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ABSTRACT. Let X/K be a variety over a field, and A/K an abelian variety. A regular homomorphism
to A (in codimension i) induces, for every smooth geometrically connected pointed K-scheme (T, t0)

and every cycle class Z ∈ CHi(T × X), a morphism T → A of varieties over K. In this note we
show that, if T admits no K-point, the data (T, Z) determines a torsor A(T,Z) over K under A and a
K-morphism T → A(T,Z). This can be used to provide an obstruction to the existence of algebraic
cycles defined over K. We then connect this obstruction to some recent results of Hassett–Tschinkel
and Benoist–Wittenberg on rationality of threefolds.

1. INTRODUCTION

Let K be a field with separable closure K. We will use the convention that a variety over K is a ge-
ometrically reduced separated scheme of finite type over K. For a smooth proper variety X over K,
abelian varieties can be used to understand Ai(XK), the group of rational equivalence classes of
algebraically trivial cycles on XK of codimension i, via the notion of a regular homomorphism.

Recall that if A/K is an abelian variety, then a regular homomorphism over K, or Galois-
equivariant regular homomorphism, is a group homomorphism ϕ : Ai(XK) → A(K) with the
following property: For any smooth connected K-pointed variety (T, t0) over K, and any cycle
class Z ∈ CHi(T × X), the map of sets

T(K) // Ai(XK)
ϕ

// A(K)

t � // [Zt]− [Zt0 ]
� // ϕ([Zt]− [Zt0 ])

is induced by a morphism ψZ = ψ(T,t0,Z) : T → A of schemes over K. (This concrete formulation
of the functorial definition in [ACMV23] is both closer to the classical definition and better-suited
to our purposes here.) An algebraic representative for X (in codimension i) is an abelian variety
Abi

X/K, and a regular homomorphism Ai(XK) → Abi
X/K(K), which is initial for all such maps.

At this point, the reader should keep in mind two slightly different kinds of examples of reg-
ular homomorphisms On one hand, Ab1

X/K and Abdim X
X/K always exist; these are, respectively,

(Pic0
X/K)red and AlbX/K. Moreover, Ab2

X/K exists, as well; this is due to Murre [Mur85] if K is alge-
braically closed and to [ACMV23, Thm. 6.1] in general. On the other hand, suppose K is a subfield
of C. By [ACMV20, Thm. A] (see also [ACMV23, Thm. 9.1]), the algebraic intermediate Jacobian
J2i−1
a (XC), which is by definition the image of the Abel–Jacobi map restricted to algebraically triv-

ial cycle classes, admits a distinguished model J2i−1
a,X/K over K, and the Griffiths Abel–Jacobi map

descends to a regular homomorphism Ai(XK) → J2i−1
a,X/K(K).

Research of the first and second authors is supported in part by grants from the Simons Foundation (637075 and
581058, respectively). Research of the third author is supported by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) – Project-ID 491392403 – TRR 358.

1



Recently, torsors under such abelian varieties have been used to detect irrationality of geomet-
rically rational varieties. For example, suppose X is a smooth projective variety over a subfield
K of C, and let J = J2i−1

a,X/K. Given a geometrically irreducible component T of the Chow scheme
of codimension-i cycles on X, Hassett and Tschinkel construct [HT21, Thm. 4.5] a torsor JT un-
der J; and they further show that this construction is compatible with addition in Chow, i.e., that
in the Weil–Châtelet group of J one has [JT1 ] + [JT2 ] = [JT1×T2 ]. If now X is a smooth projec-
tive geometrically rational threefold over an arbitrary field K, Benoist and Wittenberg construct
a codimension-2 Chow scheme CH2

X/K that represents a functor which is a certain subquotient
of K-theory. Its connected component of identity (CH2

X/K)
◦ is an abelian variety – isomorphic to

Ab2
X/K, if K is perfect – and so its other geometrically irreducible components are torsors under

that abelian variety. Benoist and Wittenberg [BW23] and Hassett and Tschinkel [HT21] use these
torsors to construct an obstruction to the rationality of the smooth complete intersection of two
quadrics in P5. Subsequently, Frei et. al. studied extensions of, and limitations to, this so-called
intermediate Jacobian torsor obstruction, especially for certain conic bundles over P2 [FJS+24,
Thms. 1.4 and 1.5].

With this backdrop, we can finally explain the goal of the present note. It turns out that the var-
ious torsors constructed in [HT21] and [BW23] require neither (complex) intermediate Jacobians
nor a functorial Chow scheme. Instead, they arise from an arbitrary regular homomorphism.

Theorem A. Let X/K be a smooth proper variety, let A/K be an abelian variety, and let ϕ : Ai(XK) →
A(K) be a regular homomorphism over K.

(a) Let T/K be a smooth geometrically connected scheme, and let Z ∈ CHi(T × X). Then there exists
a torsor A(Z) under A such that any choice of K-point t0 ∈ T(K) induces a (K-rational) morphism
T → A(Z) which, after base change to K, agrees with ψ(ZK ,t0,TK)

.
(b) Let T1 and T2 be smooth geometrically connected schemes over K, and let Zj ∈ CHi(Tj × X). Then

there is an isomorphism of torsors

[A(Z1)] + [A(Z2)] = [A(Z1⊞Z2)],

where addition takes place in the Weil–Châtelet group WC(A/K) ∼= H1(K, A), and Z1 ⊞ Z2 =

p∗13Z1 + p∗23Z2 ∈ CHi(T1 × T2 × X).

There is a variant of this which works when the parametrizing scheme T is geometrically re-
ducible; we work out the details of this in Theorem 2.4.

In work in progress, the authors use the ideas of §2 to construct a big algebraic representative
for X. This is a group scheme whose connected component of identity is the (usual) algebraic
representative, and which supports an action by Aut(X). In §3.1, we explain how the torsors
of §2.1 give a conceptual framework for understanding (failures of) rationality and existence of
algebraic cycles for smooth projective varieties over a field; in §3.2, we revisit the rationality of
smooth complete intersections of quadrics in P5.

Acknowledgments. The first-named author thanks the American Institute of Mathematics for
the opportunity to participate in the March 2024 workshop Degree d points on algebraic surfaces, and
Nathan Chen for conversations which sparked this note.

2. TORSORS UNDERS ALGEBRAIC REPRESENTATIVES

2.1. Torsors. Let X/K be a smooth proper variety; we investigate codimension i cycles on XK.
Let A/K be an abelian variety, and as in the introduction let ϕ : Ai(XK) → A(K) be a regular
homomorphism over K.
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If T1 and T2 are both smooth varieties over K, and if Zj ∈ CHi(Tj × X) for j = 1, 2, we define

Z1 ⊞ Z2 = p∗13Z1 + p∗23Z2 ∈ CHi(T1 × T2 × X).

If Z ∈ CHi(T × X) then, following [ACMV20, §7.1], we set

Z̃ = Z ⊞ (−Z) ∈ Ai(T × T × X) ⊆ CHi(T × T × X).

Whereas cycle classes parametrized by K-pointed schemes give rise to morphisms to A, in gen-
eral, we obtain a map to a certain torsor under A, as follows.

Before proceeding, recall that if B/K is an abelian variety, then WC(B/K), the Weil-Châtelet
group of B over K, is an abelian group whose elements are isomorphism classes of torsors under
B over K. (If the base field K is clear from context, we will sometimes just write WC(B).) It is
isomorphic to the Galois cohomology group H1(K, B) := H1(Gal(K), B(K)). If β : Gal(K) → B(K)
represents a cohomology class, we may describe the corresponding torsor B[β] by adopting the
viewpoint that B[β] ”is” B equipped with a twisted action of Gal(K) on B(K), as in [Ser02, §5.2].
For b ∈ B(K) and σ ∈ Gal(K), denote the image of b under σ by bσ; and let bσ̃ denote its image
under the action of Gal(K) twisted by β. Then we have

bσ̃ = βσ +B(K) bσ. (2.1)

Theorem 2.1. Let X/K be a smooth proper variety, and let ϕ : Ai(XK) → A(K) be a regular homo-
morphism over K. Let T/K be a smooth geometrically connected variety, and let Z ∈ CHi(T × X). Let
t0 ∈ T(K) be a K-point.

(a) There exists a torsor A(T,t0,Z) over K under A and a morphism of K-varieties T → A(T,t0,Z) which,
after base change to K, agrees with ψZK

.
(b) The isomorphism class of A(T,t0,Z) is independent of the choice of t0; let A(T,Z) be this torsor.
(c) If T1 and T2 are smooth geometrically connected varieties over K, and if Zj ∈ CHi(Tj × X), then there

is an isomorphism of torsors

[A(T1,Z1)] + [A(T2,Z2)] = [A(T1×T2,Z1⊞Z2)],

where addition takes place in the Weil–Châtelet group WC(A/K) ∼= H1(K, A).

We will sometimes write A(Z) for A(T,Z) if the parametrizing scheme T is clear from context.

Proof. We start by verifying that the function

Gal(K)
α=α(T,t0,Z)

// A(K)

σ � // ασ := ϕ(Ztσ
0
− Zt0)

is a one-cocycle, and thus its class in H1(K, A) determines a torsor A(T,t0,Z) over K under A. We
compute that

ασ = ϕ(Z̃tσ
0 ,t0)

(ασ)
τ = ϕ(Z̃tσ

0 ,t0)
τ

and, by Galois-equivariance of ϕ, we have

(ασ)
τ = ϕ((Z̃tσ

0 ,t0)
τ)

= ϕ(Z̃tστ
0 ,tτ

0
)
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because Z is defined over K. We verify the cocycle condition by computing

(ασ)
τ + ατ = ϕ(Z̃tστ

0 ,tτ
0
+ Z̃tτ

0 ,t0)

= ϕ(Z̃tστ
0 ,t0) = αστ.

We now show that ψ := ψ(TK ,ZK ,t0) : TK → AK descends to a K-rational morphism T → A(T,t0,Z).
Recall that A(T,Z) is A equipped with a twisted action of Gal(K) (2.1), and consider the morphism

TK

ψ=ψ(T,t0,Z)
// AK

of varieties over K. Identifying AK with A(T,t0,Z)
K

, and in particular A(K) with A(T,t0,Z)(K), we have
a morphism

TK
ψ
// A(T,t0,Z)

K

which on K-points is given by
t � // ϕ(Zt − Zt0).

To show that ψ descends to a morphism T → A(T,t0,Z) over K, it suffices to show that ψ is Gal(K)-
equivariant on K-points. This follows from the calculation that, for σ ∈ Gal(K) and t ∈ T(K), we
have

ψ(t)σ̃ = ασ + ψ(t)σ

= ϕ(Ztσ
0
− Zt0) + ϕ(Zt − Zt0)

σ

= ϕ(Ztσ
0
− Zt0) + ϕ(Ztσ − Ztσ

0
)

= ϕ(Ztσ − Zt0)

= ψ(tσ).

This proves (a). For (b), let t1 ∈ T(K) be any other point, with corresponding cocycle βσ =

ϕ(Z̃tσ
1 ,t1). Then the difference of α and β is a coboundary, since

ασ − βσ = ϕ(Z̃tσ
0 ,t0 − Z̃tσ

1 ,t1)

= ϕ(Z̃tσ
0 ,tσ

1
− Z̃t0,t1)

= ϕ(Z̃t0,t1)
σ − ϕ(Z̃t0,t1).

Finally, for (c), we verify that the operator ⊞ on cycles is compatible with addition in the Weil–
Châtelet group of torsors over K under A. Choose tj ∈ Tj(K), and let α(j) be the corresponding
cocycle. Then A(T1×T2,t1×t2,Z1⊞Z2) is determined by the cocycle

σ 7→ ϕ((Z1 ⊞ Z2)(t1,t2)σ − (Z1 ⊞ Z2)(t1,t2))

= ϕ(Z1tσ
1
+ Z2tσ

2
− Z1t1

− Z2t2)

= α
(1)
σ + α

(2)
σ .

□

The isomorphism class of A(Z) depends only on the algebraic equivalence class of a fiber of Z:

Proposition 2.2. For j = 1, 2, let Tj/K be a smooth geometrically connected variety, and let Zj ∈
CHi(Tj × X). Suppose that there are K-points tj ∈ Tj(K) such that (Z1)t1 and (Z2)t2 are algebraically
equivalent. Then there is an isomorphism of K-torsors A(T1,Z1) ∼= A(T2,Z2).
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Proof. In fact, by hypothesis every K-fiber of Z1 is algebraically equivalent to every K-fiber of Z2.
Therefore, in WC(A/K) we have an equality

[A(Z1)]− [A(Z2)] = [A(Z1)] + [A(−Z2)] = [A(Z1⊞(−Z2))] = [A].

□

2.2. Beyond geometric connectedness. If the smooth parameter space T is connected but not
geometrically connected, it seems unreasonable to expect that the theory of cycles will naturally
induce a map from T to a (torsor under) an abelian variety (e.g., [ACMV, Cor. 1.5]). Nonetheless,
we will see in this section that a cycle class Z ∈ CHi(T × X) naturally induces a morphism to a
K-scheme which, after base change, is isomorphic to a disjoint union of copies of A.

Let L ⊆ K be a finite separable extension of K. (Note that K is also a separable closure of L.) Then
ϕ : Ai(XK) → A(K) induces a regular homomorphism Ai((XL)K) → AL(K) over L ([ACMV23,
Lemma 2.2]).

Now suppose τ ∈ Gal(K); let Lτ := τ(L). If W is a scheme over L, set Wτ := τ∗W; it is naturally
a scheme over Lτ.

Let B/L be an abelian variety, and let β : Gal(L) → B(L) be a one-cocycle. Let βτ be the
one-cocycle Gal(Lτ) → Bτ(L) which makes the following diagram commute:

σ_

��

Gal(L)

��

β
// B(K)

��

P_

��

σ′ := τστ−1 Gal(Lτ)
βτ

// Bτ(K) Pτ

Direct calculation shows that
(βτ)σ′ = (βσ)

τ;

analyzing the induced actions of Gal(Lτ) on Bτ(K) then shows that there is an isomorphism

B[βτ] ∼= B[β]τ (2.2)

of torsors over Lτ under Bτ.

Lemma 2.3. Suppose that T/L is a smooth geometrically connected scheme, and let Z ∈ CHi(T ×L (XL)).
Let t0 ∈ T(K) be a K-point. Then

(a) A(Tτ ,tτ
0 ,Zτ) ∼= (A(T,t0,Z))τ and

(b) ψ(Tτ ,tτ
0 ,Zτ) = (ψT,t0,Z)

τ.

Proof. The one-cocycle corresponding to the pulled-back data (Tτ, tτ
0 , Zτ) is

α(Tτ, tτ
0 , Zτ)σ′ = ϕ((Zτ)tτσ′

0
− (Zτ)tτ

0
)

= ϕ((Zτ)tττ−1στ
0

− (Zt0)
τ)

= ϕ((Zτ)tστ
0
− (Zt0)

τ)

= ϕ((Ztσ
0
− Zt0)

τ)

= ϕ(Ztσ
0
− Zt0)

τ

= (α(T, t0, Z)σ)
τ.

Therefore α(Tτ, tτ
0 , Zτ) = α(T, t0, Z)τ, and (a) follows from (2.2).
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For (b), it suffices to verify the commutativity of the diagram

T
ψ(T,t0,Z)

//

τ∗

��

A

τ∗

��

Tτ
ψ(Tτ ,tτ0 ,Zτ )

// A

on K-points. Since
τ∗ψZ(t) = τ∗ϕ(Zt − Zt0) = ϕ(Zt − Zt0)

τ

while
ψZτ (τ∗t) = ψZτ (tτ) = ϕ(Zτ

tτ − Zτ
tτ
0
),

the claim (again) follows from the Gal(K)-equivariance of ϕ. □

If W is a scheme, let Π0(W) denote its set of irreducible components.

Proposition 2.4. Suppose T/K is a smooth connected scheme, and let Z ∈ CHi(T × X). Let t0 ∈ T(K)
be a K-point, and let L ⊆ K be a finite separable extension of K such that each irreducible component of TL
is geometrically connected. Then

(a) There is a canonical L/K descent datum on

⨿
V∈Π0(TL)

A(V,t0|V ,Z|V); (2.3)

let A(T,t0,Z) be the corresponding model over K.
(b) The L-morphism

TL = ⨿
V∈Π0(TL)

V
ψ(V,t0 |V ,Z|V )

// ⨿
V∈Π0(TL)

A(V,t0|V ,Z|V) (2.4)

descends to a K-morphism

ψ(T,t0,Z) : T // A(T,t0,Z).

Proof. Since T is irreducible, the K-point t0 of T pulls back to a K-point on each component of TL.
Fix some irreducible component W of TL, and let w0 = t0|W be the pullback of t0 to W. Similarly,
let Y ∈ CHi(W × XL) be the restriction of Z to W × XL.

The Galois group Gal(K) acts transitively on the set of irreducible components of TL. Let H
be the stabilizer of W in Gal(K), and let R ⊆ Gal(K) be a system of representatives for the set of
cosets H\Gal(K). Then

Π0(TL) = {Wτ : τ ∈ R} ,

and by Theorem 2.3(a), the object of (2.3) becomes

⨿
τ∈R

A(Wτ ,wτ
0 ,Yτ) ∼= ⨿

τ∈R
(A(W,w0,Y))τ,

which descends to K. Call the resulting scheme A(T,t0,Z).
Similarly, let ψ = ψ(W,w0,Y). Thanks to Theorem 2.3(b), the morphism (2.4) is actually

⨿τ∈R Wτ
ψτ

// (A(W,w0,Y))τ,

which visibly descends to K. □
6



2.3. Symmetric products. If C/K is a smooth projective curve, then there is a well-known Abel
map Sym(d) C → Picd

C/K. We will see (Theorem 2.6) that this is a special case of the following
observation.

Proposition 2.5. Let T/K be a smooth geometrically connected scheme, and suppose Z ∈ CHi(T × X).
Let Z⊞d = Z ⊞ Z ⊞ · · ·⊞ Z ∈ CHi(T×d × X). Then

(a) the isomorphism class of the torsor A(T×d,t×d
0 ,Z⊞d) is equal to the d-fold sum d[A(T,t0,Z)] = [A(T,t0,Z)] +

· · ·+ [A(T,t0,Z)]; and
(b) ψZ⊞d factors through the symmetric product Sym(d)(T). In other words, there is a diagram of K-

schemes

T×d = T × · · · × T
ψZ⊞d

//

sd ((

A(T×d,t×d
0 ,Z⊞d)

Sym(d)(T)
ψ
(d)
Z

77

Proof. Part (a) is a special case of Theorem 2.1(c). For part (b), after base change to K it is clear that
ψ
(d)
K

factors through some morphism ψ(d) : Sym(d)(X)K → AK. Since sd is surjective on K-points,
and since sd and ψZ⊞d are Gal(K)-equivariant on K-points, it follows that ψ(d) is, too, and thus
descends to K. □

As an example, now suppose that X/K has dimension n. Then X admits an algebraic repre-
sentative in codimension n, namely, the Albanese variety AlbX/K = Abn

X/K. The diagonal cycle

∆X ∈ CHn(X × X) determines a torsor Alb(X,∆X)
X/K over K under AlbX/K, which is usually denoted

Alb(1)
X/K, and the theory of regular homomorphisms gives a canonical morphism

ψ∆X : X // Alb(1)
X/K := Alb(X,∆X)

X/K .

Let ∆(d)
X denote the d-fold sum ∆X ⊞ . . . ⊞ ∆X. Then the isomorphism class of Alb(d)

X/K := Alb∆(d)
X

X/K

is the same as the d-fold sum [Alb(1)
X/K] + · · · + [Alb(1)

X/K] (Theorem 2.1), and in this special case
Proposition 2.5 is the assertion:

Corollary 2.6. The morphism ψ
∆(d)

X
factors through the symmetric product; there is a diagram of K-varieties

X × · · · × X

sd &&

ψ
∆(d)X // Alb(d)

X/K

Sym(d)(X)

ψ(d)

99
(2.5)

If X is a curve, then ψ∆X is the Abel map, Alb(1)
X/K

∼= Pic1
X/K, and more generally Alb(d)

X/K
∼=

Picd
X/K. Theorem 2.6 also appears as (the existence part of) [HT21, Cor. 3.2]; in contrast to the

argument given there, which relies on the universal property of Albanese varieties, our proof is a
simple consequence of the theory of regular homomorphisms.
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3. APPLICATION TO RATIONALITY AND CYCLES

3.1. A framework for an obstruction to the existence of cycles defined over K. It is well-known
that for a smooth projective curve C over a field K, the schemes Picd

C/K provide obstructions to the
existence of 0-cycles of degree d. More precisely, consider the Abel map

α(d) := ψ(d) : C(d) // Picd
C/K

reviewed in §2.3. After base change to the separable closure, this is given by D 7→ OCK
(D).

The scheme Picd
C/K is a torsor under Pic0

C/K, and its class [Picd
C/K] in the Weil–Châtelet group

WC(Pic0
C/K) provides an obstruction to the existence of an effective 0-cycle of degree d on C, de-

fined over K. Indeed, the existence of such a cycle implies that Picd
C/K admits a K-point (namely,

the image under α(d) of the K-point in Sym(d) C corresponding to the 0-cycle), which in turn im-
plies that [Picd

C/K] = [Pic0
C/K] = 0 ∈ WC(Pic0

C/K). Taking a broader view, the subgroup [PicC/K] of
WC(Pic0

C/K) generated by the isomorphism classes of all the torsors Picd
C/K provides a group that

is an obstruction to the existence of 0-cycles on C defined over K.
Our Theorem A allows one to construct similar obstructions for cycles of any dimension on any

smooth projective variety over K. For instance, given a regular homomorphism ϕ : Ai(XK) →
A(K) over K and any family of cycle classes Z ∈ CH1(T × X) parameterized by a smooth variety
T over K, the class [A(Z)] in WC(A), if nontrivial, is an obstruction to the existence of a K-point
of T. Moreover, if the K-morphism T → A(Z) from Theorem A is an isomorphism, then T has a
K-point if and only if [A(Z)] = 0 in WC(A/K). This is the obstruction used in the applications
below.

Bearing this in mind, consider now the algebraic representative ϕ : Ai(XK) → Abi
X/K(K), if it

exists (e.g., i = 1, 2, dim X). The subgroup of WC(Abi
X/K) generated by the isomorphism classes

of all the torsors under Abi
X/K (as in the first paragraph) provides a group that can be viewed as

an obstruction to the existence of certain cycles on X defined over K.

3.2. Applications to work of Hassett–Tschinkel and Benoist–Wittenberg. Torsors under inter-
mediate Jacobians (and algebraic representatives) were used by Hassett and Tschinkel, and by
Benoist and Wittenberg, to study rationality of certain geometrically rational threefolds, namely
smooth complete intersections of two quadrics in P5

K.
In the former case, Hassett and Tschinkel work over subfields of C, and phrase their arguments

in terms of torsors under the distinguished model of an intermediate Jacobian. In the latter case,
Benoist and Wittenberg work over an arbitrary field. As we recalled in the introduction, in the
special case of a smooth geometrically rational threefold X, Benoist and Wittenberg are able to
construct a codimension-2 Chow scheme CH2

X/K; its geometrically irreducible components are
then naturally torsors under the connected component of identity which is an abelian variety,
isomorphic to Ab2

X/K if K is perfect, and this is the torsor structure they use. In §3.1, above, we
describe an alternative approach that works without any hypotheses on the threefold X.

The analysis of torsors given here is actually sufficient to recover, in the case where K is perfect,
a beautiful rationality application uncovered in [BW23, HT21].

Theorem 3.1 (Benoist–Wittenberg, Hassett–Tschinkel). Assume K is perfect, and let X ⊆ P5
K be a

smooth complete intersection of two quadrics. Then X is rational if and only if it contains a K-rational line.

Proof. If X contains a line defined over K, then projection from the line shows that X is rational
over K. The converse is proven in [HT21, Thm. 6.5] if K ⊆ C, and in [BW23, Thm. 4.7] over an
arbitrary (i.e., not necessarily perfect) field K.

8



We recall the argument here, in the context of our results in this paper. Let X ⊆ P5
K be any

smooth complete intersection of two quadrics over a field K, and let F be the Fano variety of lines
on X; it is a smooth surface (see e.g., [BW23, Lem. 4.1]). Let Ab2

X/K be the algebraic representative
for codimension-2 cycles over K. From Theorem A, the universal line over the Fano variety F
determines a K-morphism F → PF/K to a torsor PF/K under Ab2

X/K. The theorem will therefore be
proved if we show that, provided X is K-rational, then (1) [PF/K] = 0 in WC(Ab2

X/K), and (2) the
natural map F → PF/K is an isomorphism.

In fact, the arguments in the proof of [BW23, Thm. 4.5(ii)] show that for any smooth complete
intersection of two quadrics X (regardless of whether X is rational), the natural map F → PF/K
is an isomorphism, establishing (2) above. Indeed, it suffices to show that this is an isomorphism
after base change to the separable closure, which is a classical result outside of characteristic 2 (we
direct the reader to [BW23, Thm. 4.5(ii)] for references and details). Therefore, all that remains to
show is (1), above, that [PF/K] = 0.

We now recall the geometry used to show this, assuming K is perfect. For now, again, assume
only that X is a smooth complete intersection of two quadrics (i.e., with no assumption on the
rationality of X). From [BW23, Thm. 4.5(iv)], which goes back to Wang [Wan18] in characteristic
not 2, together with [BW23, Thm. 3.1(vi)] there is a smooth projective geometrically integral curve
D over K of genus 2 and an isomorphism of principally polarized abelian varieties

Ab2
X/K

∼= Pic0
D/K . (3.1)

We recall that under certain hypotheses on a threefold X defined over a perfect field, there is a
canonically defined polarization on Ab2

X/K, and this is the polarization mentioned above. In the
case at hand, this is [BW23, Thm. 3.1]. Alternatively, by invoking less about the geometry of X (i.e.,
the existence of a decomposition of the diagonal) but at the cost of acknowledging liftability, one
can use [ACMV25, §§4-5]; since X is a complete intersection, and therefore liftable to characteristic
0, the symmetric isogeny constructed in [ACMV25] is a polarization (see [ACMV25, §13.2(3)]).

The curve D can be described geometrically as follows. As X is geometrically rational, Bloch–
Srinivas [BS83, Thm. 1] implies that the algebraic representative gives an isomorphism A2(XK)

∼=
Ab2

X/K(K); the classes in A2(XK) that are represented by conics on XK translated by a fixed conic,
determine a curve in (Ab2

X/K)K = Ab2
XK/K. In fact, this canonically determines a curve in the base

change to K of another torsor P′ under Ab2
X/K, corresponding to components of Chow parameter-

izing such cycles (without the choice of a fixed conic; see §3.1 for how this works in general). The
main result is that this curve descends to a curve D contained in P′.

In addition, it is shown in [BW23, Thm. 4.5(iv)] that

2[PF/K] = [Pic1
D/K] (3.2)

in WC(Ab2
X/K) = WC(Pic0

D/K). Specifically, one has [P′] = [Pic1
D/K]; note that with the canonical

factorization of the inclusion D ⊆ P′ through the Albanese torsor, it suffices to show the natural
morphism Pic1

D/K → P′ is an isomorphism after base change to the separable closure, which is a
classical result outside of characteristic 2; indeed, it is equivalent to the isomorphism (3.1). The
identification 2[PF/K] = [P′] comes from Theorem A(b), as PF/K is the torsor associated with lines,
and P′ is the torsor associated with conics.

Now assume that X is K-rational. Then, by [BW23, Thm. 3.11(iii)], there is some degree d such
that

[PF/K] = [Picd
D/K]. (3.3)

Here we mention that the identification above requires the isomorphism of polarized abelian va-
rieties (3.1) in an important way; without the isomorphism of polarized abelian varieties one can
only conclude that there is some smooth projective geometrically integral curve C/K of genus 2
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and some degree d′ so that [PF/K] = [Picd′
C/K]. To conclude that one may take C = D, one uses the

canonical polarization on Ab2
X/K in the isomorphism (3.1) and then invokes the Torelli theorem

for curves.
Subtracting (3.3) from (3.2) in the Weil–Chatelet group gives the additional description:

[PF/K] = [Pic1
D/K]− [Picd

D/K] = [Pic1−d
D/K].

Since D has genus 2, it has a degree-2 zero-cycle defined over K, namely its canonical divisor, and
so we have that [Pic2n

D/K] = 0 for any integer n. As one of d and 1 − d is even, we must have that
[PF/K] = 0, and we are done. □
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