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Datasets	have	shapes

G. M. Reaven and R. G. Miller: The Nature of Chemical Diabetes 19 

Fig. 1. Artist's rendition of data as 
seen in three dimensions. View is 
approximately along 45 ~ line as seen 
through Prim 9 program on the com- 
puter; coordinate axes are in the 

 9 background 

Table 1. Classification of the 145 subjects into three groups on the basis of the oral glucose tolerance test 

Metabolic characteristics (mean + SD) 

Group Number Rel.wt. Glucose area Insulin area SSPG 
(mg/100 ml  9 hr) (~tU/ml . hr) (mg/100 ml) 

Normal 76 0.98 + 0.11 350 + 37 173 + 69 114 • 58 
Chemical diabetes 36 1.02 • 0.10 494 _ 55 288 • 158 209 • 60 
Overt diabetes 33 0.98 • 0.12 1044 • 309 106 _+ 93 319 • 88 

the glucose load (chemical diabetes) and (2) a normal  

group. Using the basis of these criteria the patient 

populat ion consisted of 76 normal  subjects, 36 indi- 

viduals with chemical diabetes, and 33 patients with 

diabetes. The mean ( +  SEM) values of the three 

patient  groups for relative weight, glucose and insulin 

responses during the OGq-T, and SSPG are seen in 

Table 1. 

Figure 2 depicts the relationship between the 

plasma glucose and insulin responses in the three 

clinical groups. The patients with chemical diabetes 

seem to be  going off in a different direction (up) as 

compared  to subjects with fasting hyperglycaemia (to 

the right). Figure 3 displays the relationship between 

insulin response and insulin resistance (SSPG). As in 

Figure 2, patients with chemical diabetes and fasting 

hyperglycaemia cluster in different areas. Figure 4 

depicts the relationship between glucose response 

and SSPG. This two-dimensional  representat ion of 

the three-dimensional  relationship is different than 

that seen in Figs. 2 and 3, and is the only view of the 

data consistent with the existence of one diabetic 

patient population. 

It  is obvious that the patient  population has been 

divided into three groups on the basis of diagnostic 

decisions which took into account only one aspect of 

the carbohydrate  metabol ism of these individuals. In 

order  to provide a more  comprehensive description 

of each patient, the plasma insulin response during 

the O G T T  and the estimate of insulin resistance 

(SSPG) were included with the plasma glucose 

response to achieve a new data set which now 

included three metabolic  variables. Fur thermore,  in 

an effort to avoid the rigidity of the arbitrary clinical 

classification that formed the basis of Figs. 2-4 ,  we 

employed the cluster analysis technique described by 

Friedman and Rubin [6]. This enabled us to develop 

a computer  classification of each patient  which took 

into account all three metabolic variables and was 

independent  of a priori clinical judgements.  Initial 

An	Attempt	to	Define	the	Nature	of	Chemical	Diabetes	Using	a	Multidimensional	
Analysis by	G.	M.	Reaven and	R.	G.	Miller,	1979.

Example:	Diabetes	study
145	points	in	5-dimensional	space



Datasets	have	shapes
Example:	Cyclo-Octane	(C8H16)	data
1,000,000+	points	in	72-dimensional	space

Non-Manifold	Surface	Reconstruction	from	High	Dimensional	Point	Cloud	Data	by	
Shawn	Martin	and	Jean-Paul	Watson,	2010.



Datasets	have	shapes
Example:	Cyclo-Octane	(C8H16)	data
1,000,000+	points	in	72-dimensional	space

Figure 7: Conformation Space of Cyclo-Octane. Here we show how the set of conforma-
tions of cyclo-octane can be represented as a surface in a high dimensional space. On the
left, we show various conformations of cyclo-octane as drawn by PyMol (www.pymol.org).
In the center, these conformations are represented by the 3D coordinates of their atoms.
The coordinates are concatenated into vectors and shown as columns of a data matrix.
As an example, the entry c1,1,x of the matrix denotes the x-coordinate of the first carbon
atom in the first molecule. On the right, the Isomap method is used to obtain a lower
dimensional visualization of the data.

conformation space. Freedman’s method failed because the surface had self-
intersections of the type discussed in this paper. Thus we developed our
method for non-manifold surface reconstruction and applied it to the cyclo-
octane dataset.

To reduce complexity and avoid potential error due to hydrogen place-
ment, we used only ring atoms to obtain a dataset {xi}1,031,644

i=1 ⊂ R24. We ap-
plied our algorithm to this dataset using parameters ϵ = 0.23, dt = 0.05, dp =
0.01, and ϵp = 0.02. We used five different values of dl, given by 0.08, 0.09,
0.10, 0.11, and 0.12. We produced five different triangulations with 6,040;
7,114; 8,577; 10,503; and 13,194 vertices.

We used the Plex and Linbox toolboxes to check the accuracy of the
triangulations. For each of the five triangulations, we verified that every
neighborhood Bi (before decomposition) had Betti numbers 1,0,0. This is an
accuracy check because any neighborhood Bi should be homotopic to a point
and should therefore have Betti numbers 1,0,0. We also computed Betti num-
bers for each of the five full triangulations. In all cases we found the Betti
numbers to be 1,1,2. This consistency strongly suggests that the triangula-
tions are all representative of the actual conformation space. A visualization
of the triangulation with 6,044 vertices using the Isomap coordinate represen-
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Non-Manifold	Surface	Reconstruction	from	High	Dimensional	Point	Cloud	Data	by	
Shawn	Martin	and	Jean-Paul	Watson,	2010.
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Table 2
Example run times. Here we show the run times obtained for the different examples investigated in this section. For each example we provide the number
of points n, number of landmarks L, neighborhood size k, time in seconds for pre-processing, and time in seconds for reconstruction.

Example n L k Pre-proc. Recon.

Sphere 10,000 886 36 1.7 368.2
Torus 10,000 667 28 1.1 220.5
Double torus 20,000 813 26 3.7 263.1

Mobius strip 10,000 416 23 0.9 123.7
Klein figure 8 10,000 1940 33 3.8 778.0
RP2 100,000 753 35 11.7 302.0

Two spheres 83,646 1588 13 446.4 344.4
Klein immersion 61,440 4566 14 295.7 1183.3
Henneberg 13,637 1463 39 40.9 723.4

Fig. 7. Conformation space of cyclo-octane. Here we show how the set of conformations of cyclo-octane can be represented as a surface in a high-
dimensional space. On the left, we show various conformations of cyclo-octane as drawn by PyMol (www.pymol.org). In the center, these conformations are
represented by the 3D coordinates of their atoms. The coordinates are concatenated into vectors and shown as columns of a data matrix. As an example,
the entry c1,1,x of the matrix denotes the x-coordinate of the first carbon atom in the first molecule. On the right, the Isomap method is used to obtain a
lower-dimensional visualization of the data.

3.5. Run times

The run times for the nine examples we have investigated are shown in Table 2. These times were obtained on
a 2.26 GHz Intel Xeon dual quadcore workstation with 16 GB of RAM. The algorithm was implemented in Matlab
(www.mathworks.com) using the optimization toolbox to solve the linear program in (6). Table 2 shows that pre-processing
is negligible except for the non-manifold examples. In the case of the non-manifold examples, the pre-processing is generally
faster than the triangulation.

4. Application

Cyclo-octane is a saturated eight-member cyclic compound with chemical formula C8H16. Cyclo-octane has received
attention in computational chemistry because it has multiple conformations of similar energy, a complex potential energy
surface, and significant (steric) influence from the hydrogen atoms on preferred conformations [32–34]. Cyclo-octane is also
interesting because there are enumerative algorithms available which can provide a dense sampling of the conformation
space [35,36]. These algorithms show from first principles that the resulting conformation space has two degrees of freedom,
suggesting that the space is a surface (but not necessarily a manifold).

Using dimension reduction methods, we have previously analyzed the cyclo-octane conformation space [16]. In our
analysis, we used a dataset of 1,031,644 cyclo-octane conformations, enumerated using the triaxial loop closure algorithm
of Coutsias et al. [35]. Each conformation is placed in Cartesian space via the 3D position coordinates of each atom in the
molecule. The conformations are then aligned to a reference conformation such that the Eckart conditions are satisfied [37].
The final positions of a given conformation are concatenated to obtain a vector in R72. The resulting collection is a dataset
{xi}1,031,644i=1 ⊂ R72 which is presumed to describe a surface. In Brown et al. [16] we applied a variety of dimension reduction
methods to the cyclo-octane dataset, one of which was Isomap [38]. A summary of our analysis using the Isomap reduction
is shown in Fig. 7.

Beyond dimension reduction, the next step in our analysis is surface reconstruction. Unfortunately, the Isomap repre-
sentation of the cyclo-octane conformation space is only a visualization, and is not accurate enough for use with a 3D
surface reconstruction methods. Therefore we applied Freedman’s algorithm for surface reconstruction in the original high-
dimensional conformation space. Freedman’s method failed because the surface had self-intersections of the type discussed
in this paper. Thus we developed our method for non-manifold surface reconstruction and applied it to the cyclo-octane
dataset.

Datasets	have	shapes



Topology	studies	shapes

A	donut	and	coffee	mug	are	“homotopy equivalent”,	and	
considered	to	be	the	same	shape.	You	can	bend	and	
stretch	(but	not	tear)	one	to	get	the	other.

~



torus has a Betti sequence (1, 2, 1, 0, I), since it has a
single connected component, two different loops that
cannot be deformed into a point (shown in red in the
bottom panel of Figure 2c), and there is a two-dimensional
surface that cannot be deformed into a point (shown in
orange in Figure 2c). The Klein bottle has the same
sequence as the torus (1, 2, 1, 0, I). This shows that
while two objects that are equivalent must have the same
Betti sequences, two objects that are not equivalent do not
necessarily have different sequences. Finally, a sphere has

a sequence (1, 0, 1, 0, I), as any one-dimensional loop on
its surface can be deformed into a point. The Betti
sequence therefore provides a signature (albeit not unique)
of the underlying topology of the object.
These definitions work for smooth continuous objects.

But suppose now that instead of a continuous rubbery
object we are faced with a finite set of (noisy) points
sampled from it, which may represent actual experimental
data. How can one estimate the Betti numbers of the
original object from these samples? The proposed method

Figure 2. Betti numbers provide a signature of the underlying topology. Illustrated in the figure are five simple objects (topological spaces)
together with their Betti number signatures: (a) a point, (b) a circle, (c) a hollow torus, (d) a Klein bottle, and (e) a hollow sphere. For the
case of the torus (c), the figure shows three loops on its surface. The red loops are “essential” in that they cannot be shrunk to a point, nor
can they be deformed one into the other without tearing the loop. The green loop, on the other hand, can be deformed to a point without
any obstruction. For the torus, therefore, we have b1 = 2. For the case of the sphere, the loops shown (and actually all loops on the
sphere) can be contracted to points, which is reflected by the fact that b1 = 0. Both the sphere and the torus have b2 = 1, this is due to the
fact both surfaces enclose a part of space (a void).

Figure 1. Topological equivalence in rubber-world. The figure illustrates the notion of equivalence by showing several objects (topological
spaces) connected by the symbols È when they are equivalent or by M when they are not. The reader should think that all the objects
shown are made of an elastic material and visualize the equivalence of two spaces by imagining a deformation between to objects.

Journal of Vision (2008) 8(8):11, 1–18 Singh et al. 3

Topology	studies	shapes

Topological	Analysis	of	Population	Activity	in	Visual	Cortex	by	
Singh,	Memoli,	Ishkhanov,	Sapiro,	Carlsson,	and	Ringach,	2008.



Topology	studies	shapes
Torus



Topology	studies	shapes
Klein	bottle



Topology	studies	shapes
Klein	bottle



Topology	studies	shapes
Klein	bottle



What	shape	is	this?

S. Martin, J.-P. Watson / Computational Geometry 44 (2011) 427–441 437

Table 2
Example run times. Here we show the run times obtained for the different examples investigated in this section. For each example we provide the number
of points n, number of landmarks L, neighborhood size k, time in seconds for pre-processing, and time in seconds for reconstruction.

Example n L k Pre-proc. Recon.

Sphere 10,000 886 36 1.7 368.2
Torus 10,000 667 28 1.1 220.5
Double torus 20,000 813 26 3.7 263.1

Mobius strip 10,000 416 23 0.9 123.7
Klein figure 8 10,000 1940 33 3.8 778.0
RP2 100,000 753 35 11.7 302.0

Two spheres 83,646 1588 13 446.4 344.4
Klein immersion 61,440 4566 14 295.7 1183.3
Henneberg 13,637 1463 39 40.9 723.4

Fig. 7. Conformation space of cyclo-octane. Here we show how the set of conformations of cyclo-octane can be represented as a surface in a high-
dimensional space. On the left, we show various conformations of cyclo-octane as drawn by PyMol (www.pymol.org). In the center, these conformations are
represented by the 3D coordinates of their atoms. The coordinates are concatenated into vectors and shown as columns of a data matrix. As an example,
the entry c1,1,x of the matrix denotes the x-coordinate of the first carbon atom in the first molecule. On the right, the Isomap method is used to obtain a
lower-dimensional visualization of the data.

3.5. Run times

The run times for the nine examples we have investigated are shown in Table 2. These times were obtained on
a 2.26 GHz Intel Xeon dual quadcore workstation with 16 GB of RAM. The algorithm was implemented in Matlab
(www.mathworks.com) using the optimization toolbox to solve the linear program in (6). Table 2 shows that pre-processing
is negligible except for the non-manifold examples. In the case of the non-manifold examples, the pre-processing is generally
faster than the triangulation.

4. Application

Cyclo-octane is a saturated eight-member cyclic compound with chemical formula C8H16. Cyclo-octane has received
attention in computational chemistry because it has multiple conformations of similar energy, a complex potential energy
surface, and significant (steric) influence from the hydrogen atoms on preferred conformations [32–34]. Cyclo-octane is also
interesting because there are enumerative algorithms available which can provide a dense sampling of the conformation
space [35,36]. These algorithms show from first principles that the resulting conformation space has two degrees of freedom,
suggesting that the space is a surface (but not necessarily a manifold).

Using dimension reduction methods, we have previously analyzed the cyclo-octane conformation space [16]. In our
analysis, we used a dataset of 1,031,644 cyclo-octane conformations, enumerated using the triaxial loop closure algorithm
of Coutsias et al. [35]. Each conformation is placed in Cartesian space via the 3D position coordinates of each atom in the
molecule. The conformations are then aligned to a reference conformation such that the Eckart conditions are satisfied [37].
The final positions of a given conformation are concatenated to obtain a vector in R72. The resulting collection is a dataset
{xi}1,031,644i=1 ⊂ R72 which is presumed to describe a surface. In Brown et al. [16] we applied a variety of dimension reduction
methods to the cyclo-octane dataset, one of which was Isomap [38]. A summary of our analysis using the Isomap reduction
is shown in Fig. 7.

Beyond dimension reduction, the next step in our analysis is surface reconstruction. Unfortunately, the Isomap repre-
sentation of the cyclo-octane conformation space is only a visualization, and is not accurate enough for use with a 3D
surface reconstruction methods. Therefore we applied Freedman’s algorithm for surface reconstruction in the original high-
dimensional conformation space. Freedman’s method failed because the surface had self-intersections of the type discussed
in this paper. Thus we developed our method for non-manifold surface reconstruction and applied it to the cyclo-octane
dataset.

Datasets	have	shapes
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Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the
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finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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In[69]:= Demo[data1, 0, .41]
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CechRips.nb     3

Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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4     CechRips.nb

Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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CechRips.nb     5

Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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6     CechRips.nb

Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris–Rips simplicial complex VR(X ; r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the
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C̆(X; r) ✓ VR(X; r) ✓ C̆(X; 2r)

Vietoris-Rips	is	a	controlled	approximation:



• Input:	filtered	topological	space.	Output:	barcode.
• Significant	features	persist.
• Cubic	computation	time	in	the	number	of	simplices.

Persistent	homology	
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• Input:	filtered	topological	space.	Output:	barcode.
• Significant	features	persist.
• Cubic	computation	time	in	the	number	of	simplices.

Persistent	homology	
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• Theorem	(Gabriel).
A	diagram	has	a	finite	number	of	indecomposables
it’s	a	union	of	certain	Dynkin diagrams.
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Although there are infinitely many indecomposable
representations, they can still be parametrized by a
discrete parameter nand a continuous parameter λ.

Example 8. In Example 3, one can identify a 
2-dimensional family of pairwise nonisomorphic 
indecomposable representations, namely,

where Va1 , . . . , Va5 are given by the matrices

!
1
0

"
,
!

0
1

"
,
!

1
1

"
,
!

1
λ

"
,
!

1
µ

"
,

respectively, with λ, µ ∈ K .

Furthermore, there exist other families of inde-
composables for this particular star quiver, where
the number of parameters of the family is arbitrarily
large. In this example, describing explicitly the set
of indecomposable representations is essentially an
impossible task.

Theorems of Gabriel and Kac
We have observed different behavior of indecom-
posables for various quivers. If a quiver has only
finitely many indecomposable representations, it
is called a quiver of finite type. If there are infinitely
many indecomposables, but they appear in fami-
lies of dimension at most 1, then the quiver is
called of tame type.2 If the representation theory
of the quiver is at least as complicated as the rep-
resentation theory of the double loop quiver, then
the quiver is called of wild type. These definitions
given here are imprecise but hopefully convey the
right intuition. The precise definitions of tame and
wild type are omitted. It is known that every quiver
is either of finite type, tame, or wild. We will later
see that such a trichotomy is true in a more gen-
eral setting.

Forgetting the orientations of the arrows yields
the underlying undirected graph of a quiver. The
following amazing theorem is due to Gabriel (see [8],
[13]).

Theorem 9 [Gabriel’s Theorem, part 1]. A quiver
is of finite type if and only if the underlying undi-

rected graph is a union of Dynkin graphs of type
A , D, or E, shown below:

The Dynkin graphs play an important role in the
classification of simple Lie algebras, of finite crys-
tallographic root systems and Coxeter groups, and
other objects of “finite type”.

For quivers of tame type, a similar description
exists, namely:

Theorem 10 ([5], [14]). A quiver Q which is not of
finite type is of tame type if and only if the un-
derlying directed graph is a union of Dynkin graphs
and extended Dynkin graphs of type #A , #D, or #E ,
shown below:

Gabriel proved a stronger statement for quivers
of finite type:

Theorem 11 [Gabriel’s Theorem, part 2]. The in-
decomposable representations are in one-to-one
correspondence with the positive roots of the 
corresponding root system. For a Dynkin quiver 
Q , the dimension vectors of indecomposable 
representations do not depend on the orientation
of the arrows in Q .

Amazingly, this result is just the tip of an ice-
berg. Define the Euler form (or Ringel form) of a

2In some papers, the definition of tame type includes finite
type.
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• Stability	Theorem.
If						and						are	metric	spaces,	then
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Example:	Cyclo-Octane	(C8H16)	data
1,031,644	points	in	72-dimensional	space

Non-Manifold	Surface	Reconstruction	from	High	Dimensional	Point	Cloud	Data	by	
Shawn	Martin	and	Jean-Paul	Watson,	2010.

S. Martin, J.-P. Watson / Computational Geometry 44 (2011) 427–441 437

Table 2
Example run times. Here we show the run times obtained for the different examples investigated in this section. For each example we provide the number
of points n, number of landmarks L, neighborhood size k, time in seconds for pre-processing, and time in seconds for reconstruction.

Example n L k Pre-proc. Recon.

Sphere 10,000 886 36 1.7 368.2
Torus 10,000 667 28 1.1 220.5
Double torus 20,000 813 26 3.7 263.1

Mobius strip 10,000 416 23 0.9 123.7
Klein figure 8 10,000 1940 33 3.8 778.0
RP2 100,000 753 35 11.7 302.0

Two spheres 83,646 1588 13 446.4 344.4
Klein immersion 61,440 4566 14 295.7 1183.3
Henneberg 13,637 1463 39 40.9 723.4

Fig. 7. Conformation space of cyclo-octane. Here we show how the set of conformations of cyclo-octane can be represented as a surface in a high-
dimensional space. On the left, we show various conformations of cyclo-octane as drawn by PyMol (www.pymol.org). In the center, these conformations are
represented by the 3D coordinates of their atoms. The coordinates are concatenated into vectors and shown as columns of a data matrix. As an example,
the entry c1,1,x of the matrix denotes the x-coordinate of the first carbon atom in the first molecule. On the right, the Isomap method is used to obtain a
lower-dimensional visualization of the data.

3.5. Run times

The run times for the nine examples we have investigated are shown in Table 2. These times were obtained on
a 2.26 GHz Intel Xeon dual quadcore workstation with 16 GB of RAM. The algorithm was implemented in Matlab
(www.mathworks.com) using the optimization toolbox to solve the linear program in (6). Table 2 shows that pre-processing
is negligible except for the non-manifold examples. In the case of the non-manifold examples, the pre-processing is generally
faster than the triangulation.

4. Application

Cyclo-octane is a saturated eight-member cyclic compound with chemical formula C8H16. Cyclo-octane has received
attention in computational chemistry because it has multiple conformations of similar energy, a complex potential energy
surface, and significant (steric) influence from the hydrogen atoms on preferred conformations [32–34]. Cyclo-octane is also
interesting because there are enumerative algorithms available which can provide a dense sampling of the conformation
space [35,36]. These algorithms show from first principles that the resulting conformation space has two degrees of freedom,
suggesting that the space is a surface (but not necessarily a manifold).

Using dimension reduction methods, we have previously analyzed the cyclo-octane conformation space [16]. In our
analysis, we used a dataset of 1,031,644 cyclo-octane conformations, enumerated using the triaxial loop closure algorithm
of Coutsias et al. [35]. Each conformation is placed in Cartesian space via the 3D position coordinates of each atom in the
molecule. The conformations are then aligned to a reference conformation such that the Eckart conditions are satisfied [37].
The final positions of a given conformation are concatenated to obtain a vector in R72. The resulting collection is a dataset
{xi}1,031,644i=1 ⊂ R72 which is presumed to describe a surface. In Brown et al. [16] we applied a variety of dimension reduction
methods to the cyclo-octane dataset, one of which was Isomap [38]. A summary of our analysis using the Isomap reduction
is shown in Fig. 7.

Beyond dimension reduction, the next step in our analysis is surface reconstruction. Unfortunately, the Isomap repre-
sentation of the cyclo-octane conformation space is only a visualization, and is not accurate enough for use with a 3D
surface reconstruction methods. Therefore we applied Freedman’s algorithm for surface reconstruction in the original high-
dimensional conformation space. Freedman’s method failed because the surface had self-intersections of the type discussed
in this paper. Thus we developed our method for non-manifold surface reconstruction and applied it to the cyclo-octane
dataset.

Persistent	homology	applied	to	data



Example:	Cyclo-Octane	(C8H16)	data
1,031,644	points	in	72-dimensional	space

Non-Manifold	Surface	Reconstruction	from	High	Dimensional	Point	Cloud	Data	by	
Shawn	Martin	and	Jean-Paul	Watson,	2010.

Figure 8: Triangulation of Cyclo-Octane Conformation Space. Here we show the triangu-
lation obtained by our surface reconstruction algorithm on the cyclo-octane conformation
space. The triangulation was carried out in 24 dimensions, but is shown using the reduced
dimensional representation provided by Isomap. Self-intersections are shown in black.
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Example:	Equilateral	pentagons	in	the	plane



Example:	3x3	high-contrast	patches	from	images
Points	in	9-dimensional	space

On	the	Local	Behavior	of	Spaces	of	Natural	Images by	Gunnar	Carlsson,	Tigran
Ishkhanov,	Vin	de	Silva,	and	Afra	Zomorodian,	2008.
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1.	Densest	patches	according	to	a	global	estimate
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1.	Densest	patches	according	to	a	global	estimate
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Interpretation:	nature	prefers	linearity
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2.	Densest	patches	according	to	an	intermediate	estimate
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2.	Densest	patches	according	to	an	intermediate	estimate

Interpretation:	nature	prefers	horizontal	and	vertical	
directions
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3.	Densest	patches	according	to	a	local	estimateInt J Comput Vis (2008) 76: 1–12 7

Fig. 8 PLEX results for X(300,30)

we found that the set of densest points projected onto the
first two coordinates (corresponding to linear gradients) of
the DCT basis is also rotated by the same angle as com-
pared with a similar projection of the set of patches coming
from M. However, a strong bias in favor of vertical and hor-
izontal directions (for purely quadratic gradients) remained,
thereby indicating that the choice of patch shape also affects
the density distribution.

In (Carlsson and de Silva 2004) it was also shown that for
higher values of the parameter k (i.e. less localized density
estimation) with the fixed cut parameter p the space X(k,p)

loses both secondary circles. Figure 8 shows the results for
X(300,30). The only interval in the Betti one barcode cor-
responds to a primary circle of linear intensity gradients.

These results raise the question of what happens when
we decrease k below 15. Can we detect the intermediate di-
rections as well? More precisely, can we detect whether the
space X(k,p) spans a two-manifold for some cut parameter
p with k < 15?

Since reducing the value of k below 15 seems unreason-
able due to noise issues we decided to examine the situation
for a much bigger space of patches (recall that the size of
M is 4 × 106). In this new situation the value of k = 15
for a space of size 5 × 104 would correspond to a value
k = 15 × (4 × 106/5 × 104) = 1200 for our space M. Fig-
ure 9 shows the result for the space X(100,10) ∪ Q ⊆ M,
here Q is the set of size |Q| = 30, which is less than 0.01%
of the size of X(100,10). Note that k = 100 corresponds to
k = 1.25 for the space of size 5 × 104.

The size of Q can be thought of as a measure of the
failure of the density function to cut out the 2-dimensional
manifold. To obtain the set Q, we first compute distances
from points of M to 30 points sampled from Q, where Q

is the set of patches with purely quadratic gradients, which
in polynomial representation (cf. Sect. 7) correspond to ei-
ther (ax + by)2 or −(ax + by)2 with neither a nor b equal

Fig. 9 PLEX results for X(100,10) ∪ Q

to 0. Geometrically Q is a pair of circles with neighborhoods
of two points removed from each. These two points corre-
spond to vertical and horizontal gradient directions. Second,
for each of the sampled points, we select the closest point
of M.

The reason that the points of Q have a much lower den-
sity than the rest of the 2-manifold is twofold. On the one
hand, vertical and horizontal directions of intensity gradient
occur more frequently than other directions in natural im-
ages; on the other hand the patch shape was chosen to be a
square with vertical and horizontal sides.

For homological computations, we randomly select a
subset S of size |S| = 10 000 from X(100,10) and add
points of Q to it. We repeat this many times (each time se-
lecting different S) to make sure the results are stable and
capture the actual topology of the space X(100,10) ∪ Q.

The barcode (Fig. 9) reflects the situation where there
are two essential one-dimensional cycles and one two-
dimensional cycle. The presence of an interval in Betti
two implies that the underlying space is no longer one-
dimensional. Moreover, there is a general result from al-
gebraic topology that any two-manifold has b2 = 1 when
homology is taken with coefficients in Z2. The next section
provides explanations for the result shown in Fig. 9.

Combined together, the results of this section suggest
strong evidence that as the density estimation parameter
decreases, the space of densest points with an appropriate
value of the cut parameter fills out a two-manifold: initially,
for large k it consists only of a primary circle of linear gra-
dients; then it acquires two additional circles corresponding
to quadratic gradients in the ‘preferred’ vertical and hori-
zontal directions; finally it admits all the intermediate di-
rections with the exception of non-vertical/non-horizontal
purely quadratic gradients.
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3.	Densest	patches	according	to	a	local	estimate

Interpretation:	nature	prefers	linear	and	quadratic	
patches	at	all	angles
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