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Morse Theory and Persistent Homology

Abstract: Many of the properties of a chemical system are described
by its energy landscape, a real-valued function defined on a high-
dimensional domain. I will explain how topology, and in particular
persistent homology, can be used in order to describe some of the
pertinent features of an energy landscape. As a motivating example,
the low-energy conformation space of an aluminate molecular anion
interacting with a simple potassium cation can be well-modeled by
the permutohedron (joint work with Aurora Clark and Hung Le). In
a recently funded NSF Harnessing the Data Revolution project, the
DELTA team is learning how to identify and leverage changing
topological features of energy landscapes across a range of
chemical conditions in order to predict reactivity.
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Topological	hierarchy	for	functions	on	triangulated	surfaces	by	Peer	Timo-Brener,
Herbert	Edelsbrunner,	Bernd	Hamann,	and	Valerio	Pasucci

Morse Theory Overview



An Introduction to 
Persistent Homology
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Persistent homology 

Input: Increasing spaces. Output: barcode.
Significant features persist.
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3 Topological Machinery

In this section we describe how to use only a finite sampling from some unknown
underlying space to estimate the underlying space’s topology. The first step is
to build a nested family of simplicial complexes, and the second is to apply per-
sistent homology. This is the same topological approach used to analyze optical
and range image patches in [2, 16]. We refer the interested reader to [4, 24] for
more information on homology, to [14, 20, 21, 36] for introductions to persistent
homology, and to [3, 8, 10, 11, 18, 28, 33–35] for example applications of persistent
homology to sensor networks, machine learning, biology, medical imaging, etc.

3.1 Vietoris–Rips Complexes

Our nested complexes will be Vietoris–Rips simplicial complexes. The main idea
is to define all data points to be vertices of the complex, and to define a sim-
plex � on each finite set of vertices within a given diameter. Indeed, let (X, d)
denote a metric space, and fix a scale parameter r � 0. The Vietoris–Rips sim-
plical complex with vertex set X and scale parameter r, denoted VR(X; r), is
defined as follows. A finite subset � = {x1, . . . , xn} ✓ X is a face of VR(X; r)
whenever diam(�)  r (i.e., whenever sup1ijn{d(xi, xj)}  r). By definition,
VR(X; r) ✓ VR(X; r0) whenever r  r

0, so this family is indeed nested.
Let us consider an example. Let X be 21 points which (unknown to us) are

sampled with noise from a circle. Figure 3 contains four nested Vietoris–rips
complexes built from X, with r increasing from left to right. The black dots
denote X. In (a), r is small enough that a loop has not yet formed. In (b), r is
such that we recover instead a figure-eight. In (c), VR(X; r) recovers a circle. In
(d), r is large enough that the loop has filled to a disk.
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Fig. 3. Four nested Vietoris–Rips complexes, with �0 equal to 1 in all four complexes,
and with �1 equal to 0, 2, 1, and 0.

3.2 Persistent Homology

Betti numbers are one way of distinguishing between di↵erent topological spaces:
a necessary condition for two spaces to be homotopy equivalent is for all of their
Betti numbers to be equal. The k-th Betti number of a topological space, denoted
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Fig. 4. (Top) The 0-dimensional persistence barcode associated to the dataset in Fig-
ure 3. (Bottom) The 1-dimensional persistence barcode associated to the same dataset.

�k, is the rank of the k-th homology group. Roughly speaking, �k is the number
of “k-dimensional holes” in a space, where the number of 0-dimensional holes is
the number of connected components. For an n-dimensional sphere with n � 1,
we have �0 = 1 and �n = 1.

If we want to estimate the topology of the underlying space by the topology
of VR(X; r), the choice of r is important. However, without knowing the under-
lying space, we do not know how to make this choice. Hence, we use persistent
homology [21, 36], which allows us to compute the Betti numbers over a range of
r-values and display the result as a persistent homology barcode. See Figure 4.

Persistent homology depends on the the fact that the map from a topological
space Y to its k-th homology group Hk(Y ) is a functor. This means that for
r  r

0, the inclusion VR(X; r) ,! VR(X; r0)) of topological spaces induces a
map Hk

�
VR(X; r)

�
! Hk

�
VR(X; r0)

�
between homology groups [20].

The horizontal axis in Figure 4 contains the varying r-values. At a given scale
r, the Betti number �k is the number of intervals in the dimension k plot that
intersect the vertical line through scale r. In the dimension 0 plot, we see the
21 disjoint spaces joining into one connected component as r increases. The two
intervals in the dimension 1 plot correspond to the two loops that appear: each
interval begins when a loop forms and ends when that loop fills to a disk.

The topological profile of this example, �0 = 1 and �1 = 1, is obtained for a
long range of r-values in Figure 4. The idea of persistent homology is that long
intervals in the persistence barcodes correspond to real topological features of
the underlying space. We disregard short intervals as noise. Hence, this barcode
reflects the fact that our points X were noisily sampled from a circle.

3.3 Zigzag Persistent Homology

Zigzag persistence [15, 17] provides a generalization of the theory of persistent
homology. In zigzag persistence, the direction of maps along a sequence of topo-
logical spaces is arbitrary, as opposed to the unidirectional sequence of maps
in persistent homology. Given a large dataset Y , one may attempt to estimate
the topology of Y by instead estimating the topology of a number of smaller

H1

H0
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Example: Cyclo-Octane (C8H16) data
6040 points in 24-dimensional space

S. Martin, J.-P. Watson / Computational Geometry 44 (2011) 427–441 437

Table 2
Example run times. Here we show the run times obtained for the different examples investigated in this section. For each example we provide the number
of points n, number of landmarks L, neighborhood size k, time in seconds for pre-processing, and time in seconds for reconstruction.

Example n L k Pre-proc. Recon.

Sphere 10,000 886 36 1.7 368.2
Torus 10,000 667 28 1.1 220.5
Double torus 20,000 813 26 3.7 263.1

Mobius strip 10,000 416 23 0.9 123.7
Klein figure 8 10,000 1940 33 3.8 778.0
RP2 100,000 753 35 11.7 302.0

Two spheres 83,646 1588 13 446.4 344.4
Klein immersion 61,440 4566 14 295.7 1183.3
Henneberg 13,637 1463 39 40.9 723.4

Fig. 7. Conformation space of cyclo-octane. Here we show how the set of conformations of cyclo-octane can be represented as a surface in a high-
dimensional space. On the left, we show various conformations of cyclo-octane as drawn by PyMol (www.pymol.org). In the center, these conformations are
represented by the 3D coordinates of their atoms. The coordinates are concatenated into vectors and shown as columns of a data matrix. As an example,
the entry c1,1,x of the matrix denotes the x-coordinate of the first carbon atom in the first molecule. On the right, the Isomap method is used to obtain a
lower-dimensional visualization of the data.

3.5. Run times

The run times for the nine examples we have investigated are shown in Table 2. These times were obtained on
a 2.26 GHz Intel Xeon dual quadcore workstation with 16 GB of RAM. The algorithm was implemented in Matlab
(www.mathworks.com) using the optimization toolbox to solve the linear program in (6). Table 2 shows that pre-processing
is negligible except for the non-manifold examples. In the case of the non-manifold examples, the pre-processing is generally
faster than the triangulation.

4. Application

Cyclo-octane is a saturated eight-member cyclic compound with chemical formula C8H16. Cyclo-octane has received
attention in computational chemistry because it has multiple conformations of similar energy, a complex potential energy
surface, and significant (steric) influence from the hydrogen atoms on preferred conformations [32–34]. Cyclo-octane is also
interesting because there are enumerative algorithms available which can provide a dense sampling of the conformation
space [35,36]. These algorithms show from first principles that the resulting conformation space has two degrees of freedom,
suggesting that the space is a surface (but not necessarily a manifold).

Using dimension reduction methods, we have previously analyzed the cyclo-octane conformation space [16]. In our
analysis, we used a dataset of 1,031,644 cyclo-octane conformations, enumerated using the triaxial loop closure algorithm
of Coutsias et al. [35]. Each conformation is placed in Cartesian space via the 3D position coordinates of each atom in the
molecule. The conformations are then aligned to a reference conformation such that the Eckart conditions are satisfied [37].
The final positions of a given conformation are concatenated to obtain a vector in R72. The resulting collection is a dataset
{xi}1,031,644i=1 ⊂ R72 which is presumed to describe a surface. In Brown et al. [16] we applied a variety of dimension reduction
methods to the cyclo-octane dataset, one of which was Isomap [38]. A summary of our analysis using the Isomap reduction
is shown in Fig. 7.

Beyond dimension reduction, the next step in our analysis is surface reconstruction. Unfortunately, the Isomap repre-
sentation of the cyclo-octane conformation space is only a visualization, and is not accurate enough for use with a 3D
surface reconstruction methods. Therefore we applied Freedman’s algorithm for surface reconstruction in the original high-
dimensional conformation space. Freedman’s method failed because the surface had self-intersections of the type discussed
in this paper. Thus we developed our method for non-manifold surface reconstruction and applied it to the cyclo-octane
dataset.

Non-Manifold Surface Reconstruction from High Dimensional Point Cloud Data 
by Shawn Martin and Jean-Paul Watson, 2010.

Persistent homology applied to data 



Example: Cyclo-Octane (C8H16) data
6040 points in 24-dimensional space

S. Martin, J.-P. Watson / Computational Geometry 44 (2011) 427–441 437

Table 2
Example run times. Here we show the run times obtained for the different examples investigated in this section. For each example we provide the number
of points n, number of landmarks L, neighborhood size k, time in seconds for pre-processing, and time in seconds for reconstruction.

Example n L k Pre-proc. Recon.

Sphere 10,000 886 36 1.7 368.2
Torus 10,000 667 28 1.1 220.5
Double torus 20,000 813 26 3.7 263.1

Mobius strip 10,000 416 23 0.9 123.7
Klein figure 8 10,000 1940 33 3.8 778.0
RP2 100,000 753 35 11.7 302.0

Two spheres 83,646 1588 13 446.4 344.4
Klein immersion 61,440 4566 14 295.7 1183.3
Henneberg 13,637 1463 39 40.9 723.4

Fig. 7. Conformation space of cyclo-octane. Here we show how the set of conformations of cyclo-octane can be represented as a surface in a high-
dimensional space. On the left, we show various conformations of cyclo-octane as drawn by PyMol (www.pymol.org). In the center, these conformations are
represented by the 3D coordinates of their atoms. The coordinates are concatenated into vectors and shown as columns of a data matrix. As an example,
the entry c1,1,x of the matrix denotes the x-coordinate of the first carbon atom in the first molecule. On the right, the Isomap method is used to obtain a
lower-dimensional visualization of the data.

3.5. Run times

The run times for the nine examples we have investigated are shown in Table 2. These times were obtained on
a 2.26 GHz Intel Xeon dual quadcore workstation with 16 GB of RAM. The algorithm was implemented in Matlab
(www.mathworks.com) using the optimization toolbox to solve the linear program in (6). Table 2 shows that pre-processing
is negligible except for the non-manifold examples. In the case of the non-manifold examples, the pre-processing is generally
faster than the triangulation.

4. Application

Cyclo-octane is a saturated eight-member cyclic compound with chemical formula C8H16. Cyclo-octane has received
attention in computational chemistry because it has multiple conformations of similar energy, a complex potential energy
surface, and significant (steric) influence from the hydrogen atoms on preferred conformations [32–34]. Cyclo-octane is also
interesting because there are enumerative algorithms available which can provide a dense sampling of the conformation
space [35,36]. These algorithms show from first principles that the resulting conformation space has two degrees of freedom,
suggesting that the space is a surface (but not necessarily a manifold).

Using dimension reduction methods, we have previously analyzed the cyclo-octane conformation space [16]. In our
analysis, we used a dataset of 1,031,644 cyclo-octane conformations, enumerated using the triaxial loop closure algorithm
of Coutsias et al. [35]. Each conformation is placed in Cartesian space via the 3D position coordinates of each atom in the
molecule. The conformations are then aligned to a reference conformation such that the Eckart conditions are satisfied [37].
The final positions of a given conformation are concatenated to obtain a vector in R72. The resulting collection is a dataset
{xi}1,031,644i=1 ⊂ R72 which is presumed to describe a surface. In Brown et al. [16] we applied a variety of dimension reduction
methods to the cyclo-octane dataset, one of which was Isomap [38]. A summary of our analysis using the Isomap reduction
is shown in Fig. 7.

Beyond dimension reduction, the next step in our analysis is surface reconstruction. Unfortunately, the Isomap repre-
sentation of the cyclo-octane conformation space is only a visualization, and is not accurate enough for use with a 3D
surface reconstruction methods. Therefore we applied Freedman’s algorithm for surface reconstruction in the original high-
dimensional conformation space. Freedman’s method failed because the surface had self-intersections of the type discussed
in this paper. Thus we developed our method for non-manifold surface reconstruction and applied it to the cyclo-octane
dataset.

Non-Manifold Surface Reconstruction from High Dimensional Point Cloud Data 
by Shawn Martin and Jean-Paul Watson, 2010.

Persistent homology applied to data 



Figure 8: Triangulation of Cyclo-Octane Conformation Space. Here we show the triangu-
lation obtained by our surface reconstruction algorithm on the cyclo-octane conformation
space. The triangulation was carried out in 24 dimensions, but is shown using the reduced
dimensional representation provided by Isomap. Self-intersections are shown in black.
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Non-Manifold Surface Reconstruction from High Dimensional Point Cloud Data 
by Shawn Martin and Jean-Paul Watson, 2010.
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Sublevelset persistent homology of the n-alkanes

•We have a formula for the 
birth and death time of each 
bar in every homological 
dimension

• The proof uses a Künneth
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homology by Jose Perea and 
Hitesh Gakhar

We have a complete characterization of the persistence barcodes of all n-alkanes
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4. Application

Cyclo-octane is a saturated eight-member cyclic compound with chemical formula C8H16. Cyclo-octane has received
attention in computational chemistry because it has multiple conformations of similar energy, a complex potential energy
surface, and significant (steric) influence from the hydrogen atoms on preferred conformations [32–34]. Cyclo-octane is also
interesting because there are enumerative algorithms available which can provide a dense sampling of the conformation
space [35,36]. These algorithms show from first principles that the resulting conformation space has two degrees of freedom,
suggesting that the space is a surface (but not necessarily a manifold).

Using dimension reduction methods, we have previously analyzed the cyclo-octane conformation space [16]. In our
analysis, we used a dataset of 1,031,644 cyclo-octane conformations, enumerated using the triaxial loop closure algorithm
of Coutsias et al. [35]. Each conformation is placed in Cartesian space via the 3D position coordinates of each atom in the
molecule. The conformations are then aligned to a reference conformation such that the Eckart conditions are satisfied [37].
The final positions of a given conformation are concatenated to obtain a vector in R72. The resulting collection is a dataset
{xi}1,031,644i=1 ⊂ R72 which is presumed to describe a surface. In Brown et al. [16] we applied a variety of dimension reduction
methods to the cyclo-octane dataset, one of which was Isomap [38]. A summary of our analysis using the Isomap reduction
is shown in Fig. 7.

Beyond dimension reduction, the next step in our analysis is surface reconstruction. Unfortunately, the Isomap repre-
sentation of the cyclo-octane conformation space is only a visualization, and is not accurate enough for use with a 3D
surface reconstruction methods. Therefore we applied Freedman’s algorithm for surface reconstruction in the original high-
dimensional conformation space. Freedman’s method failed because the surface had self-intersections of the type discussed
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dataset.

Non-Manifold Surface Reconstruction from High Dimensional Point Cloud Data 
by Shawn Martin and Jean-Paul Watson, 2010.

The cyclo-alkanes
• We have a plan in place for computing the sublevelset persistent 
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Table 2
Example run times. Here we show the run times obtained for the different examples investigated in this section. For each example we provide the number
of points n, number of landmarks L, neighborhood size k, time in seconds for pre-processing, and time in seconds for reconstruction.

Example n L k Pre-proc. Recon.

Sphere 10,000 886 36 1.7 368.2
Torus 10,000 667 28 1.1 220.5
Double torus 20,000 813 26 3.7 263.1

Mobius strip 10,000 416 23 0.9 123.7
Klein figure 8 10,000 1940 33 3.8 778.0
RP2 100,000 753 35 11.7 302.0

Two spheres 83,646 1588 13 446.4 344.4
Klein immersion 61,440 4566 14 295.7 1183.3
Henneberg 13,637 1463 39 40.9 723.4

Fig. 7. Conformation space of cyclo-octane. Here we show how the set of conformations of cyclo-octane can be represented as a surface in a high-
dimensional space. On the left, we show various conformations of cyclo-octane as drawn by PyMol (www.pymol.org). In the center, these conformations are
represented by the 3D coordinates of their atoms. The coordinates are concatenated into vectors and shown as columns of a data matrix. As an example,
the entry c1,1,x of the matrix denotes the x-coordinate of the first carbon atom in the first molecule. On the right, the Isomap method is used to obtain a
lower-dimensional visualization of the data.

3.5. Run times

The run times for the nine examples we have investigated are shown in Table 2. These times were obtained on
a 2.26 GHz Intel Xeon dual quadcore workstation with 16 GB of RAM. The algorithm was implemented in Matlab
(www.mathworks.com) using the optimization toolbox to solve the linear program in (6). Table 2 shows that pre-processing
is negligible except for the non-manifold examples. In the case of the non-manifold examples, the pre-processing is generally
faster than the triangulation.

4. Application

Cyclo-octane is a saturated eight-member cyclic compound with chemical formula C8H16. Cyclo-octane has received
attention in computational chemistry because it has multiple conformations of similar energy, a complex potential energy
surface, and significant (steric) influence from the hydrogen atoms on preferred conformations [32–34]. Cyclo-octane is also
interesting because there are enumerative algorithms available which can provide a dense sampling of the conformation
space [35,36]. These algorithms show from first principles that the resulting conformation space has two degrees of freedom,
suggesting that the space is a surface (but not necessarily a manifold).

Using dimension reduction methods, we have previously analyzed the cyclo-octane conformation space [16]. In our
analysis, we used a dataset of 1,031,644 cyclo-octane conformations, enumerated using the triaxial loop closure algorithm
of Coutsias et al. [35]. Each conformation is placed in Cartesian space via the 3D position coordinates of each atom in the
molecule. The conformations are then aligned to a reference conformation such that the Eckart conditions are satisfied [37].
The final positions of a given conformation are concatenated to obtain a vector in R72. The resulting collection is a dataset
{xi}1,031,644i=1 ⊂ R72 which is presumed to describe a surface. In Brown et al. [16] we applied a variety of dimension reduction
methods to the cyclo-octane dataset, one of which was Isomap [38]. A summary of our analysis using the Isomap reduction
is shown in Fig. 7.

Beyond dimension reduction, the next step in our analysis is surface reconstruction. Unfortunately, the Isomap repre-
sentation of the cyclo-octane conformation space is only a visualization, and is not accurate enough for use with a 3D
surface reconstruction methods. Therefore we applied Freedman’s algorithm for surface reconstruction in the original high-
dimensional conformation space. Freedman’s method failed because the surface had self-intersections of the type discussed
in this paper. Thus we developed our method for non-manifold surface reconstruction and applied it to the cyclo-octane
dataset.
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Machine learning tasks
• Big goal: Predict how the energy landscape of a chemical system 

evolves as a result to changes in salinity, temperature, pressure, etc.
• Related subgoal: Predict how the sublevelset persistent homology 

evolves as a result to changes in salinity, temperature pressure, etc.
• Halide task

• Big goal: Given a partial sampling of a restricted energy landscape, 
predict the energy value at a new sample point.
• Related subgoal: Given a partial sampling of a restricted energy 

landscape, predict the sublevelset persistent homology.


