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FIBER PRODUCTS AND CLASS GROUPS OF HYPERELLIPTIC
CURVES

JEFFREY D. ACHTER

Abstract. Let Fq be a finite field of odd characteristic, and let N be an odd
natural number. An explicit fiber product construction shows that if N divides
the class number of some quadratic function field over Fq , then it does so for
infinitely many such function fields.

The asymptotic behavior of `-torsion in class groups cl(K) of quadratic function
fields K over finite fields Fq is now well understood [EVW09], and to a lesser
extent has been apprehended for two decades [Ach06, FW89]. Nonetheless, there
is persistent interest in constructing quadratic function fields with control over the
class group (e.g., [BJLS08, Pac09] and references therein). In view of this, the
following observation, whose proof is quite explicit, may be of some interest:

Theorem 1. Let Fq be a finite field of odd characteristic. Let K/Fq be a quadratic
function field whose genus is at most (q − 3)/2. Let A be a finite abelian group
of odd order. If A is a subgroup of cl(K) (and if K is imaginary), then there are
infinitely many (imaginary) quadratic function fields L/Fq with A ⊂ cl(L).

Note that the field of constants Fq is preserved. Theorem 1 flows readily from a
special case of a fiber product construction in [GP05], as follows.

Let F be a field in which 2 is invertible. A quadratic function field K/F is a
quadratic extension of the rational field F(t); equivalently, it is the field of rational
functions on a hyperelliptic curve, i.e., K = F(X) for some smooth, projective curve
X/F equipped with an involution ι such that X/〈ι〉 is isomorphic to P1. Let g be
the genus of X. Then X is determined by its branch locus B ⊂ P1, a reduced
divisor of degree 2g+2. Although B is necessarily defined over F, it may not admit
any F-rational points.

Let t be a coordinate on P1, and suppose that B is disjoint from {0,∞} ⊂ P1
t .

Then B is the vanishing locus of a squarefree monic polynomial h(t) ∈ F[t] of degree
2g + 2 such that h(0) 6= 0, and K ∼= F(t)[

√
h(t)]. Let

√
B be the inverse image

of B under the map σ : P1
s → P1

t corresponding to t 7→ s2. If F is algebraically
closed and B = {a1, · · · , a2g+2}, then

√
B = {±√a1, · · · ,±√a2g+2}. In general,

since
√

B = B ×P1
s

P1
t , if B is defined over F, then so is

√
B.

The field K/F is called imaginary if it admits a model F(u)[
√

f(u)] with deg f
odd; equivalently, the branch locus B contains an F-rational point.

Lemma 2. Suppose X/F is a hyperelliptic curve with branch locus B ⊂ P1 disjoint
from {0,∞}. Let Z/F be the hyperelliptic curve with branch locus

√
B. Then
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(a) Z is a Galois cover of X with covering group Z/2;
(b) F(Z) = F(t)[

√
h(t2)], where F(X) = F(t)[

√
h(t)];

(c) if F(X) is imaginary, then so is F(Z); and
(d) there are maps Jac(X) → Jac(X)/H ↪→ Jac(Z), where H is a finite group

scheme annihilated by 2.

Proof. Let Y/F be the hyperelliptic curve with branch locus B ∪ {0,∞}. Then the
normalization Z of the fiber product X ×P1 Y is the sought-for curve [GP05, p.
305]. Now part (a) follows from loc. cit.; part (b) records the fact that the branch
locus of Z → P1

s is
√

B; and (d) follows from (a) and functoriality of the Picard
functor. For (c), after an F-linear change of coordinate on P1, we may assume that
the point t = 1 is in B, while B is still disjoint from {0,∞}. Then s = 1 ∈

√
B is

an F-rational branch point of Z. �

Proof of Theorem 1. Let X0/Fq be the smooth projective model of K0 := K. Since
2g(X0) + 2 ≤

∣∣P1(Fq)− {0,∞}
∣∣, possibly after an Fq-linear change of coordinate

on P1, we assume that the branch locus B0 ⊂ X0/〈ι〉 ∼= P1 is disjoint from {0,∞}.
Using Lemma 2, inductively construct the hyperelliptic curve Xi with branch

locus Bi =
√

Bi−1. By Lemma 2(d) and induction, if N is an odd natural number,
then Jac(X0)[N ](Fq) is a subgroup of Jac(Xi)[N ](Fq) for each i.

Let Ki be the function field Fq(Xi). Since cl(Ki) ∼= Jac(Xi)(Fq), A ⊂ cl(Ki) for
each i. Moreover, if K0 is imaginary, then each Ki is, as well (Lemma 2(c)). �

Corollary 3. Let h(t) ∈ Fq[t] be a monic squarefree polynomial of even degree with
h(0) 6= 0, and let A ⊂ cl(Fq(t)[

√
h(t)]) be an abelian group of odd order. Then

A ⊂ cl(Fq(t)[
√

h(t2i)]) for all i.

Proof. Apply Lemma 2(b) to the construction in Theorem 1. �

Theorem 1 yields a short proof of some of the main results of [BJLS08, Pac09].

Example 4. Suppose 6 is invertible in Fq. Let c ∈ F×q be a square, and let Ec be
the elliptic curve with affine model y2 = x3 + c; the three-division polynomial of Ec

is x4 + 4cx. Then (0,
√

c) ∈ E(Fq) is a point of order three, and there are infinitely
many quadratic function fields over Fq with nontrivial 3-torsion in the class group.
Now suppose that q ≡ 1 mod 3, and let c = 42. Then −4c is a cube in Fq and
−3c is a square, so that Ec[3](Fq) ∼= (Z/3)2. Therefore, there are infinitely many
(imaginary) quadratic function fields over Fq with 3-rank at least two.

Results about Newton polygons of curves are notoriously difficult to come by,
even if one is willing to sacrifice control over the base field. The same fiber product
construction sometimes allows one to amplify knowledge about Newton polygons
of hyperelliptic curves over a given (finite) field.

Example 5. Suppose p ≡ 2 or 4 mod 7. Then there are infinitely many hyper-
elliptic curves X over Fp for which 1/3 occurs in the Newton polygon of Jac(X).
Indeed, let X0/Fp be the hyperelliptic curve with affine model y2 = x7 − 1. A spe-
cial case of a calculation of Honda ([Hon66, p. 194]; see also [DH89, Cor. 2]) shows
that the Newton polygon of Jac(X0) is {1/3, 2/3}. Inductively applying Lemma
2, as in Theorem 1, produces a sequence of hyperelliptic curves Xi/Fp such that
Jac(Xi) has a sub-abelian variety isogenous to Jac(X0). Then 1/3 is a slope of the
Newton polygon of each Jac(Xi).
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