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ABSTRACT. Let [X, A] be a principally polarized abelian variety over a finite field with commutative
endomorphism ring; further suppose that either X is ordinary or the field is prime. Motivated by an
equidistribution heuristic, we introduce a factor v, ([X, A]) for each place v of Q, and show that the
product of these factors essentially computes the size of the isogeny class of [X, A].

The derivation of this mass formula depends on a formula of Kottwitz and on analysis of mea-
sures on the group of symplectic similitudes, and in particular does not rely on a calculation of class
numbers.

1. INTRODUCTION

Let [X,A] € Aq(IF;) be a principally polarized g-dimensional abelian variety over the finite field
F, = Fp. Its isogeny class I([X,A],IF;) is finite; our goal is to understand the (weighted by
automorphism group) cardinality #1([X, A], ).

A random matrix heuristic might suggest the following. Let fx,r, (T) be the characteristic poly-
nomial of Frobenius of X. It is well-known that fxr, (T) € Z[T]. Following Gekeler [Gek03)], for
a rational prime ¢ { p disc(f), one can define a number

#{v € GSp,,(Z,/{") : charpoly, (T) = T) mod ¢"
A1) vl ALE,) = tim T € GOPa(Ze/07) : charpoly, (T) = frr, (T) b
n—00 #Gszg(Zg/Eﬂ)/#AGszg (z/m)

where GSp,, is the group of symplectic similitudes of a symplectic space of dimension 2g, and
Acsp,, is the space of characteristic polynomials of these similitudes.

For £ { pdisc(f), in which case the conjugacy class is determined by the characteristic polynomial
(cf. Lemma 3.1), we interpret 14X, A] as the deviation of the size of the conjugacy class with
characteristic polynomial fx /g, (T) from the average size of a conjugacy class in GSp(Zy).

For ¢ | disc(fx/r,(T)), since the characteristic polynomial need not determine a unique conjugacy
class in GSp,,(Z;), a slightly more involved definition of v/[X, A] is needed, see (4.1). Similarly,
we define quantities v, ([X, A],IF;) and v ([X, A, IF;) using, respectively, equidistribution consid-
erations for o-conjugacy classes in Gszg(Qq) and the Sato-Tate measure on the compact form
USpy,-

Careless optimism might lead one to hope that #I([X, A], IF,) is given by the product of the average
archimedean and p-adic masses with the local deviations:

(1.2) #I([X, A, Fy) o veo([X, AL Fg) [ T ve([X, Al TFy).
4
This argument is (at best) superficially plausible. Nonetheless, in this paper we give a pure-

thought proof of the following theorem:
1
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Theorem A. Let [X, A] be a principally polarized abelian variety over I, with commutative endomorphism
ring. Suppose that either X is ordinary or that IF; = ¥, is the prime field. Then

dim(Ag)

(1.3) FI(XALE,) =q 2 TTVOQ([X,)L],IFQ)E[Vg([X,/\],IFq).

Here dim(Ag) = g(gziﬂ) and Tr is the Tamagawa number of the algebraic torus associated with [X, A] in

§2.1]

As we have mentioned, this formulation is inspired by [Gek03], in which Gekeler proves Theorem
for an ordinary elliptic curve E over a finite prime field IF,. (In the case ¢ = 1 considered by
Gekeler, Tr equals 1.) Roughly speaking, the strategy there is to compute the terms v, explicitly,
and show that the right-hand side of actually computes, via Euler products, the value at
s = 1 of a suitable L-function. One concludes via the analytic class number formula and the
known description of the isogeny class I(E, F;) as a torsor under the class group of the quadratic
imaginary order attached to the Frobenius of E. This strategy was redeployed in [AW15] and
[GW19] for certain ordinary abelian varieties.

More recently, in [AG17], the first- and last-named authors showed directly that the right-hand
side of actually computes the product of the volume of a certain (adelic) quotient and an
orbital integral on GL,. Thanks to the work of Langlands [Lan73], and Dirichlet’s class number
formula, one has a direct proof that this product computes the size of the isogeny class of the
elliptic curve.

In fact, this formula of Langlands, originally developed to count points on modular curves over
finite fields, has been generalized by Kottwitz to an essentially arbitrary Shimura variety of PEL
type [Kot92]. Kottwitz’s formula (see Proposition 2.T|below), as in the case of Langlands, comes
as a product of an (adelic) volume of a torus and an orbital integral, this time over GSp,,. Let us
remark that although the orbital integral in Kottwitz’s and Langlands” formulas clearly decom-
poses as a product of local terms, the volume term, however, appears as a global quantity (a class
number in the case of GL,, cf. Lemma A.4 of [AG17]). Therefore an Euler product expression for
#1([X, A],TF,) such as the one in is, at least, not immediate.

The content of the present paper is to prove that the Euler product given by the right-hand side
of is indeed equal to the product of the global volume and the orbital integral given by Kot-
twitz’s formula. We establish this by a delicate analysis of the interplay between various measures
on the relevant spaces.

This paper is the logical extension of [AG17], which worked out these details for the case where
the governing group is GSp, = GL,. The reader will correctly expect that the structure of the
argument is largely similar. However, the cohomological and combinatorial intricacies of sym-
plectic similitude groups in comparison to general linear groups — in particular, the tori are much
more complex and conjugacy and stable conjugacy need not coincide — mean that each stage is
considerably more involved.

We highlight three particular issues that make the generalization from elliptic curves to higher
rank not straight-forward.

The first is already mentioned above — the difference between conjugacy and stable conjugacy in
GSp,, when g > 1. This issue is discussed in detail in Section 3} and leads to the definition

which (as we prove in Section [3) coincides with when ¢ { p disc(f).

The second is the fundamental lemma for base change, which is used to relate a Gekeler-style ratio
at p to the twisted orbital integral. The complicated function one generally gets as a result of base
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change is the reason we have to assume that X is ordinary if g # p; this is discussed in detail in

The last is that the tori in GSp,, for ¢ > 2 are significantly more complicated than those for g = 1.
The global calculation in Section [5| reflects this complexity, and involves the Tamagawa number
of the algebraic torus T. This number is well-known to be 1 for g = 1, but for general ¢ we have
to leave it as an (unknown) constant; Thomas Riid and (independently) Wen-Wei Li obtained
suggestive partial results and kindly agreed to present them in Appendix[A]

Perhaps not surprisingly, can also be interpreted as a Smith-Minkowski-Siegel type mass for-
mula (in the sense of Tamagawa-Weil) with explicit local masses (cf. [GY00]). Here the underlying
group, of course, is GSp,, and the masses calculate sizes of the relevant isogeny classes. Although
this point of view is interesting in its own right we do not pursue it further in this paper. We
would, however, like to note that the appearance of Tamagawa numbers is natural in this context.

The present work is, of course, part of a long and thriving discourse on the size of isogeny classes
of abelian varieties over finite fields. Deuring computes the size of an isogeny class of elliptic
curves as a class number [Deu41] . Waterhouse reinterprets and extends Deuring’s work to a much
larger class of abelian varieties [Wat69]. The key point in his study is to consider separately the /-
primary components of the kernel of an isogeny, and model them using the various Tate modules
(for £ prime to the characteristic) and the Dieudonné module. Both of these approaches have been
revisited and enhanced in recent times. Yu (and collaborators) have undertaken a detailed analysis
of, for example, the number of supersingular abelian varieties over finite fields; their answers are
often expressed in terms of a mass formula which comes from a local lattice-theoretic perspective
on the isogeny problem (e.g., [XY21}[Yul2]). In a somewhat different direction, Marseglia [Mar21]
and Howe [How20] are often able to express the size of an isogeny class of principally polarized
abelian varieties as a sum of suitably generalized class numbers.

In the approach taken here, the orbital integral in the Langlands—Kottwitz formula (Proposition
2.1) does the work of assimilating information from the different local lattice calculations. Class
numbers necessarily arise from our formula, but are not built-in; see gg for this emergence.
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Notation. We work over a finite field IF, = IF, of characteristic p. We will often drop the field
from all notation. We denote by Q, the degree ¢ unramified extension of Q,, and by Z, its ring of

integers; the p'" power automorphism of IF, lifts to the Frobenius automorphism ¢ of Q.

Fix a positive integer g. Let V = Z%%, endowed with basis x1,- -+, Xg,y1, - - Y, and equip it
with the symplectic form such that (x;,y;) = d;; and (x;,x;) = (y;,y;) = 0. Let G be the group
of similitudes G = GSp(V, (-, -))=GSp,,; it has dimension 2¢>+g+landrankr = g+ 1. Its
derived group is G4er Spy,s and G/ GIr~G,,. Let 7 : G — Gy, be the corresponding surjection
(the multiplier map). We write T, for the split torus of diagonal matrices in G.
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If K is a field, « € G(K), and T C G(K), we let 'a = {B7'aB : B € T} be the orbit of « under
I'. Since G has simply connected derived group, the stable conjugacy class, or stable orbit, of « is

those elements of G(K) which are conjugate to « as elements of G(K) ([Kot82, p.785]).

For & € G(Qg), the twisted, or o-, conjugacy class of « is {f'ap” : B € G(Q,)}; and the stable
twisted conjugacy class of a is G(Q,) N {fap” : p € G(Q,)}-

For an element v € G(Q), where / is an arbitrary prime, the Weyl discriminant of -y is denoted
by D(7y): D(77) = ITiea (1 — a(7y)), where the product is over all roots of G (see §6.1.1|for details).

2. BACKGROUND

2.1. The Kottwitz formula. The key formula we need is developed by Kottwitz in [Kot92]. In
fact, the special case we need is detailed in [Kot90, Sec. 12]. By way of establishing necessary
notation, we review the relevant part of this work here.

Let A, denote the moduli space of principally polarized abelian varieties of dimension g. An
isogeny between two principally polarized abelian varieties [X, A, [Y, u] € A (IF;) is an isogeny
¢ : X — Y such that m¢*u = n- A for some nonzero integers m and n. The isogeny class
I([X, A],F;) is the set of all principally polarized abelian varieties [Y, u]/IF,; admitting such an
isogeny (over IF;), and its weighted cardinality is

# 1
#1([X, A, Fy) = I
v el E,) AU, 1)

The abelian variety X/IF; admits a Frobenius endomorphism @x, , with characteristic polyno-
mial fx/F, (T) of degree 2g. (By [Tat66], this polynomial determines the isogeny class of X as an
unpolarized abelian variety.)

For each ¢ # p, Hl(XE,Zg) (the dual of the Tate module) is a free Z;-module of rank 2g, en-
dowed with a symplectic pairing (-, -), induced by the polarization. The Frobenius endomor-
phism @x/p, induces an element yx/f ¢ € GSp(Hl(XE,Zg), (-,-),), and thus an element of
G(Z,), well-defined up to conjugacy. Moreover, there is an equality of characteristic polynomials
fox /FM(T) = fx/F,(T). Simultaneously considering all finite primes ¢ # p, we obtain an adelic
similitude y(x )] € G(A?). (Alternatively one can, of course, directly consider the action of @wx/,
on Hl(xﬁq,zr’) = limp?n Hl(XE,Z/n).)

Similarly, the crystalline cohomology group H!, (X,Q,) is endowed with an integral structure
H!..(X,Z,) and a o-linear endomorphism F. It determines, up to o-conjugacy, an element dx /F,

of G(Qq) with multiplier 7(dx,r,) = p-
The e'" iterate of F is linear, and in fact F* is the endomorphism of H,(X, Q;) induced by @x /F,-

Let T{x , /Q represent the automorphism group of [X, A] in the category of abelian varieties up to
Q-isogeny. Concretely, the polarization A induces a (Rosati) involution (1) on End(X) ® Q; and
for each Q-algebra R, we have

Tix (R) = {a € (End(X) ® R) ™ : aa™ e R*1.

By Tate’s theorem [Tat66], for £ # p, Tix 1 (Qr) =Gy, -y (Qy), the centralizer of yx /F, ¢, and
Tix A (Qq)gng/FqU(Qp), the twisted centralizer of dx,F, in G(Qg).
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A direct analysis of the effect of isogenies on the first cohomology groups of abelian varieties then
shows:

Proposition 2.1 ([Kot90]). The weighted cardinality of the isogeny class of [X,A] € Ag(FF,) is

#I([X, A, Fy) = vol(Tix o (Q\Tx 0 (Af)) - /G 1@(2?)(8_1%(/1&8) dg

’Yx/]pq (Afp)\G(Afp) f

2.1)

' 1 iag(p, p, h=16x 5, h7) dh.
/G‘SX/JFQU(QP)\G(QQ) G(2,) diag(p p 1)6(2y) (1 Ox /5, ]17)

In the orbital and twisted orbital integrals in (2.1), we choose the Haar measures on G which assign
volume 1 to G(ZP) and to G(Z,), respectively. The choice of measure on T does not matter here,
as long as the same measure is used to calculate the global volume. We define the specific measure
on T in §5| It coincides with the canonical measure at all but finitely many places.

This formula appears in [Kot90, p.205]; see also [Kot92] for its generalization to a much larger
class of PEL Shimura varieties. As in [AG17, 2.4], the weighted cardinality accounts for the fact
that we have not introduced a rigidifying level structure, and thus our objects admit nontrivial,
albeit finite, automorphism groups.

Remark 2.2. Using Honda-Tate theory, one can ([Kot90, p.206], [Kot92) p.422]) find yx/F,0 € G(Q),
well-defined up to G(Q)-conjugacy, such that v, o and x,E, ¢ are conjugate in G(Qy). Simi-
larly, 7x/F,0 and N dx,E, are conjugate in G(Q,), where N denotes the norm map

G(Qq) — G(Qy)

—1
) S— N

In particular, the characteristic polynomial of yx/r, 0 is fx/F,(T). In fact, by adjusting dx /, in its
twisted conjugacy class, we henceforth can and will assume that

(2.2) N(0x/¥,) € G(Qp) C G(Qq)
[Kot82, p.206]. Then the group variety Tjx 1)/, is isomorphic to the centralizer of N(7yx/F,0) in G.

It turns out that moreover, one can find a rational element 9 € G(Q) such that ¢ is G(Qy)-
conjugate to yx,, ¢ for every £ # p (see [Kis17, p.889]). Consequently, in (2.1) we could replace
x /¥, with a global object yo; but we will never use this fact in this paper.

In the remainder of this paper we fix a principally polarized abelian variety [X, A]/IF, with com-
mutative endomorphism ring End(X). (For example, any simple, ordinary abelian variety neces-
sarily has a commutative endomorphism ring [Wat69, Thm. 7.2].) By Tate’s theorem, the commu-
tativity of End(X) is equivalent to the condition that Tjx ,) is a maximal torus in G.

To ease notation slightly, we will write § and T for éx,r, and T|x ), respectively. If £ is a fixed,
notationally suppressed prime, we will sometimes write g for vx,r, +; by Remark one may
equally well let o be the image of some choice g in G(Q) (though we will not be using it).

2.2. Structure of the centralizer. For future use, we record some information about the centralizer
T = Tix A Recall that X is a g-dimensional abelian variety with commutative endomorphism ring.
Then T is a maximal torus in G, and K := End(X)? = End(X) ® Q is a CM-algebra of degree 2g
over Q. Then K is isomorphic to a direct sum K= @le K; of CM fields, and the Rosati involution on
End(X) induces a positive involution 4 — @ on K, which in turn restricts to complex conjugation
on each component K;. Let K" C K be the subalgebra fixed by the positive involution. Then
K*=®!_; K, where K" is the maximal totally real subfield of K;, and [K* : Q] = g.
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In general, if L is a field and M /L is a finite étale algebra, let Ry;,; be Weil’s restriction of scalars
functor. The norm map Ny, /1 induces a map of tori Ry;/1 G,y — Gy, and the norm one torus is the
kernel of this map:

N
1—>R§VI)/LG — Rpy1/ .G &)G — 1.

With these preparations we have

Tder -=TnN GderNRK /QR( )

I(/K*’G

and T sits in the diagram

(2.3) 1 Tder T G 1

.

1 — R soR Y . G —— RiaGrt LR G —— 1.

)
K/K+
On points, we have

T(Q)={acK*:a2cQ"}
={(ay,---, LI)G@K-X:HCGQX saia; = c}
T(Q) = {a € K* s aa — 1)
= {(El],- T /at) € EBKIX 1a;a; = 1}

Let T = T9" x G,,. It is not hard to write down an explicit isogeny & : T — T and a complemen-
tary isogeny B : T — T such that a o § is the squaring map. We choose the maps which, on points,
are given by

y LN S

1

ar—— (aa ", aq)

(b,c) —— bc.

2.3. The Steinberg quotient. Recall that we have fixed a maximal split torus Ty in G; let W be
the Weyl group of G relative to Typ;. Let TS = TspN GYer, and let Ader = Ts‘;ef /W be the Steinberg

quotient for the semisimple group GY. It is isomorphic to the affine space of dimensionr — 1 = g.

We let Ag = A% x G,, be the analogue of the Steinberg quotient for the reductive group G, and
define a map

(2.4) G : Ag

v (tr(y), tr(A>y), - -t (A3y), 11(y)).

Note that 77(7) = tr(AS+1(7))/ tr(y); and if v € GI* C G, then ¢(7) = (¢¢*(7), 1), where ¢%¢" is
the usual Steinberg map.



COUNTING ABELIAN VARIETIES OVER FINITE FIELDS VIA FROBENIUS DENSITIES 7

2.4. Truncations. Let ¢ be any finite prime (including ¢ = p). Let t, = 71p,, : Z; — Z¢/{" be the
truncation map. For any Z-scheme X, we denote by 71;* the corresponding map

7T,/1Y : X(Zg) —_— X(Zg/fn)
induced by 7,,. Given S, C X (Z,/{"), we will often set

§n - 7'[,1_1(571).

The projection maps 71§ extend to a somewhat larger set of similitudes. Let M(Z,) be the set of
symplectic similitudes which stabilize the lattice V ® Z;

M(Z,) = GSp(V ® Q¢) NEnd(V ® Z;)= GSp,,(Qr) N Matg(Zy).
Inside this set, for each d > 0 we identify a subset
M(Zy)g = {A € M(Zy) : ord,det(A) < d}.
Finally, let us denote by M(Z,/ ("), the set
M(Zy/0")g ={A € M(Z;/0") : ord,det(A) < d}.

Note that M(Z;)o = G(Z;), and in the last definition, the condition on the determinant is not
vacuous even if d > n, because it rules out the matrices of determinant zero.

With a certain amount of abuse, we introduce the following notion of “M(Z;);-conjugacy”:

Definition 2.3. Ify € M(Z,), and in particular if v € G(Z,), we will write 7y ~yy(z,), Yo if there exists
some A € M(Zy)q such that Ay = yA.

Similarly, if 7 € M(Z¢/ "), we write 7 ~py(z,/m), Yo if there exists some A € M(Z;/€")4 such that
Ay = 7ta(70) A.

When 7 is small relative to d, truncations of M(Z;) ;- conjugate elements might notbe M(Z,/{")4-
conjugate (since, e.g., all the elements A € M(Z,) satisfying Ay = 79A might project to 0
mod £"). Of course, this does not happen when n > d. We also note that trivially, if v ~yz,) o 70
for some dyo, then 7y ~yy(z,), 70 for all d > do. The analogous statement holds for 7y € G(Z,/(") as
long asn > d.

2.5. Measures and integrals. As in [AG17], we need to explicitly work out the relationships be-
tween several different natural measures on the ¢-adic points of varieties, especially groups and
group orbits. The definitions introduced in [AG17, §3] (where a little more historical perspective
is briefly reviewed) go through with minimal changes. We recall the relevant notation here.

Serre-Oesterlé measure: In [Ser81, §3], Serre observed that for a smooth p-adic submanifold
Y of zy of dimension d, there is a limit lim,,_co |Yn\p_”d, where Y, is the reduction of Y
modulo p” (in our notation, Y,, = 7,(Y)). Moreover, Serre pointed out that this limit can
be understood as the volume of Y with respect to a certain measure, which is canonical. The
definition of this measure for more general sets Y was elaborated on by Oesterlé [Oes82]
and by Veys [Vey92]. We refer to this measure as the Serre-Oesterlé measure, and denote it
by u%C.
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Measures on groups: Once and for all, we fix the measure |dx|, on the affine line A}Q[ to be
the translation-invariant measure such that V01|dx|€(Zg) = 1. Then there are two funda-
mentally different approaches to defining measure. The first is, for any smooth algebraic
variety X over Q, with a non-vanishing top degree differential form w on it, one gets
the associated measure |dw|, on X' (Qy). In particular, for a reductive group G, there is a
canonical differential form wg, defined in the greatest generality by Gross [Gro97]. This
gives a canonical measure |dwg|, on G(Q;). When G is split over Q, this measure has
an alternative description using point-counting over the finite field (i.e., it coincides with
Serre-Oesterlé measure ;2" defined above):

_#G(Z/1)

This observation is originally due to A. Weil [Wei82]], and is actually built into his definition
of integration on adeles. Weil’s classical observation is precisely what makes this paper
possible.

For groups, there is a second approach. Start with a Haar measure and normalize it so
that some given maximal subgroup has volume 1. The choice of a “canonical” compact
subgroup in this approach could lead to very interesting considerations (and is one of the
main points of [Gro97]), but in our situation only one easy case is needed. For G(Qy), the
relevant maximal subgroup is G(Z,); we denote such a Haar measure on G(Qy) by u&".

Geometric measure on orbits: This is a measure constructed in [FLN10] on a fiber of the
Steinberg map ¢ : G — Ag. Let wg be a volume form on G, and let w4 be the volume form
Adx; A ‘dx—x' on Ag=2AKG)-1 5 G,,. On the fiber ¢~ (c(7)), factor wg as

_ geom .
WG = W, Nway;

integrating ‘w;g(e%m ‘ defines a measure #8°™ on ¢ 1(c¢(7)).

Suppose ¢ is a locally constant compactly supported function on G(Qy). Recall the family 7x /¥, ¢
(and dp), whose centralizers are the sets of Q,-points of the algebraic torus T := Tjx . We use
two different measures on the orbit G(Q0)yy /B, 0= Tx,2)(Qr)\G(Qy) to define an integral. When £
is fixed, we will often denote the element 7yx,, ¢ by y0; we define y%ma as the quotient measure
psan /utama where 2™ is the Tamagawa measure on T defined below in and let 45, be
the geometric measure reviewed above. (Since the orbit of 7 is an open subset of ¢~ (¢(70)),
the restriction of the geometric measure from ¢~1(¢c(7yp)) to the orbit makes sense.) Then for e €
{Tama, geom}, set

0 = / “ToooVdut .
0 Jramaian T8 108K

3. CONJUGACY

3.1. Integral conjugacy. To relate the right-hand side of to the ratios vy of (1.1)), we interpret
the orbital integral as the volume of the intersection of the G(Qy)-orbit of vy with G(Z,). For
almost all ¢, G(Z;) NC(Q0) qy =C(Z0) 4

Lemma 3.1. Suppose vo € G(Z;) and £t D(y). If v € G(Zy), then

Y ~G6(Q,) YO ==Y ~G(z,) Y0-
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Proof. The hypothesis on 7y implies that the centralizer G, is a smooth torus over Z,, and thus
the transporter from G, to G,, is smooth over Z, (e.g., [Con14, Prop. 2.1.2]).

Since 7 and 7 are conjugate in G(Qy), they have the same characteristic polynomial, and thus
their reductions 7, = 7¥(7p) and 7 = 7% (7) are stably conjugate in G(Z,/¢). By Lang’s theo-
rem, 7, and 7 are conjugate in G(Z,/{); by smoothness of the transporter scheme, v and 7 are
conjugate in G(Zy). O

If 7, is not regular, then the set G(Z,) N¢(Q) 4 generally consists of several different G(Z,)-orbits.
Nonetheless, the number of distinct orbits is bounded; and membership in G(Qf)'yg can be detected
at a finite truncation level.

Lemma 3.2. Suppose vo € G(Zy) is reqular semisimple. There exists an integer e = e(7yo) such that, if
n > 0andd > e, then for v € G(Z,/ ("), the following conditions are equivalent:

1) v ~m(z,/ev), Yo mod £", and
(2) there exists some 7y € G(Zy) such that 7y mod £" =y and 7y ~¢(q,) Yo

The statement is also true with G(Zy) replaced with M(Z,) everywhere.

Proof. We prove the original statement.

The intersection of G(Z;) with the G(Qy)-orbit of 7 is a finite union of G(Z,)-orbits, since it is
compact (recall that 7 is regular semisimple) and the G(Z,)-orbits are open in this intersection;
let g1, ..., gs be representatives of these orbits, and let A; € G(Q,) be elements satisfying A;g;A; ! =
Y0, so that A;g; = yoA;. We clear denominators; for each i, let X; € M(Z;) be a scalar multiple of
A;. Then X;g; = 70X;, and we set

e(70) = ier?laﬁ}{lord(detXi)l}-

Now, suppose n > 2d(yg), where d(7o) is the valuation of the discriminant of 7o, e > e(70), and
n > e. We want to prove that with these assumptions, an element v € G(Z,/¢") satisfies

Y ~mz, /00, Tn(Y0)
if and only if there exists a lift 7 € G(Z,) such that 77, () = v and 7 ~¢(qg,) 70-

One direction is easy: suppose there exists 7 € G(Z,) such that ¥ mod £" = vy and ¥ ~¢(q,) 70-
Then there exists i € {1,...,s} such that ¥ ~g(z,) g Therefore there exists Y € G(Z;) such
that Yy = g;Y. Recall that as above, there exists X; € M(Z,) such that X;g; = 7v0X;. Then
Z = 7M(X;Y) lies in M(Z,/¢"). and satisfies the condition Zy = 71,,(70)Z.

The other direction is a special case of Hensel’s lemma. Since Hensel’s lemma in this generality,

though well-known, is surprisingly hard to find in the literature, we provide a detailed explana-
tion with references.

For each n, let
Roo(Zo/0%) = {(A,7) 1 A € M(Zy/0"), 7 € G(Zo/ 1), Ay = 7S (70) A} C M(Z/ ") x G(Zo/ 1),

where 7§ is the projection from This is a system of (2¢)? equations in 8g? variables (namely,
the matrix entries of A and 7). Now Hensel’s lemma as stated in [Bou85, I11.4.5., Corollaire 3,
p-271] applies directly, as follows. Let n(yy) be the valuation of the minor formed by the first
(2¢)? columns of the Jacobian matrix of this system of equations at 7p. By Hensel’s lemma, if
n > 2n(7yo) and (A,v) € Ry, (Z;/¢"), then there exists some ¥ € G(Z;) such that 77,(7) = v and

Y ~m(z,) Y0



10 JEFFREY D. ACHTER, S. ALI ALTUG, LUIS GARCIA, AND JULIA GORDON

Since the core argument simply relies on the solvability, via Hensel’s lemma, of a system of equa-
tions over Z,, it is also valid if G(Z,) is replaced by M(Z,). O

Remark 3.3. We observe (though we do not need this observation in this paper) that n(7o) in fact
equals the valuation of the discriminant of -, e.g. by the argument provided in [Kot05, §7.2].

For vo € G(Z,), let
(3.1) Cam(v0) ={7v € G(Zi/ ") 1 v ~m(z,/0m), Y0}

If d = 0, this coincides with the usual conjugacy class of 7, (o). As in Section 2.4, let é(d,n) (70) =
(n,(f)_l(C(d,n) (70)) be the set of lifts of elements of C, ,,)(70) to G(Z).

We also extend this notation to elements vy € M(Z,):
Ciam(v0) = {v € M(Zi/L") v ~mz,/em), Y0}
(If v0 € G(Zy) C M(Z,), the two notions coincide and thus there is no ambiguity.)
Corollary 3.4. (@) Suppose vo € G(Z,). There exists d = d(7yo) such that, if n > 0, then
Clam (70) = 70a(G(Z) N1 7).

Moreover,

G(Z,) Q) g = (N Cam) (10)-

n>0

(b) Suppose vy € M(Z,). There exists d = d (7o) such that, if n > 0, then
Can (70) = Tu(M(Z) N2 ).

Moreover,
M(2Z4) NSQ) g = () Crany(70)-
n>0
Proof. This is a direct consequence of Lemma O

3.2. Stable (twisted) conjugacy. In this section, we further assume that [X, A] is a principally-
polarized abelian variety with commutative endomorphism ring for which 1/2 is not a slope of the
Newton polygon of X. (Again, any ordinary simple principally polarized abelian variety satisfies
these hypotheses.)

Recall the definition of K and K™, as well as the discussion of T, from Section[2.2] By a prime of K
(or KT) lying over p we mean a prime p of some K; (respectively, K;") lying over p, and we write
K, for K;,. With this convention, we then have K ® Q,= @ K,.

Lemma 3.5. Let p™ be a prime of K lying over p. Then p splits in K.
Proof. This is standard. We work in the category of p-divisible groups up to isogeny. Then X[p*]
has height 2¢, and comes equipped with an action by K ®q Q,.
Corresponding to the decomposition K* ®q Q,= ®p+, K;; we have the decomposition
X[p™] = X[p™].

Moreover, X[p™*] is a p-divisible group of height Z[K;+ : Qp], and self-dual (because p* Ok is
stable under the Rosati involution). We now fix one p*, and show that it must split in K.
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Since Kpt is a field (and not just a Qp-algebra) of dimension 3 ht(X[p**]), X[p" *] has at most two
slopes. Since by hypothesis 1/2 is not a slope of X, X[p™*] has exactly two slopes, say A = a/b
and 1 — a/b, where ged(a,b) = 1. Let m be the multiplicity of A as a slope of X[p™*]; then
mb = [K;“+ : Qp]. The endomorphism algebra of X[p™*] (again, in the category of p-divisible
groups up to isogeny) is isomorphic to

End(X[p™"*])°2Mat,,(D,) ® Mat,,(D;_,),

where D, is the central simple Q,-algebra with Brauer invariant A. In particular, any subfield L
of End(X[p**])? satisfies [L : Q,] < mb = [K;r+ : Qp). Since K @+ K;r+ acts on X[p™ ], we must
have K @+ Kpt fEKpt P Kpﬁ, as claimed. 0

Corollary 3.6. We have
d )
T f}r: @p+ RK:+ /Qme

Proof. Since T9" = Ry+ /QRQ/) «+Gm, using Lemma 3.5 we find

der __ (1)
TQir — RK+®QP/QPRK®Qp/K+®Qme
(1)

10, Rk, s, G

If L is any field then Ry g1 /1 Gn=G 1, @ Gy, 1; the norm map Rrgp /1 Gy — Gy is given by multi-
plication of components; and so R(Lle)y L/ . G is isomorphic to G, 1, where the latter is embedded in

the former via (id, inv). O

Recall that the twisted conjugacy class of N(¢p) is defined over Q,, and consequently contains a
G(Qp)-rational representative ([Kot82, p.799, Thm. 4.4]); and we have adjusted dy in its twisted
conjugacy class to ensure that 7 := N(dy) € G(Q,) 2.2).

Lemma 3.7. The stable conjugacy class of vy consists of a single conjugacy class, and the stable o-conjugacy
class of &g consists of a single o-conjugacy class.

Proof. To prove the first claim, it suffices (by [Kot82, p.788]) to show that H'(Qy, T) vanishes. By
taking the long exact sequence of cohomology of the top row of (2.3), and then invoking Hilbert
90 and Corollary we find that H'(Q,, T) does in fact vanish.

For the second claim, it similarly suffices to show that the first cohomology of the twisted cen-
tralizer Gs,, vanishes [Kot82, p.805]. However, the twisted centralizer of an element is always
an inner form of the (usual) centralizer of its norm [Kot82, Lemma 5.8]. In our case, the cen-
tralizer T = G, is a torus, and thus admits no nontrivial inner forms. We conclude again that
HY(Qy, G, ) is trivial. O

4. RATIOS

4.1. Definitions. For ¢ # p, we define a local ratio v,([X, A]) designed to measure the extent to
which the conjugacy class of vx,,/F,, as an element of G(Z,/(), is more or less prevalent than a
randomly chosen conjugacy class. More precisely, to measure this probability, we consider the
finite group G(Z,/¢") for sufficiently large n, and recall that our notion of “conjugacy” in this
group is not the usual conjugacy but the relation ~;z,,¢m), defined above in For ¢/ = p, the
element yx, /F, is not in G(Z,), and we use M(Z,,) instead; but this has no effect on the definition
since our notion of “conjugacy” in G(Z,/p") already uses M(Z,).
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Recall the definition of Cy,)(70) from (B.1), and that C,(0) := C(o)(70) is the actual conjugacy
class of 71, (o) in G(Z,/0").

Definition 4.1. For each finite place ¢, including { = p, using the shorthand yo := vx/F,0 € M(Zy),
set

#Cia
@ 1) = v (XL ) = Jim Jim 2 GO
At infinity, define
D 1/2
@2 v [X,4]) = vl (X, 2] ) = P

where || is the usual real absolute value.

Remark 4.2. So far we have avoided using the fact that there exists a rational element g € G(Q) as
in Remark 2.2} and treated o as an element of G(A ). We can continue doing so, and then for (4.2)

simply define the archimedean absolute vaue of its discriminant by |D (o) |, := Iy ’ D(vx/F,¢) ‘g .

The ratios stabilize for large enough d and 7, and thus the limits are not, strictly speaking, neces-
sary. In fact, for ¢ # 2, p and not dividing the discriminant of -y, the ratios stabilize right away, at
d = 0 and n = 1, as the next two lemmas show.

Lemma 4.3. Ifé )[ D(’)/()) and n > 0, then C(d,n)(’)’()) =Cy (’)/0)

Proof. Recall that all our notation assumes that ¢ is fixed. Clearly C,(70) € C(4,)(70). Conversely,
suppose 7 is sufficiently large as in Lemma [3.2|and that v € Cy,,)(70). Then there exists some
v € ;1 (7) such that ~G(Q,) Yo- By LemmaB.1} ¥ ~¢(z,) Yo, and s0 ¥ ~g(z,/em) Yo U

Lemma 4.4. If {1 D(yo), ¢ # 2, and d >, 0, then for n > 1,

#C(a,n) (70) #{y € G(Z/0) iy ~ 70}

(*3) #G(Zo/07) [#AG(Z,/07) — #G(Z/0O)/#BG(Zi/0)

Proof. By Lemma 4.3} the left-hand side of is

#G(Zy/ ") [ #Gyy (Zy/07) _ #AG(Zy/0")
#G(Zo/ 0") #AG(Zy /L") #Gyo(Ze/ ")

Since 711 (70) is regular, the centralizer G, is smooth over Z, of relative dimension g + 1. Since
the same is true of the scheme A /Z,, the result now follows. O

4.2. From ratios to integrals. Fix a prime ¢ (possibly ¢/ = p or £ = 2). (In this subsection, as
above, all quantities depend on this notationally suppressed prime.) Recall the canonical
map ¢ : G — A from G to its Steinberg quotient. The fibres of this map over regular points are
stable orbits of regular semisimple elements. Define a system of neighbourhoods of ¢(7p) inside
Ac(Z¢) by

P

Ua(70) = 72 (e(70)) = (70°9) (710 (e(70))-

In other words,

Uu(vo) ={a=(a1,...aq,1) € Ac(Zy) | a; = a;(yo) mod £", 7 = 1(7y0) mod £"}.
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These definitions and (3.1)) are summarized by the diagram

(4.4) Clam (10) C M(Zy) ——— Ac(Zy) D Un(70)

M A
lﬂn Lrn G

Ciam (10) C M(Zy/ ") —" AG(Z/0") 5 70 (c(70)),

where ¢, : G(Z/{") — Ag(Z/¢") is the map sending an element to the coefficients of its char-
acteristic polynomial mod ¢". The diagram of maps commutes since reduction mod ¢" is a ring
homomorphism, and the map ¢ is polynomial in the matrix entries of y. (The diagram of subsets
need not commute, though.) We also note that when ¢ # p, the sets Cv(d,n) (70) and C(g)(70) are
contained in G(Z,) and G(Z,/{"), respectively, since ord,(det(yp)) = 0 in this case, and this is
also true for all elements that are congruent to any conjugate of .

By definition of the geometric measure, for any open subset B C G(Z,) we have
vol U, NB
(4.5) VOlygeom(B N c_l(c(ryo))) — lim |dwc\( ( o (70)) )
n—sc0 V01|de‘(Un(’)/0))

Recall that each stable orbit ¢ !(c(7y)) is a finite disjoint union of rational orbits. Each rational
orbit being an open subset of the stable orbit, we may and do define geometric measure on each
rational orbit, by restriction.

In simple terms, the sets U, form a system of neighbourhoods of the point ¢(yy) € Ag; the set

C(an)(70) can be thought of as the intersection of a neighbourhood of the orbit of 7o with G(Z;);

the set ¢ !(c(79)) is the stable orbit of 7y. The following lemma gives the precise relationships
between all these sets.

Lemma 4.5. (a) Let ¢ # p. For large enough d and n (depending on -yq), we have

(4.6) HUn())NGZ) = U Caar)
T'~6@) 10

where <y runs over a set of representatives of G(Qy)-conjugacy classes in the stable conjugacy class
of yo whose Q-orbits intersect G(Zy), so that we may take the elements ' to lie in G(Zy).

(b) When n is sufficiently large (depending on 7o), the sets C4,, (") above are disjoint.

(c) Let u2° be theN Serre-Oesterlé measure on G(Qp) N M(Z,), viewed as a submanifolci of M(Z,).
Then VOIV%O(Cd,n(,)/O)) = (~dmC)4C, (v0); in particular, if £ # p, VOl g (Can(v0)) =
/" dim(G)#Cd/n (,)/0)

Proof. (a). This is an easy consequence of the fact that two regular semisimple elements of G(Qy)
are stably conjugate if and only if their characteristic polynomials coincide. In our notation,

¢! (c(0)) = I—lv’NG@) Yo (G(Qé‘)')’/)r

where 6(Q0)4/ denotes the rational conjugacy class of 9/ in G(Qy) as before. Now, we will describe
both the left-hand side and the right-hand side of as: the set of elements v € G(Z;) whose
characteristic polynomial is congruent to that of 7o mod ¢". Indeed, on the left-hand side, by def-
inition, y € ¢ 1(U,(70)) N G(Z,) if and only if 775 (¢(7)) = 7a¢(c(0)). By the commutativity
of (#4), this is equivalent to ¢, (715 (7)) = ¢u (75 (70)), i-e., the characteristic polynomials of y and
Yo are congruent mod¢”. On the right-hand side, given 7/ € G(Z;), by Lemma for d and
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n large enough we have that ¢ € Cv(d,n)(y’ ) if and only if there exists 7 € G(Z;) such that
7" = v mod ¢" and 7" is G(Qy)-conjugate to y. Taking the union of these sets as 7’ runs over the
set of integral representatives of G(Qy)-conjugacy classes in the stable class of 7, we obtain the
set of all elements v € G(Z,) that are congruent modulo ¢" to an element of G(Z,) that is stably
conjugate to o, i.e., to an element having the same characteristic polynomial as . This means
that ¢, (75 (7)) = ¢u (75 (70)), which completes the proof of the first statement.

(b). Since the orbits of regular semisimple elements are closed in the ¢-adic topology, distinct
orbits have disjoint neighbourhoods.

(c). The map =M : é(d,n)(’Yo) — C(an)(70) is surjective, so Cv(d,n)('yo) can be thought of as a
disjoint union of fibres of n?]}/f . Since M is a smooth scheme over Z,, each fibre of 71,124 has volume
¢~1dim(G) with respect to the measure uSC (cf. [Ser81ll). The first statement follows. Moreover,
as discussed above in on G(Z,), the measures 1°° and M|we| coincide. For £ # p, we have

Can)(70) C G(Z¢), which completes the proof. O

Recall that ¢ is the characteristic function of G(Z;).

Corollary 4.6. Let { # p. Then there exists d (7o) such that for d > d(vyo)

1 g1 (C
05" (¢o) = lim VOljdag| ( (:i,n)(%))'
n—00 Vol‘de‘(un(’yo))

Proof. The orbital integral, by definition, calculates the volume of the set of integral points in the
rational orbit of o, with respect to the geometric measure on the orbit. Using Lemma4.5(a)-(b) we
write ¢ (U4 (70)) N G(Zy) = LU,Cyn(7'), where o' are as in that lemma, with o being one of the
elements /. The union on the right-hand side of is a disjoint union of neighbourhoods of the
individual orbits, intersected with G(Z,). The statement follows from the equality (4.5), applied

to the set B := Cy ,(70)- O
Corollary 4.7. For { # p, the Gekeler ratio is related to the geometric orbital integral by
dim(Gr)

v([X,A]) = Woﬁom(%)-

Proof. Note that at a finite level n (and for 4 large enough so that the equalities in all the previous
lemmas hold), the denominator in is

#G(Zy/ ")  #GYT(Zy/0VHGy(Z/07)  #GYe(Zy/0m) &G -Dn—DgGder (7, /¢)
#AG(Z,/0m)  (ank(C)-DngG, (Z/¢n) —  frank(G)=Dn (rank(G)—1)n :

By Lemma C), we have vol|g,,| (Can(70)) = #Cyu(70)/£"9™(G), and by definition of the mea-
sure on the Steinberg quotient, vol|4, A|(ljln('yo)) = (~71ank(G) (here we are using the fact that
17(7x,¢)| = 1for £ # p, so the absolute value of the G,,-coordinate is 1 on U,).

1Large enough depends on </, but only through its discriminant. Since stably conjugate elements have the same
discriminant, ultimately this only depends on 7q.
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Then for a given level n, we have
#C(am) (70) I yolyy (Cram (70)) k(G =1
#G(Zg/gn) /#AG(ZZ/K”) o g(dim(G)—l)(n—l)#Gder(Zg/f)

_ 4m(©)=1 vol g (Cran (70))
#GI(Z/ L) vol gy, (Un(0))

The result now follows from Corollary O

4.3. Calculation at p. Recall that we have fixed a maximal split torus Ts,) C G. For any cochar-
acter A € X, (Tp1) (and any power g = p° of p), let ¢, = ¢, ; be the characteristic function of the
double coset

Dy g = G(Zy)M(p)G(Zy).

By the Cartan decomposition, the collection of all ¢, is a basis for Hg = Hc q,, the Hecke algebra
of functions on G(Q,) which are bi-G(Z,)-invariant.

Let po be the cocharacter p — diag(p,---,p,1,---,1); it is the cocharacter associated to the
Shimura variety A,. Define

Pap = Vo = IlG(Zq)clifig(p,-~-,rhlw-wl)G(Zq)
Pop = Yeuop = L(z,) diag(q, 41, 1)G(Z,)-

Recall that 6y = dx /F, Tepresents the absolute Frobenius of X, and that o := Ny lies in G(Q,) N
M(Z,) 2.2).

Lemma 4.8. Let [X, A]/IF, be a principally polarized abelian variety. Suppose that either X is ordinary or
that q = p (and thus e = 1). Then

¢y N M(Zp) C Deyg -

Proof. We identify X, (Tgp1) with
(4.7) {a= (a1, ,a05) € Z% :0;+ g = aj+agfor1 <i,j < g}

Suppose ¥ € Dy p € G(Qp). Then ord,(7(7)) is the common value of a; + a,;; and -y stabilizes
V ® Z, - thatis, v € M(Z,) —if and only if each a; > 0.

Let f(a) = #{i:a; = 0}. If « € D, N M(Z,), then f(a) is the rank of 71 («) as an endomorphism
of V/pV.

With these preparations, suppose 7 €%(Q) 5N M (Z,). Note that we have a; + ag,; = e.

First, suppose X is ordinary. Then exactly g eigenvalues of y are p-adic units. Consequently, if
v € D,, then f(a) = g. The only a as in (£.7) compatible with the symmetry and integrality
constraints is (e, - - ,¢,0,---,0).

Second, suppose X has arbitrary Newton polygon but that ¢ = 1. Again, the only a such that
aj+ag,; =e=1andeacha; > 0is (1,---,1,0,---,0). O

Lemma 4.9. Suppose that [X, A] /I, is an ordinary, simple, principally polarized abelian variety. Then
TOs ($4,p) = Ony(¢g,p)-
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Proof. There is a base change map b = bg q,/q, : HcQ, = Hc,q,- The fundamental lemma asserts
that, if € H¢,q,, then stable twisted orbital integrals for ¢ match with stable orbital integrals for
by. For our dp and 7o, the adjective stable is redundant (Lemma , the case of the fundamental
lemma we need is [Clo90, Thm. 1.1], and we have

(4.8) TOs(q,p) = Ony (btpg,p).

While we will stop short of computing by, ,, we will find a function which agrees with it on the
orbit ¢(Q) ey,

The Satake transformation is an algebra homomorphism & : Hgq, — Hr,,,@, Which maps Hg,q,
isomorphically onto the subring ’H 10, of invariants under the Weyl group. It is compatible with
base change, in the sense that there i 1s a commutative diagram

Moo, —— Hr,,0, =C[ X (Tsp1)]

S
Heo, — M0,

We exploit the following data about the Satake transform and the base change map.

Under the canonical identification of X, (Tsp) and X*( Spl) the character group of the dual torus,

A e X spl) gives rise to a character of Tspl, and thus a representation V) of G; let x, be its trace.
We have

G(EDM) = qw"o)%y + Z a(p, A)xa
A<u

for certain numbers a(y, A), where as usual p is the half-sum of positive roots [Gro98| (3.9)].

On one hand, following Gross [Gro98, (3.15)] and Kottwitz [Kot84b) (2.1.3)], we observe that the
weight o = (1,...1,0,...,0) is miniscule, and therefore

G(IPVO/"]) = q<m'p>Xy0'

If we think of elements of C[X. (Ty,1)]" as polynomials in 2g variables z1, . . ., za,, then (essentially
by definition of the highest weight and the fact that the multiplicity of the highest weight in an
irreducible representation is 1 — in our case the representation in question is in fact the oscilla-
tor representation [Gro98, (3.15)]) we find that the leading term of &(1y,4) is giroPlzy . .Zg. By

definition, the base change map takes f € C[zy, ..., 22, zl_l, S Zog ]W to f(z5,.. ,zgg). Then
b(& (l/)qp))—qyp Z + Z (epto, A
A<epg
On the other hand, we have

<4’qp) {eto, p>Xey + Z b(epo, A)xa
A<epg

q(VOP Z —+ Z 3]40/
A<epp

In these formulas, a(euo, A), b(epo, A) and c(epp, A) are coefficients of lower weight monomials
that are ultimately irrelevant to our calculation. In particular,

Pap — 61 (S (Yyp)))
vanishes on Dey, , = G(Zp)epo(p)G(Z)).
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The last point to note is that the intersection of the support of this difference ¢, — &1 (b(S(¢y,p)))
with the orbit of 7 is contained in M(Z,). Once we have shown this, the desired result follows
from the fundamental lemma combined with Lemma[4.8] We start by observing that since the
multiplier is a multiplicative map, it is constant on double G(Z,)-cosets. Therefore, for any double
coset D, » such that D, , N C(Q)ryy # @, we have a; + ag1; = e. Now suppose A <> a is a dominant
weight satisfying this condition and further satisfying A < eyg. Then we have a; > a; > -+ > a,

and a; > 0 because A is dominant; and on the other hand, e —a; > e —ay > -+ > e —ag, and
e —ag, > 0because of the condition A < ey. Therefore in particular, dgi1,--.,02¢ are non-negative,
and thus D, , C M(Z,) (and in fact, we have also shown that a; = - - - = ay). O

Lemma 4.10. Suppose that either X is ordinary or that g = p. Then there exists d(-yo) such that

O'%eom(ﬂbqp) — lim V01|dwc|(cd(~’yo),n (70))
’ ' =% vol e, | (Un(70))

Proof. Suppose that X is ordinary (but g is an arbitrary power of p). By Lemma ¢ 1(c(v0))
is a single G(Qy)-conjugacy class; the same argument shows this is true for elements in a small

Vol | (e (Un(70)) Dy p )
Vol | (Un(70))

neighbourhood of ¢(7yg). Thus, using (4.5), O5:°™ (¢,») equals lim,_,

Lemmal[4.8] we have
¢ (Un(70)) N Depy,p = ¢ (Un(70)) N M(Zy).

Therefore, all we need to show is that for large enough 4 and 1, we have

(4.9) ! (Un(70)) N M(Zp) = Canl10);
but this is essentially Corollary [3.4(b).
The case where g = p follows from Lemma [4.6|and the second case of Lemma O

Lemma 4.11. On the double coset D, , we have

8(g+1)

(4.10) dwe| =g 2 1.

Proof. Let K = G(Z,). First, observe that the measure °° on G(Q,) N M(Z,) is both left- and
right- K-invariant (since multiplication by an element of G(Z,) yields a bijection on modp"-
points). Consider the decomposition of D,y , into, say, left K-cosets: D, , = LI;_;¢;K (the number
s of these cosets was computed by Iwahori and Matsumoto but is not needed here). It follows from
left K-invariance of 15© that 459 (g;K) is the same for all i.

Second, the measure |dw| is normalized so that each K-coset has volume #G([F;,). Thus, in order
to compare the measures 1°© and |dwg|, we need to compare the cardinality #m,(g;K) of the
reduction mod p" of any such coset g;K that is contained in D, , with #G(IF,), for sufficiently
large n. (Note that n = 1 is insufficient, because for all such cosets the reduction modp of any

matrix in gK would be of lower rank. One needs to go to n > e for the ratios zﬁgfg to stabilize.)

Since the answer does not depend on g;, we can take go = eyo(p) = diag(q,...,q,1...,1). Inother
words, we need to compute the cardinality of the fibre of the map

¢q:G(Z/p") —— M(Z/p")

(25— 2]
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For simplicity, we would like to move the calculation to the Lie algebra. Let n > e. Observe that if
¢q(71) = @q(72) for y1, 72 € G(Z/p"), then [qég 2} (7175, * — I) = 0, where I, is the g x g-identity
matrix, and [ is the identity matrix in Mg. This implies, in particular, that 717, = I mod p"~°.
Then we can write the truncated exponential approximation: 17y, = I+ X+ 1X2+... for some

X € g(Zp); in particular, there exists X € g(Z,) such that 717, = I+ X mod p*"=9, and
thus the kernel of the map ¢, is in bijection with the set of (X mod p") for X € g(Z,) such that

[qégg} X =0 mod p".

We have g = sp,, @ 3, where j is the 1-dimensional Lie algebra of the centre. It will be convenient
to decompose it further: let h be the Cartan subalgebra of sp,, consisting of diagonal matrices, and
let V consist of matrices whose diagonal entries are all zero; then

g=(GohaVv.
Consider the action of multiplication by [qég 12 } on each term of this direct sum decomposition.

On the term 3 @ b it acts by diag(ay, ..., az,) — diag(qay, ..., qag, Agi1,.-.,02¢), which in the 3 © b-
coordinates can be written as (recalling that a; + a,,; = z is independent of i):

Z Z Z e Z
E@<§—ﬂg+1,...§—ﬂ2g,—§+ﬂg+1,"'—§+ﬂ2g>

9z (qz @+ 1Vag gz (g+Day gz (G+1D)agn gz (g+1)ay
H2@<2 2 2 2 a2t 2 2T 2 '

The only points (z,a41, . ..,a2¢) that are killed (mod p") by this map are of the form (Z/,0,...,0)
with gz’ = 0; so there are g of them.

Next consider an element X = [2 B] € V. Then A is determined by D, and B is skew-symmetric

(up to a permutation of rows and columns). Multiplication by [qég 12 } scales each entry of A and

B by a factor of g, and does not change C and D. Since A is determined by D, the elements X
killed by this map are in bijection with symmetric matrices B with entries in Z/p" that are killed
by multiplication by 4. Since the space of such matrices is a g(g + 1) /2-dimensional linear space,
the number of such matrices B is g8(8*+1)/2,

Thus, we have computed that |[dwg| = qg(g; 1)“;450 on the double coset D, ,. Combining this
with (4.11), we get:
: er _s(g+l) ~ : er
gpimG™ ) g V0l g (Can(70)) sty pdim(G™) geom
(XA = yiqerry ~ =0 yqmig 700 (Par)
(Zy/p)  voligy,|(Un(10)) (Zy/p)
which completes the proof. O

Corollary 4.12. Suppose that either X is ordinary or that g = p. For { = p, the Gekeler ratio is
related to the geometric orbital integral by

dlm(G er)
g(g+1 P
(2 )

vp([X,A]) =q~ Wogﬁom(%m)-

Proof. First observe that vol 4, (U, (7v0)) = gp~"™"*(G), since we are using the invariant measure

on the G,,-factor of Ag = ATk(C) -1 o G and for 7o (and therefore, for all points in fln), that co-
ordinate is the multiplier, with absolute value q_l. Thus, by Lemma (c) and the same argument
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as in Corollary 4.7) we have that for d > d(vo),

| #Can(0) O volso(Can(10))
411 X)) = 1 , _ d, ,
@I (XA = I 4eZ72) RACZ TP ) ~ FC(ZTvZ) % vl (Un(10))

The ratio inside the limit on the right-hand side is the same as the ratio in Lemma except
that the measure in the numerator is the Serre-Oesterlé measure u5© rather than the measure
|dwg|. (Both measures are defined on G(Q,) N M(Z,).) Thus, to prove the corollary, we just need
to compute the conversion factor between the restrictions of the measures 45° and |dwg| to the
support of ¢, which is the content of Lemma [£.11} O

5. THE PRODUCT FORMULA

Now that the relationship between the ratios v, and orbital integrals (with respect to the geomet-
ric measure) is established, we can translate the formula of Langlands and Kottwitz into a
Siegel-style product formula for the ratios, thus obtaining our main theorem. Recall the notation
of §2} in particular, the element y(x ;) € G(Af) associated with the isogeny class of [X, A], and
its centralizer T = Tix . Here in order to ease the notation we drop all the subscripts [X, A].
Note that there is some flexibility in the choice of the measures in the Langlands and Kottwitz
formula, but the measures need to be normalized by normalizing the measures on G(Qy) and on
T(Q/) separately. We will use the canonical measure du&™ on G(Qy) for every prime ¢, and the
Tamagawa measure 1™ (defined in detail below) on T(Q,) for all £. This gives a convergent
product measure globally, since the local orbital integrals equal 1 at almost all places with respect
to this measure. Since Gekeler-style ratios are expressed in terms of the geometric measure on or-
bits, we need to calculate the conversion factor between the geometric measure and the quotient
pgan /ytama We start with a quick review of the definition of 1™ in order to introduce all the
relevant notation.

5.1. Tamagawa measure. Let S be an algebraic torus; here we only discuss the setting where S is
defined over Q. The character group of S is the free Z-module X*(S) = $ in Ono’s notation (we
empbhasize that this is the lattice of the characters defined over Q). If F is any field containing Q,
we let ($)F be the subgroup of characters of S which are defined over F.

As usual, we have S(A) and S(Ay), the points of S with values in, respectively, the ring of adeles
and the ring of finite adeles. The (finite) adeles come equipped with the product absolute value
|-| o, and we set

S(A)' = {s € S(A) : Vx € (S)q, |x(s)|a =1}

Let F be a Galois extension which splits S. Then the character lattice X*(S) can be viewed as a
Gal(F/Q)-module, and this module uniquely determines S up to isomorphism. We denote this
representation by s, and let L(s,05) = [, L¢(s, 0s) be the corresponding Artin L-function (see
[Bitl1] for a modern treatment). Let r be the multiplicity of the trivial representation in ¢s. By
definition,
ps :=lim(s — 1)"L(s, 05).
s—1

Let w be an invariant gauge form on S. (In particular, w is defined over Q.) Set

(UTama = W H L@(]-/ U_S)wél
l

where wy is the invariant volume form on S(Qy) induced by w.
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By the product formula, as long as w is defined over Q, none of the global invariants depend on
the normalization of w.

Let x1,- -+, xr be a basis for (§)Q, and define a map A by

S(A) ——D s (RY)

xi—— (I (®)lar X (*)]a):

(In the cases of interest, when S = T or S = T, we have r = 0 or r = 1, respectively.) Then A
induces an isomorphism

K:S(A)/S(A) —=— (RY)" .

(Of course, both sides are trivial if S is anisotropic.)

Define df by
aF = AT
. k=1 £
Let dSq be the counting measure on S(Q). The Tamagawa measure on S(A)! defined by Ono
[Ono6l, (3.5.2)], (taking into account that in our case the base field denoted by k in [Ono61] is Q)

is the measure ;™™ that makes the following equality true:
(5.1) s twma = gfyTamags,,
The Tamagawa number is defined by

Tg = Tarna.
S1(A)/S(Q)
We will also make use of the differential form on S that we denote by ws (this notation agrees with

that of [FLN1Q]). We define:
_da K
X1 Xd
where d is the rank of X*(S). This form is, a priori, defined over Q. However, in fact there exists
D € Q such that ws/+/D is defined over Q. (see [GG99, Corollary 3.7]). Since /|D|| T, /|D], =

1, in fact we can use the form ws instead of w in the definition of the Tamagawa measure, even
though it is not quite defined over Q. Specifically, we will from now on work with the form

(5.2) Ws :

(5.3) ws™ = (ws)eo | [Le(1,05)(ws)e on S(A).
L
We denote the product over the finite primes by ws ¢, i.e., write wgama = (Wg)oows, 7> the form wg ¢

defines a measure on S(Ay), the set of points of S over the finite adeles.

5.2. The measure 3™ vs. geometric measure. This section is based on [FLN10]. We recall

that the measure on orbits that we call 8°°™ is constructed as a quotient of the measure |wg| by
the measure |w4| on our space Ag, which is a ‘naive version’ of the Steinberg-Hitchin base (see
[Gor20, §3.7] for a detailed comparison of the space Ag, and the measure on it, with the actual
Steinberg-Hitchin base that is used in [FLN10]).

Consider the measure on T defined by the form wl*™? at every place (its only difference from
the Tamagawa measure on T is in the global factor pr). For every finite prime /, let ,u%ma be the
measure on the orbit of 7, in G(Q,) obtained as the quotient of the measure w®" on G that gives
the maximal compact subgroup G(Z;) volume 1, by the measure |w1™3|, on T.

The following proposition is an adaptation of the equality (3.31) of [FLN10] to our setting.
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Proposition 5.1. ([FLN10, Proposition 3.29; (3.31)]) We have

_ glgtl)
uE =1l

where 17(7y) is the multiplier of .

ID(7)|volug (G(Ze))Le(1, o7) ™™,

Proof. For v € GY, this is equivalent to the relation (3.31) of [FLN10]; the additional factor
voly,. (G(Zy)) on the right appears here because in (3.31) of [FLN10], the same measure on G
needs to be used on both sides of the equation; here we are using the measure |wg| on the left,
and the measure (wZ&"| = |wg|/ vol(G(Z;)) on the right; so this correction factor is needed. More
precisely, the relation (3.30) in [FLN10] (which we also reproved in §4.2.1 of [AG17]) asserts that
for a semisimple group G,

uE =/ ID(Melwral,
where wr\¢ is the quotient of the measure wg by the measure wr on T defined above in §5.1]
which is the same as the measure w7 in [FLN10]. Since by definition (and the remark at the end of
§5.1 which allows us to use the form wr in the definition of the Tamagawa measure),

(g+1)
W™ = Ly(1, 07)wr,, this proves the Proposition for 7y € GYer. For general 7, the factor |5 (y)|~ -

appears on the right-hand side because we are using the space A instead of the Steinberg-Hitchin
base of GSp,,. This factor is calculated by considering the action of the centre of G on all the mea-

sure spaces involved. This is explained in detail in §3.7 of [Gor20]. O

5.3. Proof of Theorem For convenience, we list here the results we proved above about the
ratios v, and the relevant orbital integrals:

(1) (Corollary 4.7) at ¢ # p
pdim(Gder)

ve([X, A]) = #GAer(Z,/ 1)

05" (o)
(2) (Corollary 4.12) at p
sy pdm@)
(X A]) =q 2 #Cﬁder(Zp/P) 0% (Pp)-

Combining these with Proposition[p.1} and observing that for £ # p, we have [7(7)|, = |det(y)|, =
1, and at p, we have |1 () |p = g~!, we obtain:

_steey pdm(GE)
vp([X,A]) = 2 :Gdef(]F) O5°™ (¢q,p)
dim(Ger)
g“ QH p Tama
V1P(7)],voluyg p))Lp(1, ‘TT)#Gder(lp ) (¢4.p)
54) D(7)|,Lp(1,01/6)05™ (¢g,p), and
B X )\ Kdlm(cder) geom
v([X,A]) = #GTWF@ (¢0)
¢dim(GEr)
D lw L 1, s~ Tama
’ (7)’€VO G [( O-T)#Gder(IF/) (Gbé)

= \/ID(¥)],Le(1,07/6)02m3 (¢y).
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Here the notation L,(1,07,¢) stands for L,(1,07)(1 — }) (including the case ¢ = p), which agrees
with the use of this notation in [FLN10], and the last equality in both cases follows from (2.5).

Taking a product of these over all primes ¢, and recalling the product formula for absolute values,
we obtain:
(g+1

(5.5) Hw—q “ID(NIT2L(, 01/6)0F™,

where OTama stands for the product of orbital integrals in the Langlands-Kottwitz formula, with

the measure on each factor given by cuTama.

Lemma 5.2.

Vol s (T(Q\T(Ay) = pr

Proof. We start by emphasizing that while in the definition of the Tamagawa number, one starts
with an arbitrary differential form defined over Q, since here we have split off the infinite places,
the specific choice of the differential form matters. This choice (dictated by our calculations above,
specifically, Proposition is the form wr of (which is not defined over Q but can still be
used, as discussed at the end of 3} From this form, we make the form w%ama = (wT)oowT,f

as in (5.3). We need to identify explicitly the component at the infinite place of the form wima,
which is the same as the component (wr)« of the differential form wr. We have a convenient
basis for the character lattice of T, cf. Define the coordinates (z1, .. .,zg¢, A) on T(C) such that

T(C) = {z1,...,25, Az ', ..., Azg ")}, and define the the characters x;(z1,...,2g, 21 ..., Azg!) =

zi, fori =1,...,g, and the multiplier #(zy, .. 1 Zg z1 L. /\zfl) := A. (Note that in the Appen-
dix, the character lattice of T is described as a quotient of Z2g instead, which is convenient for
the cohomology computations; we do not use this description here.) We write every element of
T(A) as a = asa~, where ag has the infinity component 1 and ac = (1,21, ...,24,A) has all the
components at the finite places equal to 1. In this notation, T(A)! is defined by the condition
|zi| = |A| = ||ag||"!/8. We note that the character 7 coincides with the map A from T(A)/T(A)!
to Ry defined in Then by the definition of ™2, it is the volume form on T(A)! given by

‘MTama/\ dl _ Xm(afaoo) AN ng(afaoo) A dj
n Aflco Aflco n

7

and thus its component at co is the form plama = ‘% ARERWA % on T(A)l, ~ (S')8&. Itis an easy

exercise (see [Gor20, (2.8)]) that the form dz/z gives precisely the arc length measure on the unit
circle. Thus, we get:

71 = Vol (T(Q\T(A)') = o1 vol jpama (T(Q)\T(A)) = p7 Vol poms (T(Q\T (Af)) (2778,
which completes the proof. O]

Now we can complete the proof of the theorem. By the Langlands-Kottwitz formula (in which we
choose the Tamagawa measure on T), we have

1 Tama
(2me T

#I([X, A]) = vol jrma (T(Q)\T(A))OF™ = pr
On the other hand, by (5.5), we have

_ 8(g+1) -
HW =q * |D(7)| 1/ZL(L(7'T/G)OATyam‘r".
J4
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ID(7)['/2

2m)8 7
L(1,0r/c) is conditionally convergent and equals pr (cf. [FLNI0, (3.25)]), since pg,, = 1, the
residue of the Riemann zeta-function at s = 1. Thus,

_glgt+D) T
0" v T v = (g L1 07/6) O™ = vol g (T@)\T(A ) OF™,
14

It remains to recall that we have defined v, = and note that the Euler product for

which completes the proof.

6. COMPLEMENTS

For the convenience of a hypothetical reader interested in explicit calculations, we collect here
some reminders concerning the terms which arise in (1.3).

6.1. V. Recall that we have defined Voo ([X, A]) as /| D(y0)|/ (271)8, where D(7y) is the Weyl
discriminant D(yg) = [lsea(1 — a(70)), the product being over all roots of G. We may relate
this to the (polynomial) discriminant of fx,f (T), the characteristic polynomial of Frobenius, as
follows.

6.1.1. Weyl discriminants. Explicitly, o has multiplier A := #(-y9) = q. Write the (complex) eigen-
values of (a Q-representative of) o —equivalently, the roots of fx (T)—as (A1, -+, Ag, Ao/ A1, -+, Ao/ Ag).
Then

Div)= I o I &

1<i<j<g 1<i<g
where

Gij = (1= Ai/A)) (1= A/ Ai) (1 = Aidj/ Ao) (1 = Ao/ (Aidj))
i = (1=27/A0)(1 = Ao/ A7)

Possibly after reordering the conjugate pairs {A;, Ao/ A;}, we may and do assume that A; = , /7 exp(if;)
with 0 < 0; < 7. Then

dij = (2cos(8;) — 2(:05(9]-))2

6.1.2. Elliptic curves. Suppose that [X, A] is an elliptic curve with its canonical principal polariza-
tion, say with characteristic polynomial of Frobenius T? — aT +¢. Then a = 2,/gcos(6), and

D(79) = 4sin®(6) = 4— <, and

el (X, 21/F) = 5/ IDr)] = 141 £

Note that this term is half the archimedean term introduced in [Gek03, (3.3)] (when g = p) and
[AG17, (2-7)]. For purposes of comparison, we summarize this relationship by writing

(X, A]) = 2v8R([X, A]) = JvAS([X, ).
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6.1.3. Polynomial discriminants. To facilitate comparison with [AW15, (Gek03, GW19], we express
D(70) in terms of polynomial discriminants. Let f(T) = fxF,(T), and let f*(T) = f;/IFq (T) be
the minimal polynomial of the sum of 7 and its adjoint, so that
fem,(T) =TT (T=A;+4/7)).
1<j<g

Note that Q[T]/ f*(T)=K™, the maximal totally real subalgebra of the endomorphism algebra of
X.

Lemma 6.1. We have disc(£(T))
1SC g(3g-1)
disc(f+(T)) = (=1)%q¢ = D(7)-

Proof. On one hand,
disc(f(T)) = H zxiz]- H a?

1<i<j<g 1<i<g

where

wij = (A = Aj)(Ai = Ao/ Aj) (Ao/ Ai — Aj) (Ao/Ai — Ao/ Aj)
and

K = (/\1 — Ao/)tl)
On the other hand,

dise(f*(T)) = [] B
1<i<j<g

where

Bij = (Ai+ Ao/ Ai = (A + Ao/ Aj)).
Now use this to evaluate disc(f(T))/ disc(f*(T)), while bearing in mind that
y ) 2
5~ Apand 2 = A2and X = —A,.
i (51] d;

O

6.2. vy. Gekeler [Gek03] observed that, for elliptic curves, his product formula essentially com-
putes an L-function; a similar phenomenon has been observed in other contexts, as well [AW15,
GWT19]. We briefly explain how this relates to (1.3). This detour also has the modest benefit of
showing that the right-hand side of converges, albeit conditionally.

6.2.1. Zeta functions. We express the zeta function of a number field M as {um(s) = TT, O e(s),
where (i (s) = [Taje(1 — Na/q(A)~*) 7L For a direct sum M = &!_; M; of such fields we write
Cm,e(s) = IT; Cm,e(s); the product over all primes yields {a(s) = IT; {um,(s).

Recall that to a torus S/Q one associates an Artin L-function L(s,05) = [, L¢(s,0s). This con-
struction is multiplicative for exact sequences of tori, and for a finite direct sum M of number
fields one has L(s, 0r,,,,G,) = {m(s). (It may be worth recalling that Ry/qGm= @ Ry, /QGm-)

If ¢ is unramified in some splitting field for S, then (cf. [Bitl1) 2.8], [V0s98, 14.3]) one has
#S(IF() = gdimng(l,Us)fl.
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Lemma 6.2. Suppose that £ { 2p disc(fx /g, (T)). Then

w(x,4]) = Lol

- T p(1)

Proof. By Lemma 4.4
#{y € G(Fy) : v ~ m1(70
ve([X,A]) = b #G(gFeé)/#z’\c(Pz)w .
_ #G(F)/#T(F,)
#G(Fy)/ (134G (Fy))
o#Gm(Fe) _ L(1,07)
#T(IFy) Li(1,06,)

=/

since dimT = g+ 1. Using (.3), first to see that L(s,or) = L(s, 0 )L(s,0g, ) and second to
compute L(s, 0rar ), We recognize this as

Ce(1)

(1)

Since (k(s) and {x~(s) both have a simple pole at s = 1, we immediately deduce:

Corollary 6.3. The right-hand side of converges conditionally.

Moreover, up to a finite factor B([X, A]), we can express #I([X, A],IF,) in terms of familiar quanti-
ties:

Corollary 6.4. We have

8(3s—1)
_ g ] dise(f) . Ck(s)
#I([X, A], Fg) = Tr 2m)s \/ [disc(f+) B(X,A) i, Ck+(s)
where
Ci+e(1)

B([X,A]) = ve([X, A]).

£|2p disc(f) Cre(1)

6.2.2. Elliptic curves. If [X, A] is an elliptic curve, let x be the quadratic character associated to the
imaginary quadratic field K. Then K™ = Q, and {k(s)/{q(s) = L(s, x)-

Now further suppose that g = p and that the Frobenius order is maximal, i.e., that Z[T]/ fx /F, (T)=Ok.

Then Gekeler shows with an explicit calculation that for each prime ¢, v ([X, A]) = L(1, x), and

thus [T, v ([X, A]) = L(1, x).

6.2.3. Abelian varieties with maximal Frobenius order. Similarly, suppose [X, A] is an ordinary abelian
surface with End(X) ® Q a cyclic quartic extension of Q, and further suppose that the Frobe-
nius order is maximal. In [AW15], the authors define a local term vfw([X, A]), and show that
[T, vA™([X, A]) = Ck(1)/Ck+(1). This observation has been extended to certain abelian varieties
of prime dimension [GW19, Prop. 8.1].
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6.3. vp. Since the multiplier #(-yo) of Frobenius is g, o, while an element of M(Z,) C G(Q,), is
never an element of G(Z,). Nonetheless, if the isogeny class is ordinary, it is possible to transfer
part of the work in calculating v, ([X, A]) from M(Z,) to G(Z,), as follows.

Suppose X is ordinary. Then its p-divisible group splits integrally as X[p™®] = X[p™]*" & X[p™]¢.
(In general, the slope filtration only exists up to isogeny, as in Lemma [3.5) Therefore, there exists
a decomposition Vz, = VZétp s> V%’: into maximal isotropic summands stable under vy, where

o :=Yolys € End(VZétp) is invertible; and the polarization induces an isomorphism V%Opr with the
p
dual of VZ, such that ’)’0|Vior = q(aj ) L. This can also be proved directly through linear algebra.
4
Indeed, let By = q’yal. Then Vg‘p = Mug" (Vz,), while Vg}r = MufBy" (Vz,)-

Lemma 6.5. For n and d sufficiently large and v € M(Z,/p™), the following conditions are equivalent:

@) v ~mz,/pm), Yo mod p;
(b) there exists some y € M(Z,) such that y mod p" = -y and 7y ~G(Q,) YO

oy o e ~ + — . . . .
(c) 7y stabilizes a decomposition Vz, /pn_V% o @ VZV Jpn 110 maximal isotropic subspaces, and there
— V3

exists an isomorphism 1 : V.f Z,/p" such that a9 = 7|y .
4 Zp/pt

Zp /pn

Proof. The equivalence of (a) and (b) is Lemma For the equivalence of (a) and (c), use the
argument above to show that any such < induces an appropriate decomposition of Vz, /. O]

Therefore, if xp mod p is regular, we obtain a version of Lemma |6.2]at p.

Corollary 6.6. Suppose X, A| is ordinary and ord, disc(fx/F,(T)) = e- g(g —1). Then

w(ix ) = 2t

B gK*,p(D'

Note that we always have g8~ | disc(fx /E,(T)). The case ¢ = 1 also follows from the explicit
calculation in [Gek03, Thm. 4.4].

Proof. Define €y € Sp(Vz,) by €o|ys = ag and €g|yer = (g )L
p 4

The argument of Lemmashows that, for sufficiently large d and 1, both #C 4,y (70) and #C 4 ;) (v0)
are given by the product of the number of decompositions Vz,/,n = Vgp o @ Vz_p /pn INto maxi-

mal isotropic subspaces, and the number of & € End(VZP Jpr) With a ~End(
#C () (v0) = #Cg ) (€0)-

The regularity hypothesis implies that €9 mod p is regular, and the result follows from Lemma

O

Vz, ) 0- In particular,

6.4. Explicit examples.
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6.4.1. ¢ = 1. Consider the elliptic curve E/IF7 with affine equation y> = x® + x + 1. Its Frobenius
polynomial is fg(T) = T? — 3T + 7, which has discriminant —19, a fundamental discriminant. So
the order generated by the Frobenius endomorphism is the ring of integers in K := Q(v/—19);
using Magma, we numerically estimate [T, v,(E/F7) = L(1, (=2)) as ~ 0.72073. Continuing to

work numerically, we have v (E/F7) = % 4 — % ~ 0.2622. Since T = Rg ;oG wehave 11 =1,
and thus t7v/7ve (E/F7) [1, v¢(E/FF7) = 0.5000.

This reflects the easily verified arithmetic statement that the only elliptic curve over F; with trace
of Frobenius 3 is E itself; and Aut(E)=0fg = {£1}, so that the weighted size of this isogeny class
is #1([E],F7) = L. (In modest contrast, [Gek03] assigns weight 2/# Aut(F) to an elliptic curve F;
this is reflected in the fact that vG*([E], /IF7) = 2ve([E], F7).)

6.4.2. ¢ =4. Consider the 3-Weil polynomial
f(T) = T® — 6T7 +13T° — 10T° + T* — 30T° + 117T% — 162T + 81.

It turns out that there is a unique principally polarized abelian fourfold (X, A) over [F3 with char-
acteristic polynomial equal to f(T'). (This is a single datapoint in a census of isogeny classes which
will soon be integrated into the LMFDB.)

Let K = Q[T]/f(T). One readily checks that disc(f(T))/ disc(K) = 3**~1, and so v([X,A]) =
Cke(1)/Ck+ (1) for all finite ¢, including ¢ = p. Again, we numerically estimate [T, v,([X,A]) =

limg 1+ C&i (2) ~ 0.871253 and v« ([X, A]) &~ 0.000111808. The field K is Galois over Q, with group
K

Gal(K/Q)=Z/4 ® Z/2, and the Tamagawa number of the torus T is 2 (see [A.6). Our formula
numerically yields

#1([X, A],F3) = 331100 ([X, A], TF3) lim Ek(5) . 0,050000.
s—1 CK*’ (S)

This reflects the fact that the torsion group of OF, and thus Aut([X, A]), has order 20.

The referee points out that it is possible to take advantage of other recent work on isogeny classes,
which appeared essentially simultaneously with or since the first preprint of this work was made
available, to independently verify these assertions without recourse to the LMFDB. For example,
our characterization of K shows that in fact K = Q({2); and the discriminant calculation shows
that End(X) = Z|[{2]. Since h(K) = h(K)/h(K") = 1, one can use [How20, Cor. 1.2] or [GSY20,
Thm. 1.1] to conclude that #I([X, A],F3) = 1.

The state of the art on calculation of Tamagawa numbers has also improved; see [LYY21), Rti20].

6.5. Level structure. The Langlands-Kottwitz formula (2.1) is actually written for abelian varieties
with arbitrary level structure, and thus a version of our main formula is available in the context of
abelian varieties with level structure, too.

6.5.1. Product formula. Let ' C G(Z?) be an open compact subgroup. There is a notion of prin-
cipally polarized abelian variety with level I structure; let Ay be the corresponding Shimura
variety. If (X,A,a) € Agr(IF;) is a principally polarized abelian variety with level I'-structure,
then the size of its isogeny class in this category is given by the Kottwitz formula, except that the
integrand in the adelic orbital integral is replaced with 1r.

We make the definition

o #(Camy(r0) N (L))
ve((XoA o) = Hm Ko o 7,700y A (Ze ) 07
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The analogue of Corollary [4.6/holds, and states that there exists d(y) such that

O%eom(]lr ) — lim VOl\de|(C( d(y ) )(’)/0) ﬁrg)
’ Y onoe VOl i, (U (70))

The calculations at p and oo, as well as the global volume term, are unchanged, and we find that

+1)

6.1) BI([X, A, 0], Fy) = g5 v ([X, A]) [Tve([X, A, a]).
1

6.5.2. Principal level structure. Fix a prime ¢y, and define T'(¢y) = [, T'(4o), by

_ ) G(zy) t# b
[(fo)e = {ker(G(ZgO) — G(Zy, /o)) L= Lo,

Then A, 1, is the moduli space of abelian varieties equipped with a full principal level £o-
structure.

For example, to fix ideas, suppose that ¢ = 1 and that £y # p, and let a satisfy [a| < 2,/q, p { a
and /| (a*> — 4q); we consider the set of elliptic curves with characteristic polynomial of Frobenius
f(T) = T? — aT + q. Then some, but not all, elements of the corresponding isogeny class admit a
principal level /p-structure (see, e.g., [AW13]).

Let (X, A, a) be an elliptic curve over IF; with trace of Frobenius a and full level /y-structure a.

We may explicitly compute vy, ([Xo, A, «]) as follows. Let x,, = (%) be the quadratic character
modulo 4.

Lemma 6.7. We have
1 1

1~ xy,(dise(f)/B) /G

Vfo([X A D‘])

Proof. Let yo = 7xF,, be a Frobenius element for X at {y. By hypothesis, 7o = 1+ {ofo for

some By € Maty(Z,). Since ¢3 is the highest power of ¢y dividing disc(f), we in fact have B €
GLy(Z,,), and By is regular mod{y, i.e., 711 (Bo) is regular.

Suppose that v € Ty, satisfies ¢ ~G(Qy) Y0 Then ¢y = 1+ {op for some B € GLy(Z,,) which is
regular mod/{y, and direct calculation shows B ~¢(q o) Po. Lemma 3.1/ then shows that B ~¢(z,)

Po-
Consequently, for any d > 0 and any n > 2, we have bijections between the following sets:
{v € G(Z4/65) : v ~mzy, 15 TTn(70)};
{BEG(Zy/t5™") : B~pmz, oy, T-1(Po) b
and {B € G(Z;, /087" : B ~G(2, 1 0) 7w (Bo) }-
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Therefore,

#G(Zyy /L) /#Gpy (Zgy / €5 7)
#G(Zyy [ 03) /#AG(Zyy/ 08)

_HG(Z4, /05T #AG(Zy, /)

 H#G(Zyy /) #Gpy(Zy, /07T

1 CB#AG(Zy, /0

0§ #GR(Z /0T

1 #AG(Z4,/ o)

B #Gp,(Z4,/ o)

1 1

T 21— xy,(disc(f)/2)/ by

Vfo([Xf A, ‘x]) =

7. GL, RECONSIDERED

In [AG17], we essentially treated the g =1 case of the present paper. Unfortunately, a simple alge-
bra error - vAC([X, A]) = 2/]D(70)| (, in spite of the claims of the penultimate displayed
equation [AG17, p.20] - masked certain mistakes involving the calculations at p. We take the op-
portunity to correct these mistakes. The reader pleasantly unaware of these issues with [AG17]

may simply view the present section as an explication of our technique in the special case where
g =1, and thus G = GL,.

Note that the definition [AG17, (2-6)] could have been replaced with a criterion involving charac-
teristic polynomials, e.g.,

.. #{yeMaty(Z,/p") : fy = fy, mod p"}
vpla.g) = lim, #G(Z,/ p") [#A(Z, ] p") ‘

7.1. Assertions at p. There are two problematic claims in [AG17]:

(1) For the test function 1¢(z,) at £ # p, we have

» geom
ve(a,q) = mow (HG(Zz))'
It is claimed in [AG17, Lemma 3.7] that the same is true for £ = p, where the test function

¢ is the characteristic function of G(Z,) (q O) G(Zp).

01
(2) In [AG17, Appendix], revisiting the calculation [FLN10, (3.30)], we assert that.
m Vol (G(Zy)) _
(7.1) 8OM —  JID(y L )
‘u'yé ’ ( NZVOIWT‘[(T (ZZ)).”T\G,E

This is valid for ¢ # p, but requires correction at p, because our Chevalley-Steinberg map
is not exactly the same as the map in [FLN10].
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7.2. From point-counts to measure. In (1), one exploits the fundamental fact that point counts
mod ¢" converge to volume with respect to the Serre-Oesterlé measure 5. In the case where ¢ =
p, however, the ambient space is Mat(Z,,), rather than (its open subset) G(Z,,). Thus, the volume

of the set V;, of [AG17] should be computed with respect to ;uls\gtz, which is the usual measure on
the 4-dimensional affine space. We recall that for v € GL»(Q,), dy%cﬂz (7) = | det(y)| 2duyg, (7)-

Moreover, one should be using the invariant measure dx A Tiy—y' on the Steinberg base Ag,~A! x

Gy, rather than the measure pulled back from A' x A'. Then the measure of a radius p~"-
neighborhood U, of (a,4) in A is p=2"/|det(70)| = p~2"/q~ !, and we find

v ) = p |det(70)]? volyug, (Vu(70))
P #SLZ(IFP) |det(’)’0)‘VOIA1><Gm(un)

p p®

= |det(7o)|m0§§°m(cpq) = qflmogiom(%)-

(This differs from the assertion of [AG17, Lemma 3.7] by a factor of 4.)

7.3. From geometric measure to canonical measure. Since orbital integrals of rational-valued
functions with respect to the canonical measure are rational, while , /|D (7o) |, = /4, the assertion
of ) cannot hold at ¢ = p.

While the relation between the geometric measure and the canonical measure that we rely on is
correct for a semisimple group, it needs a correction factor for a reductive group. This part is
completely general for all reductive G, and is discussed in detail in [Gor20]; the correct formula is
stated in Proposition 5.1} In particular, the correct calculation at p is

m _slet) volj| (G(Zp))
F = Il PO oz e
4

where 7(7y) is the multiplier of .

APPENDIX A. BY WEN-WEI L1 AND THOMAS RUD

We compute the Tamagawa numbers of some anisotropic tori in GSp,, and Sp,, associated with a

single Galois field extension (see section [2.2), and present a partial result towards the general case
that illustrates the difficulties.

Recall the setup of 2.2]in the case of a single Galois extension. Let K > K* O Q be a tower of field
extensions with K Galois, such that [K : K™] =2 and [K" : Q] = g. We define

Ny /x+

Tder = Ker (RK/Q(Gm) — RK+/Q(Gm)> = RK*/QRE/)IG (Gm) C Spag ,

and

(xy)—=x"IN (v)
T = Ker <Gm XSpec(Q) RK/Q(Gm) _>K/I<+

They fit in the short exact sequence

RK+/Q<Gm)> C GSPZg‘

1 Tder T G 1.

Also, recall that we have been using Tr (resp Trdr) to denote the Tamagawa numbers 17q(T) and
To(T9r). We will show the following.
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Proposition A.1. One has Tpae = Tg+ (Rg/) K+Gm) =2

For the case of T, the result varies with the extension.

Proposition A.2. Assume that K is a Galois CM field and K is its maximal totally real subfield. Then we
have tr < 2, and moreover :

o If g isodd then tr = 1.
o IfK/Q is cyclic, then Tr = 1.
o If ¢ = 2 then 7 = 1 when Gal(K/Q) = Z/4Z and tr = 2 when Gal(K/Q) = (Z/27Z)>.

More results and details will appear in the second author’s forthcoming thesis.

We base our approach the following formula of Ono.

Theorem A.3 ([Ono63||). Let T be an algebraic torus defined over a number field F and split over some
Galois extension L. Then its Tamagawa number can be computed as

_ H\(L/EX(T))|

(1) = )]

Here X*(T) denotes the character lattice of T. The symbol 111! (T) denotes the corresponding Tate-Shafarevich
group defined by

(A1) IT'(T) = Ker(H'(L/F,T) = [ [ H'(Lw/F,, T)),
v
where v runs over the primes of F and w is a prime of L with w|v.

Our approach is to do the computation on the level of character lattices. A very important con-
sequence of Tate-Nakayama duality theorem (see [PR91, Theorem 6.10]) is that for a torus T as in
the previous theorem, the Pontryagin dual of I1I' (T) is isomorphic to IT1I?(X*(T)), so it suffices to
compute |II1%(X*(T))|.

The proof of proposition is given in the next section. The proof of proposition occupies
sections to In section we present an example not covered by proposition In
section |A.7| we present a computation for the numerator that illustrates the difficulties that arise
for a general torus (not assuming that T is contructed from a single field).

A.l. Computation of Tra. We write the proof of proposition using Theorem [A.3 Since the
Tamagawa number is preserved by restriction of scalars we have Traer = To(Rg+ /QRKl/) «+Gm) =
Tx+ (Rg/) «+Gm). The cohomology of the characters of a norm 1 torus is obtained by a classic com-

putation that one can see for instance in the proof of the Hasse norm theorem in [PR91} Theorem
6.11]. We have

Z7./27. if i is odd

A d i + (1) _ i+l _
H'(K/Q X (T™")) = H(K/K", Ry Gm) = H"(2/22,7) = { {0} if i is even
In particular, |IIT!(T9er)| = |III2(X*(T9e))| < |H2(X*(T9r))| = 1. We conclude Tpuer = 2 = 2.

This proves proposition
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A.2. Computation of the first cohomology group of the character lattice. From now on, we focus
on the proof of proposition and therefore we will assume that K is a CM-field with K™ its
maximal totally real subfield. Let  be the nontrivial element of Gal(K/K"), and let T, I'" denote
respectively the Galois groups of K/Q, and K™ /Q. Note that K™ is indeed Galois over Q by virtue
of K being a CM-field. The torus T arises as the subtorus of Rx,q(G;:) with the set of Q-points
consisting of elements x € K* such that x:(x) € Q and T9'(Q) is the set of elements x € K* such
that x¢(x) = 1. We have the following exact sequence of finite groups:

(A2) 1— () =2Z/2Z T r+ 1.

For each o € I'" fix a preimage ¢ € I'. We get the description of X*(Rg,/q(Gn)) = Z[I] as the set
of Z-linear combinations of ¢ and 61 withoc € T,

The embedding of T in Rk,q(G) gives us a surjective map X*(Rg,q(Gm)) — X*(T). For x =
Yver+ Ac0 + Y per+ bo0t € X*(Rg/o(Gp)) and t € T(Q), we have

x)y =TT o TT o)™

oel't oel't

=JJow)~J]o (/\t’l)bv where ti(t) = A € Q%

oel'+ oel't
— /\derJr by H @-(t)ﬂafba.
oel'+

We get the descriptions :

(A.3) X*(T) =2Z[T]/ { Z ay0 + Z by01:a, = by foroc € I'" and Z by = 0}
oel't cer't cel't

(A4) =2Z[T]/L,

where L = {¥ e+ a00(1 4+ 1) : Yper+ 4o = 0}. For T, we have A = 1 so we recover

(A.5) X*(T4) = Z[T]/{x = 1(x)} = Z[[T] @ Z[1]/ (1 +1) = X" (R ;R )y (Gun)).

In order to compute H!(K/Q,X*(T)) we use the inflation-restriction exact sequence, which one
can find in [GS06| Proposition 3.3.14 p.65]. To simplify notations, let A = X*(T) = Z[I']/L as in
(A.3).

The inflation-restriction exact sequence associated with the short exact sequence (A.2) takes the
form

(A.6) 0—s H(Tt,A%/22) — HY(T,A) — H'(Z/2Z,\)"" — H3(T't, A%/?Z) — H2(T,A) .
Lemma A.4. The sequence can be rewritten as

1+(-1)8
-2

(A7) 0——0—— HY([,A) — (Z/22) r H2(T,A) .

In particular, Tr < |HY([,X*(T))| < 2.
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Proof. Letx € Z[T'|, and let [x] denote its class in A. Clearly [x] is fixed by tif and only if x —1x € L,
and since every element of L is fixed by 1, then so must x — 1x which forces x = 1x. Therefore,

NP2 = (N aga(1+1)}/< Yo ago(140): Y a, = o> = 7Z[T1)/1,

cel't oelt celr+

where [ is the augmentation ideal of Z[I'*], i.e. the subspace of sum-zero vectors. Further, observe
that Z[I'"]/I = Z as I'"-modules where Z has trivial I'"-action (by definition of I). We get that

HY(T'*,A%/?2) = HY(T,Z) = Hom(T'",Z) = {0}.
Also, using the sequence

(A.8) 0 z Q Q/Z 0,

since the middle term is uniquely divisible hence cohomologically trivial, one has
H*(I'",7z) = HY(T'",Q/Z) = Hom(T'",Q/Z);
the last term is noncanonically isomorphic tol +*°.

The only term left to compute is H(Z/2Z, A, As a Z/2Z-module, we can write A = Z8 @
Z3/Lwhere L = {(a,a):a = (ay,...,ag) Ya; = 0},and Z/2Z acts as (a,b) — (b,a). Therefore,
we have

0— L—Z8®Z8 =Z[Z/2Z]8 —— A——0.

Since the middle term is cohomologically trivial as a Z/2Z-module, and Z/2/Z acts trivially on
L, we have

HY(Z/2Z,A) = H*(2/2Z,L) = A°(Z/22Z,L) = L/2L.

To compute L/2L, we view L as a submodule of Z8 of zero-sum elements. Recall that by construc-
tion of L as a group algebra, I'" acts transitively on L.

Leta = (ay,...,a5) € L. We want to compute (L/2L)"", and for that we reason on the parity of
aj’s.

e If all g; are even, then a = 2a’ and a’ € L, hence a € 2L.

e If ahas a; even and a; odd, considering a permutation o € T'* sending the ith coordinate to
the jth, we have that the jth coordinate of a — ca is aj — a; which is odd, hence a — ca ¢ 2L.

o The last case to consider is when all a; are odd. In that case, ) ; 4; has the same parity as
g,s0 a € L can only happen if g is even. One can prove that every element of L/2L has
a representative of the form a = (ay,...,ay) € Z8 with };4; = 0 and |2;) < 1. When
g is even and all 4; are odd, the only possible such elements are vectors with half the
coordinates being —1 and the other half 1. Moreover all such vectors are in the same coset
of 2L (one can permute the 1 coordinates by adding 3-2).

This shows that (L/2L)"" contains no nontrivial element when g is odd, and only one when g is
even and conclude the proof. H

Corollary A.5. When g is odd, one has H'(K/Q,X*(T)) = {0} and
H2(K/Q,X*(T)) =T+

In particular, H*(K/Q,X*(T)) has odd order, and so does 11}(T), since it is dual to II1*(X*(T)) C
H?(K/Q,X*(T)).
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Proof. The first equality comes directly from the sequence (A.7).

For the second equality, taking duals of the exact sequence (2.3), one gets
0——Z —— X*(T) —— X*(T9) —— 0.
The cohomology of this sequence gives us

HY (T, X*(T)) —— HY(T, X*(Tder)) —— H2(T, Z) — H2(T,X*(T)) —— H2(T, X*(Tdr)) .

We computed the cohomology H(T, X*(T9)) = H(Z/2Z, X*(Rg/) «+Gm)) in section|A.1

We can plug in in H'(T,X*(T)) = {0} = H?(T,X*(T%")), H*(T,Z) = HY(T,Q/Z) = T", and
H?(T,X*(T9¢")) = Z /27, which gives us

0——2Z/27 ——T% —— H>([,X*(T)) ——0,

as desired. O

Proposition A.6. When the sequence splits, one has H'(K/Q,X*(T)) = { {ZO/}le%gz;s;goziiven .

In particular, this gives an alternate proof of the triviality of H'(K/Q, X*(T)) whenever g is odd.

Proof. Since (A.2) splits, one can write the inflation-restriction exact sequence associated with the
short exact sequence

1 r+ T Z/27 —1.

This gives us

(A9) 0— HY(2/2Z,A"") — HYT,A) — H\(T't,A)2/?2 s H2(2./2Z,A"") — H2(T, A) .

Since the sequence splits, we have Z[I'] = Z[I't] ® Z[/] as a [-module. We have A =
Z[I"®@2Z[1]/I® (14 1) where I is the augmentation ideal of Z[I'"]. Since Z[I'"] is an induced
module, and I ® (1 +¢) = I as a I't*-module, we get H(T+,A) = H+1(T+,I). Now since Z =
Z[T*]/I with Z seen as a trivial module, the same argument yields H/(T+,A) = H!(T',Z). In
particular, H!(T't, A) = {0} so the sequence gives an isomorphism H' (T, A) = HY(Z/2Z, A"").

. . . + . .
Direct computations using that ¢ := Y, .+ ¢ spans the set of I'"-fixed elements of Z[I'"| give us

0 -1
with Z2 we can compute cocycles and coboundaries. Coboundaries are of the form a, = (—gb, 2b)
for b € Z. Cocycles are of the form a, = (a,b) with 2a + gb = 0. Thus, if b is even then it is
a coboundary, if b is odd then g cannot be odd, and so we only get a nontrivial cocycle with g
even and b odd. The difference of two nontrivial cocycles has an even second entry, so it is a

. 1 r+y _ | {0}if gisodd
coboundary. This proves H' (Z/2Z,\" ") = { Z/27 if g is even

that {1® (1+1), F® 1} is a Z-basis for AT", on which  acts via <1 8 > Identifying the space

as desired.

For the last assertion in the proposition, when ¢ is odd, by the Schur-Zassenhaus theorem (see
[Rot95, Theorem 7.41]) the sequence (A.2) splits and we get our result immediately. O
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A.3. Case g odd. Now we are ready to show

1
Lemma A.7. If g is odd, then Tr = 1= 1.

Proof. Using corollary we have that |H(K/Q,X*(T))| = 1, and III}(T) has odd order. To
show that 111! (T) is trivial, it suffices to show it is 2-torsion. The cohomology of the sequence
yields

H'(K/Q,T9") —— HY(K/Q,T) —— H(K/Q,Gy) =1,

where the right equality holds by Hilbert 90. So we have a surjection of H!(K/Q, T9") onto
H'(K/Q, T). We claim that H(K/Q, T) is 2-torsion; it suffices so show that H' (K/Q, T9) is.

Taking the cohomology of the following sequence where the middle term is cohomologically triv-
ial,

(1) Nyx+

1 *>RK/WGm — Rkt Gy — Gy — 1,

we have H'(K/K*,RY), . Gy) 2 AY(K/K¥,Gu) = (K¥)* /Ny K™
This gives us

H'(K/Q,T%") = H'(K/Q,Ry/qRY) Gu) = H'(K/K*,RY) . Gyu) =2 (KH)* /Ny KX

This group is 2-torsion, hence so is H'(K/Q, T) and III(T) is a subgroup of the latter. We can
conclude that ITI(T) is a 2-torsion group of odd order, hence it is trivial.

We can conclude using thatr = 1 = 1.

Note that one need not use corollary to know that ITI!(T) has odd order and hence is trivial.
Indeed, given that the extension K/K™ is quadratic, by the Chebotarev density theorem, we know
that there is a prime p € K" inert in the extension K/K*. Since p is stable under ¢, which is of
order 2, then its decomposition group I'(p) has even order, and therefore odd index in I'. Now it
suffices to look at the restriction-corestriction sequence H'(I', T) — H'(I'(p), T) — HY(T, T). The
composition of the two maps is just multiplication by n = [I' : T(p)]. By definition of IIT}(T), this
subgroup of H 1 (T, T) is killed by the restriction map, hence it is n-torsion, and we know n is odd,
as desired. O]

A.4. The case K/Q cyclic.

Lemma A.8. When K is cyclic, we have T(T) = 1 = 1. In particular, this holds when K* /Q is cyclic of
odd order.

Proof. Write X*(T) = Z[I']/L as in (A.3).
By virtue of K being cyclic, the Tate cohomology is 2-periodic so
HY(K/Q,X*(T)) = H>(K/Q,L) = H°(K/Q,L).
Since L has trivial s action, we can see it as the augmentation ideal of Z[I't], which has no I'"-fixed
point, as any augmentation ideal. In particular it has no T-fixed point and so H°(K/Q, L) = {0}.

Again using the fact that K is cyclic, we get that III!(T) is trivial. Indeed, by the Chebotarev den-
sity theorem, every cyclic extension has a prime p € Z that will stay inert, and therefore I'(p) =T
where T'(p) is the corresponding decomposition group. Therefore, the map in the definition of
1 (T) is injective.

We can conclude by Theorem that T = % =1. O
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A5. Case g = 2.

Lemma A.9. When ¢ = 2 we have tr = 1 if I is cyclic, otherwise Tt = 2.

Proof. The first case is a consequence of Lemma If T isn’t cyclic, the only possibility is I' =
(Z2/27)>.

In that case, proposition gives H' (T, X*(T)) & Z/2Z. Concerning the Tate-Shafarevich group,
is was shown by Cortella in [Cor97] that ITT'(T) = {0} if ¢ < 4.

Alternatively, since I' is abelian, every proper cyclic subgroup appears as decomposition group. In
this specific case, it is a consequence of the Chinese remainder theorem and quadratic reciprocity.
Using SageMath computations (see below), we obtain that the map

H?(T,X*(T)) —— H*(Z/2Z x {0},X*(T)) ® H2({0} x Z/2Z,X*(T))
is injective, therefore 111! (T) = 0. O
A.6. Computing the Tamagawa numbers with SageMath. The second author implemented meth-

ods in SageMath to deal with algebraic tori through their character lattices. Those methods should
eventually be added to SageMath in a future release.

Here we briefly describe the computation of the Tamagawa number which arises in Example
where K = Q[T]/f(T) for

f(T) = T® —6T” +13T® — 10T° + T* — 30T° + 117T> — 162T + 81.

We have I' = Gal(K/Q) = Z/4 & (1) where ¢ denotes the complex involution.

Nakayama duality lets us compute the Tamagawa number as a function of the character lattice,

HYQX(T))]
1) = (e (m))|

Let A denote X*(T). We build A in SageMath by inducing the trivial lattice Z = X*(G,) to T,
build the sublattice of zero sum elements of i-fixed points, and quotient the former by the latter.

We can compute the first cohomology group by computing cocycles as solutions of linear equa-
tions in AlTl. However for this example, Proposition gives us H!(I', A) = 2. For the denomi-
nator, we build a method that given H a collection of subgroups of I', and a I'-lattice L, computes

111}, (L) = Ker (Hl(r,L) - P H%A,L)) ,
AeH
by checking what cocycles restrict to coboundaries on all A € H.

Consider the embedding ¢ : A — Z[I'] ®z A (with T'-action on the left component) via a —
Yger § ® g 'a. We build

A = Z[T) @z A/ g(A).
Since Z[I] ®z A is induced, it is cohomologically trivial, hence H!(T,A) = H~Y(T,A) for all
i € Z. Consequently we have

I}, (A) D I (A') = TIT?(A).
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We take H to be the list of cyclic subgroups of I'. They all arise as decomposition groups since I' is
cyclic. Using the program, we get |11}, (A’)| =1 > III*(A) > 1, hence

_H(TA) 2

T(T)—W—izz.

A.7. The numerator in Ono’s formula: general case. We give some indications for the general
case in which T is described by a CM algebra K = @!_, K;, each K; being a CM field. The Rosati
involution on K is still denoted as 1, with fixed subalgebra Kt = @!_; K. In this section we
denote by T the absolute Galois group of Q. Our modest aim is to understand |H* (I, X*(T))|
through Kottwitz’s isomorphism (see [Kot84al (2.4.1) and §2.4.3):

H' (I, X*(T))=mo(T1),
where T is the dual C-torus. This isomorphism is valid for all tori.

To describe X*(T), we first write T as

T=(GuxT%)/{(z,2) 12 € 2}, po:={£1}.

Choose a subset ® = | |'_; ®; of Homg_, (K, Q), such that ®; C Homg.,15(K;, Q) and
HomQ_alg (Ki/ @) = CDZ' U q)il
foralli=1,...,t. Note that |®| = g. It is well-known that
X*(Tder) — @ Z€¢
ped

for some basis {€y}ypca. Then I permutes {+ey}pco by

(A.10) ey = {ew’ fop=9e® o hea,

—ey, ifop=1e P,
The inclusion py — T9 corresponds to the map
X*(T) = X*(4p) = Z./2Z.

Z Xp€p — Z X¢ mod 2.
pcd pcd

Write X*(G,,) = Z1, where 7 is the standard generator. Applying Cartier duality to the exact
sequence

1=y =Gy xT® 5T 1,

we obtain

X*(T) = {tq + Y xpepit+ Y xp € 22} C X*(Gyy) @ X*(T9),
= 9

abasis of X*(T): {2y}U{n+ep:¢ € P}.

The element 27 is surely I'-invariant. On the other hand, for ¢, € ® and ¢ € T, we derive from

(A10) that

(A11) o+ e5) = {17 + ey, ifop=ped

2 — (1 +eyp), ifop=yecdL
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The T'-action on T := X*(T) ® C*=C* x (C*)? is thus

. (z,l,...,\’w/,...,l), ifop =9 cd
c-(z1,..., w, ..., 1)= 4
\/’ -1 i —
; (zw,l,...,&/...,l), ifop =1 € du

4

Recall from the description of X*(T9") that Tder can be identified with (C*)®. Note that (fd?r)r
is finite since T9¢" is anisotropic.

Lemma A.10. There is a canonical isomorphism (]@)r’éyé characterized as follows. For (a;)!_; € ub,
the corresponding t = (kg)pee € (T is specified by

Vi<i<t, ¢e® = Ip=a.

Proof. Shapiro’s lemma reduces the computation of (@)r or H'(T,X*(T)) to the easy case t = 1
over the base field K. O

By dualizing 1 — T9¢" — T — G,, — linto1 — C* — T — Ty — 1, then taking [-invariants, we
obtain the exact sequence

1 C* — 7 — (Tder)l
It induces - .
mo(TT) = TH/C* — (Tder)T = o ((Tder)T).
Foreacho €T, set ®(0) := {¢p € @ : 0 ¢ P}. For each i, set D;(0) := (o) N P;.
Proposition A.11. For any (a;); € ub, the corresponding element t € (f@r)r belongs to the image of
TT/C>* ifand only if
Alay,...,a50) = Y |®i(0)| €2Z

1<i<t
a,':—l

forallo € T'r.

Proof. Identify Tder with (C*)®. Identify T with C* x (C*)? using the basis {27} L {7+ € : ¢ €
®} of X*(T); the homomorphism T — Tder is simply the projection.

Note that f is the image of (1,f) € T. It comes from TT/C* if and only if (1,f) (or any other
preimage) is I'-invariant. For all ¢ € T', Lemma and the description (A.11)) lead to

o (1,1) = (=)o), 7).
The assertion follows at once. OJ

To illustrate the use of proposition we prove the following
Proposition A.12. If t = 1 and g is odd, then H (T, X*(T))=27to(T") is trivial.
Proof. It suffices to show A(—1,...,—1;c) = |®(c)| ¢ 2Z where ¢ € T is the complex conjugation.

Indeed, cp = ¢ for all ¢ € @ by generalities on CM fields, hence ®(c) = P has g elements, which
is odd. O
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Note that K is not assumed to be Galois over Q.

Kottwitz’s theory also relates Tate-Shafarevich groups to similar objects attached to dual tori; see
§4 of [Kot84al]. Nevertheless, we are not yet able to determine the Tate-Shafarevich group of T by
this approach in the non-Galois case.
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