
M340

Exam Two

Section 2

10/13/04

Name:

Problem Points

1
2

3

4

5

Total



1. Use the definition of the Laplace transform to find the Laplace transform
of the following functions:

(a) f(t) = e3t

(10 points)

L[f(t)] = lim
T→∞

∫ T

0

e3te−stdt

= lim
T→∞

∫ T

0

e−(s−3)tdt

= lim
T→∞

(

−
e−(s−3)t

s − 3

)

|T0

= lim
T→∞

(

−
e−(s−3)T

s − 3
−

1

s − 3

)

=
1

s − 3

(b) f(t) = H(t − 1) − H(t − 3)
(10 points)

L[f(t)] =

∫ 3

1

e−stdt

=

(

e−st

−s

)

|31

=
e−s − e−3s

s

(c) f(t) = δ5(t)
(5 points)

L[f(t)] =

∫

∞

0

δ5(t)e
−stdt

= e−5s



2. When we use variation of parameters to solve a second order, linear differ-
ential equation, the formulas involve dividing by the quantity y1y

′

2− y′

1y2.
Briefly explain why this quantity is never zero (in this context). (10 points)

The functions y1(t) and y2(t) are linearly independent solutions to the
homogeneous equation. The quantity y1y

′

2 − y1y
′

2 is the Wronskian of y1

and y2 which is never zero when the functions are linearly independent.



3. Use the method of undetermined coefficients to find the general solution
to the following differential equation. (20 points)

y′′ + 6y′ + 9y = 3t + 4

First we find the homogeneous solution.

y′′ + 6y′ + 9y = 0

λ2 + 6λ + 9 = 0

(λ + 3)2 = 0

This has repeated real roots, so the general form of the solution to the
homogeneous equation is

yh(t) = C1e
−3t + C2te

−3t.

Next we guess the form of the particular solution to be

yp(t) = at + b,

based on the form of the forcing function. Substituting this into the
differential equation gives:

(0) + 6(a) + 9(at + b) = 3t + 4.

This leads to two equations and two unknowns:

9a = 3t, 6a + 9b = 4.

We find a = 1
3 and b = 2

9 . This makes the particular solution

yp(t) =
1

3
t +

2

9
,

and the general solution

y(t) =
1

3
t +

2

9
+ C1e

−3t + C2te
−3t.



4. Use variation of parameters to find the general solution to the following
differential equation. (20 points)

y′′ + 3y′ + 2y = 6e4t

First we find the homogeneous solution.

y′′ + 3y′ + 2y = 0

λ2 + 3λ + 2 = 0

(λ + 1)(λ + 2) = 0

This has distinct real roots, so the general form of the solution to the
homogeneous equation is

yh(t) = C1e
−t + C2e

−2t.

We now assume the particular solution has the form

yp(t) = v1(t)y1(t) + v2(t)y2(t),

where

v1 =

∫

−y2f

y1y
′

2 − y′

1y2
dt, v2 =

∫

y1f

y1y
′

2 − y′

1y2
dt.

First we find

y1y
′

2 − y′

1y2 = (e−t)(−2e−2t) − (−e−t)(e−2t)

= −e−3t

Then we have

v1 =

∫

−e−2t6e4t

−e−3t
dt

=

∫

6e5tdt

=
6

5
e5t

and,

v2 =

∫

e−t6e4t

−e−3t
dt

=

∫

6e6tdt

= e6t



So the particular solution is

yp =
6

5
e5te−t + e6te−2t

=
1

5
e4t

and the general solution is

y(t) =
1

5
e4t + C1e

−t + C2e
−2t.



5. Use the Laplace transform to find the solution to the following initial value
problem. (25 points)

y′′ − 9y = f(t), y(0) = 1, y′(0) = −1,

where

f(t) =







0 t < 2
1 2 ≤ t < 4
0 4 ≤ t

Taking the Laplace transform of the differential equation gives

s2Y (s) − s + 1 − 9Y (s) =
e−2s − e−4s

s
.

Solving for Y (s) leads to

Y (s) =

(

e−2s − e−4s

s
+ s − 1

) (

1

s2 − 9

)

.

We can rewrite this as

Y (s) = (e−2s − e−4s)

(

1

s(s2 − 9)

)

+
s − 1

s2 − 9
.

Using partial fractions, we decompose

1

s(s2 − 9)
=

A

s
+

B

s − 3
+

C

s + 3
,

where we find

A = −
1

9
, b =

1

18
, C =

1

18
,

and
s − 1

s2 − 9
=

A

s − 3
+

B

s + 3
,

where we find

A =
1

3
, b =

2

3
.

Now we have

Y (s) = (e−2s − e−4s)

(

−
1

9

1

s
+

1

18

1

s − 3
+

1

18

1

s + 3

)

+
1

3

1

s − 3
+

2

3

1

s + 3
.

Now use the property

L[f(t − c)H(t − c)] = e−csF (s),

to find

y(t) =

(

−
1

9
+

1

18
e3(t−2) +

1

18
e−3(t−2)

)

H(t − 2) −

(

−
1

9
+

1

18
e3(t−4) +

1

18
e−3(t−4)

)

H(t − 4) +

1

3
e3t +

2

3
e−3t.


