Research Statement: Bridging applied and quantitative topology
Henry Adams, Colorado State University
Large sets of high-dimensional data are common in most branches of science, and their shapes
reflect important patterns within. The goal of topological data analysis is to measure and describe
the shape of data, and one frequently used tool is persistent homology [52].
How can we recover the shape of a data set X sampled from a metric space M ? Given a choice
of scale r, the Vietoris–Rips complex connects nearby data points.
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Definition. Given metric space X and scale parameter r ≥ 0, the Vietoris–Rips simplicial complex
VR(X; r) contains a finite simplex σ ⊆ X if its diameter is at most r.
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Figure 1. A dataset and its Vietoris–Rips complexes at different choices of scale.
Since we do not know a priori how to choose the scale r, the idea of persistent homology is
to compute the homology of the Vietoris–Rips complex of data set X over a large range of scale
parameters r and to trust those topological features which persist. The motivation for using
Vietoris–Rips complexes is a remarkable theorem due to Latschev [98]: for M a manifold, scale r
sufficiently small depending on the curvature of M , and data set X close to M , we have a homotopy
equivalence VR(X; r) ' M . But as the main idea of persistence is to allow r to vary, the assumption
that scale r is kept sufficiently small fails in practice.
Indeed, the situation that data scientists are confronted with is that they are given a data set
X noisily sampled from an unknown shape M . Without knowing M , they do not how to pick
the scale parameter r small enough for the reconstruction guarantees in [98] to hold. As a result,
they instead let the scale parameter r in the Vietoris–Rips complexes VR(X; r) vary from zero to
relatively large scales (and there is efficient software designed to do this [36]), even though we do
not understand how these simplicial complexes behave at large scales.
Motivating Question. How do the homotopy types of Vietoris–Rips complexes of manifolds
change as the scale parameter r increases?
The above question is fundamental for applications of persistent homology to data analysis, since
as a finite subset X ⊂ M gets denser and denser, the persistent homology of the Vietoris–Rips
complexes of X converges to the persistent homology of the Vietoris–Rips complexes of manifold
M [66, 65]. Nevertheless, the only connected non-contractible manifold such that the homotopy
types of its Vietoris–Rips complexes are known at all scale parameters r is the circle [1].
As Vietoris–Rips complexes transform a metric space into a simplicial complex, they were invented by Vietoris in a cohomology theory for metric spaces [100, 134]. Independently, they
were introduced by Rips in geometric group theory as a natural way to thicken a space. Indeed, Rips used these complexes to show that torsion-free hyperbolic groups have finite Eilenberg–
MacLane spaces [45]. More recently, Vietoris–Rips complexes and persistent homology have become commonly used tools in applied and computational topology, motivated by applications to
data analysis [55, 81, 131], machine learning [22, 106], computer vision [11, 14, 20, 55], biology [131, 142], chemistry [107, 112, 141], materials science [88, 97, 113, 114], medicine [38, 106, 115],
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neuroscience [68, 99], natural language processing [147], engineering [35, 119, 146], sensor networks [9, 21, 67, 74, 75, 96], statistics [47, 58], and fractal dimensions [10, 89, 126, 127], for example. Since the appearance of persistent homology in the early 2000’s [76, 77, 78], its mathematical
theory has been heavily developed. Notable contributions include the proof of stability [66, 69], the
study of multidimensional persistence [57, 56], the development of zigzag persistence [53, 54], the
statistics behind persistent homology [42, 79, 90, 116, 144], and improved computational complexity
bounds [110].
Persistent homology can be (roughly) split into two camps. The first step is geometric: build
an increasing sequence of geometric complexes, for example using Vietoris–Rips complexes. The
second step is algebraic: construct an algebraic summary of the persistence information, which can
be interpreted and used by human scientists. Most of the recent advancements to the theory of
persistent homology (within the last 5–10 years) have been on the algebraic side. These include, for
example, further development of multidimensional persistence [33, 60, 59, 62, 86, 101, 103, 128, 142],
the extension to real-valued persistence modules [102] and integer-valued coefficients [118], the
algebraic stability of (zigzag) persistence [37, 43], the categorification of persistent homology [50],
and homological algebra for persistence [48].
By comparison, there have been fewer advancements to the underlying geometric theory. At this
stage, many of the limitations in computing and interpreting persistent homology are due to bottlenecks on the geometric side—for example, what geometric features are measured at larger scales?
How does one separate these larger-scale features from noise? Large scale features, which we do not
understand mathematically, are frequently being used in machine learning tasks after vectorizing
persistent homology. Two of the most popular methods for vectorizing persistent homology for use
in machine learning applications are persistence landscapes [47] and persistence images [22], the
latter of which was developed by my collaborators and me in the Pattern Analysis Lab at CSU.
§1. My past work creates opportunities in the mathematical landscape
My recent work has laid a rich foundation for rapid advancements to the geometric theory of
persistent homology. In [1, 4], we prove that as the scale increases, the Vietoris–Rips complexes of
the circle are homotopy equivalent to the circle, the 3-sphere, the 5-sphere, the 7-sphere, . . . , until
finally they are contractible. This is the first connected non-contractible Riemannian manifold
2
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Figure 2. (Top) Homotopy types of VR(S 1 ; r) as the scale r increases [1]. (Bottom left) Genus
one Heegaard decomposition of the 3-sphere that arises. (Bottom right) The critical simplices.
whose Vietoris–Rips homotopy types are known at all scales, providing a foothold towards deeper
understanding. In [3] we find the first new homotopy types appearing in Vietoris–Rips thickenings
of n-spheres, and in [16] we use these results on n-spheres to provide novel generalizations of the
Borsuk–Ulam theorem for maps into higher-dimensional codomains. Within only 2–4 years, my
work in [1, 3, 16] has been expanded upon as follows:
• Quantitative topology. The filling radius of a manifold M was used by Gromov to prove the
systolic inequality, which provides a lower bound for the volume of M in terms of the length of the
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shortest non-contractible loop [83, 85]. In subsequent work, Katz determined the filling radius of
spheres and projective spaces [92, 93, 94, 95]. Recent work by Lim, Mémoli, and Okutan [104, 117]
shows that Vietoris–Rips complexes are strongly connected to quantitative topology: if M is a
manifold, then the top-dimensional bar in the persistent homology for the Vietoris–Rips complex
has a death time determined by the filling radius. This connection also shows that the homotopy
types obtained by the Vietoris–Rips complexes of the circle (the circle, 3-sphere, 5-sphere, 7sphere, . . . ) are also the homotopy types of neighborhoods of the “Kuratowski embedding” of the
circle, which were previously known only up to the 3-sphere [95].
• Geometric Topology. Using knowledge of the Vietoris–Rips complex of the circle, [80, 135, 136,
139] characterize the properties of geodesic loops in arbitrary manifolds that are measured by a
manifold’s persistent homology, thus improving persistent homology’s interpretability. Coskunuzer
and I partially extend this analysis to higher-dimensional features [25]. In [137], Virk uses our
work [1] in order to disprove Hausmann’s conjecture [87] that the homotopy connectivity of the
Vietoris–Rips complexes of any Riemannian manifold is a nondecreasing function of the scale
parameter.
• Geometric Group Theory. My talk on Vietoris–Rips metric thickenings [3] at SUNY Albany helped inspire Zaremsky’s recent application [145] of Bestvina–Brady Morse theory [40] to
Vietoris–Rips complexes. While Zaremsky’s Morse theory is well-suited for small scale parameters r, there is room to expand this into a Morse theory also for larger scale parameters. See
also [29, 132] for other recent connections to geometric group theory.
• Combinatorial and equivariant topology. An understanding of the homotopy connectivity of
Vietoris–Rips complexes has allowed us to produce versions of the Borsuk–Ulam theorem for maps
from spheres into higher-dimensional codomains [16, 17], which have inspired further improvements
by Crabb, proven using fiber bundles and characteristic classes [73].
• Metric geometry. In [15], fifteen collaborators and I show how to lower bound the Gromov–
Hausdorff distances between unit spheres of arbitrary dimensions by using Borsuk–Ulam theorems
and Vietoris–Rips complexes, improving upon some of the lower bounds in [105].
Further recent work on the geometric theory by other mathematicians includes [2, 5, 7, 34, 49,
61, 72, 82, 109, 122, 123, 138]. I use my past work to advertise geometric questions arising in
applied topology which topologists of many different flavors are prepared to address.
§2. My future research trains rising mathematicians
My future work will advance the state-of-the-art in applied topology by bringing the geometric
theory of persistent homology closer to a balanced level of development, when compared to the
algebraic theory. These research questions will be carried out collaboratively with my PhD students.
Vietoris–Rips complexes of spheres. What are the homotopy types of Vietoris–Rips complexes
of n-spheres S n ? Further bounds on the homotopy types will give improved Borsuk–Ulam theorems.
What are the generalizations of Morse theory needed to prove these homotopy types?
Sn * SO(n+1)
An+2
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Figure 3. (Left) The homotopy types of the Vietoris–Rips metric thickening VRm (S n ; r) as
r increases [3]. (Middle) Two critical regular (n + 1)-simplices of diameter rn . (Right) A
critical pentagonal pyramid, vertex set a subset of the inscribed icosahedron, whose diameter
we conjecture is the next critical scale for VRm (S 2 ; r).
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Metric thickenings and quantitative topology. In general the
1/3 1/3
1/6
Vietoris–Rips complex VR(X; r) may not be metrizable, even though
1/3
1/3
1/6
1/3
the input X is a metric space. In [3] we remedy this problem by introducing Vietoris–Rips metric thickenings VRm (X; r), which are metric
spaces equipped with an optimal transport metric. Illustrated to the right is the optimal transport
distance between (blue) the barycenter of a 2-simplex and (red) a point in the interior of a 3-simplex
in VRm (X; r). The metric thickenings are more natural objects for many contexts; we will develop
this theory along with its recently-discovered connections to quantitative topology [104].
Gromov–Hausdorff distances

[31], 2021

[66], 2014

[3], 2018 and [31], 2021

Vietoris–Rips metric thickening

Vietoris–Rips complex

[16, 17], 2020–2021
[3], 2018

Generalizations of Borsuk–Ulam

[84], 2003

Optimal transport

[104], 2020

Filling radius
[44], 2010

Flat norm

[83], 1983

The above diagram summarizes important connections between Vietoris–Rips complexes and
thickenings (2nd row) and quantitative topology (all other nodes); this diagram unfortunately
omits [39, 41, 46, 63, 64, 71, 120, 125, 140]. The connections between the quantitative topology
nodes were all formed over a decade ago [44, 83, 84]. By contrast, many connections to Vietoris–
Rips complexes and thickenings have been discovered since 2018 [3, 16, 17, 31, 104]. My research
unifies these new connections between quantitative and applied topology.
We emphasize in particular the recent work by Lim, Mémoli, and Okutan [104] connecting
Vietoris–Rips complexes to the filling radius, as used by Gromov to prove the systolic inequality
and the “waist of the sphere” theorem. The “waist of the sphere” theorem generalizes the Borsuk–
Ulam theorem for maps from the n-sphere into lower-dimensional codomains.
Borsuk–Ulam theorems into higher-dimensional codomains. The Borsuk–Ulam states that
any continuous map f : S n → Rn assigns two antipodal points in S n to the same point in Rn .
In [16] we give generalizations of Borsuk–Ulam for maps S n → Rk for any k ≥ n, providing
diameter bounds so that the convex hull of the image of some finite subset X ⊆ S n of bounded
diameter collides with that of the antipodal set −X. These proofs rely on the homotopy connectivity
of Vietoris–Rips thickenings of spheres. For n = 1 or for k ≤ n + 2 our diameter bounds are
optimal. What are optimal diameter bounds for any k ≥ n? The Borsuk–Ulam theorem has many
important corollaries, including the ham-sandwich theorem, the necklace splitting thoerem, and the
Lyusternik–Shnirelman–Borsuk covering theorem [108]. What generalizations of these corollaries
follow from our Borsuk–Ulam theorems for S n → Rk with k ≥ n?
Gromov–Hausdorff distances. In recent work [15], we use Vietoris–Rips complexes and generalized Borsuk–Ulam theorems to provide new lower bounds on Gromov–Hausdorff distances between
spheres. The idea is as follows. The Borsuk–Ulam states there is no odd continuous map S k → Rn
for k > n. Given such an odd map, we use Vietoris–Rips complexes and tools from [17] to quantify how discontinuous such a map must be. We then deduce how these values lower bound the
Gromov–Hausdorff distance between S k and S n , generalizing [105] which only handled the case
k = n + 1. Our machinery, involving equivariant topology and Vietoris–Rips complexes, can be
used to bound the Gromov–Hausdorff distances between many other families of metric spaces.
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Interdisciplinary data science applications. Persistent homology provides a powerful outof-the-box summary of the global topology and local geometry of data. My most-cited paper is
on persistence images [22], one of the most popular ways for converting the output of persistent
homology into a vectorized format that is a suitable input format for machine learning tasks.
This work provides me the opportunity to work with scientific collaborators in materials science,
chemistry, biology, physics, engineering, and knowledge-guided machine learning. I have worked
on applications of topology to datasets of chemical molecules [112], to sensor networks [21], to
computer vision [14, 20], to atmospheric science satellite imagery [133] and to fractal dimension
estimation [10]. I am also a coauthor of the tutorial for Javaplex [130], a software package for
persistent homology, used by data scientists from many disciplines.
Work with graduate students. The main impact of my scholarship is the students I help
train to become independent researchers. I have advised four students to the completion of their
PhD degrees [51, 91, 111, 129], and they have gone on to postdoctoral positions at Michigan State
University, University of Florida, University of Tennessee, and University of California, Los Angeles.
I am currently advising five PhD students at Colorado State University, three of whom may graduate
this academic year. I have a track record of doing collaborative research projects with my graduate
students, including the papers [10, 12, 13, 14, 15, 16, 18, 19, 26, 29, 30, 32]. My graduate students
take leadership roles in inspiring new directions for my group’s work, including category theory [18]
which is relatively far from my standard interests. I am actively engaged in preparing my graduate
students for successful careers in academia and industry, and together we work not only on research
but also on the other important aspects of being a professional mathematician: presenting one’s
ideas in talks and writing, networking, applying for jobs, and the importance of service. I am
extremely proud that two of my PhD students received my department’s “Outstanding Graduate
Teaching Assistant” Award in 2019 and 2020.
Work with undergraduate students. Applied topology is an attractive field for undergraduate
research projects: applied topology projects show students how math is used in other branches
of science, while also helping students better understand abstract concepts such as functoriality
(which appears naturally when applying persistent homology to data). I have a successful record
of mentoring undergraduates towards published results in professional math journals. Examples
since 2017 include [6, 8, 23, 24, 27, 28, 70, 121, 124, 143] with eleven undergraduates from Colorado
State, Brown, Macalester, Stanford, and the University of Houston. I met many of the Colorado
State student researchers while coaching the Putnam Math Competition team.
§3. Conclusion
Demands for ways to process, analyze, and understand complex datasets have grown over the
past decade, motivating the need for techniques that summarize the “shape” of data, which is often
reflective of important patterns within. The main algorithm in applied topology, persistent homology, uses Vietoris–Rips complexes to provide insight into the shape of nonlinear, high-dimensional,
time-varying, and noisy datasets at multiple resolutions or scales. A proper treatment of the mathematical foundations behind this novel data analysis technique is necessary in order to develop
algorithms which are interpretable, so that scientists can trust the conclusions they draw from the
shape of data. For these reasons, I propose to advance the theory of Vietoris–Rips complexes and
thickenings, and to further embed their study into the field of quantitative topology. Indeed, quantitative topology offers tools and perspectives that are currently under-utilized in applied topology. I
also develop applications of Vietoris–Rips complexes and applied topology to pure mathematics, including Borsuk–Ulam theorems into higher-dimensional codomains, and connections to the nearby
areas of Riemannian and metric geometry, geometric group theory, and combinatorial topology.
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[122] Antonio Rieser. Čech closure spaces: A unified framework for discrete and continuous homotopy. Topology and
its Applications, 296:107613, 2021.
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