by choice of N.

Hence we have shown that {a,} converges to the limit v/2.
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(a) Prove that if ¢ and r are rational numbers, then their product ¢r is rational.
(You may use without comment that the product of two integers is an integer.)

Solution. Let ¢ = ¢ and r = ¢ for integers a, b # 0, ¢, and d # 0. Then

b
—a.,c _ ab; ]
qr = § - 5 =4 is rational.

(b) Prove that if ¢ # 0 is rational and r is irrational, then their product ¢r is irrational.

Solution. Suppose for a contradiction that gr were rational, hence gr = ¢ for
integers a and b # 0. Since ¢ # 0 is rational we can let ¢ = £ for integers ¢ # 0
and d # 0. Then we'd have r = (qr)/q = /< = % rational, a contradiction.

be
Hence gr must be irrational.
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Prove that if {a,} converges to a limit a € R, then {a,} is a Cauchy sequence.
(I am not asking you to say “This is a proposition from our book or from class”; I am
asking you to give a proof of this proposition from the definitions.)

Solution. Let € > 0 be given. Since a,, — a, there exists an integer N so that n > N
implies |a, —a| < §. Therefore if n,m > N, then we have

|an = am| = [(an — a) + (a — a)]
<la, —al + |a — an| by the triangle inequality
€L f
-2 2
=ec.

Hence {a,} is a Cauchy sequence.
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(a)

(3 points). Give a precise definition of when a number b is an upper bound for a
set S of real numbers.

Solution. Number b is an upper bound for set S if x < b for all z € S.

(7 points). Let S be a set of real numbers and let {a, } be a convergent sequence
with a,, — a. Prove that if a, is an upper bound for S for each n, then a is an
upper bound for S.

Solution. Suppose for a contradiction that a is not an upper bound for S. Then
there is some element x € S with x > a. Choose ¢ > 0 with ¢ < z — a. Since
a, — a, there exists some integer N so that |a, —a| < e <x —a for all n > N.
Hence

ay —a<lay—a|<z—a

implies ay < x. This contradicts the fact that ay is an upper bound for S. Hence
it must be the case that a is an upper bound for S.
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For the following true and false questions, you do not need to explain your answer at
all. Just write “True” or “False”.

(a)

True or false: There exists a function f: R — Q from the set of real numbers to
the set of rational numbers which is onto (i.e. surjective).

Solution. True. Consider the function f: R — Q defined by

Jo ifzeQ
f(x)_{o itr ¢ Q.

True or false: If a sequence {a,} is bounded, then {a,} has a limit point.

Solution. True. Sine {a,} is bounded it has a convergent subsequence by the
Bolzano-Weierstrass Theorem (Theorem 2.6.2), and hence it has a limit point by
Proposition 2.6.1 (which says that d is a limit point of {a,} if and only if there
exists a subsequence {a,, } converging to d).

True or false: If {a,} is a sequence of rational numbers and a,, — a, then a is a
rational number.

Solution. False. Consider the sequence of rational numbers given on page 47 of
the book which converges to the irrational number 7.

True or false: If S is a bounded set and sup.S is its least upper bound, then
supS € S.

Solution. False. Consider S = [0,1), which has supS =1but 1 ¢ S.

True or false: If some subsequence {a,, } of a sequence {a,} has d € R as a limit
point, then sequence {a,} also has d as a limit point.

Solution. True. Since {ay,, } has d as a limit point, that means that for any € > 0
and K € N there exists a k > K so that |a,, — d| <e. It is then not hard to see
that for any € > 0 and N € N there exists an n > N so that |a,, —d| < e. (Indeed,
just pick K so that ng > N.) Hence {a,} has d as a limit point.



