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On the creation of stagnation points near straight and sloped walls
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We report the results of an experimental and numerical study of the creation of stagnation points in
a rotating cylinder of fluid where one endwall is rotated. Good agreement is found with previous
results where the stagnation points are formed on the free core of the primary columnar vortex. The
effect of adding a small cylinder along the center of the flow is then investigated and the phenomena
are found to be robust despite the qualitative change in the boundary conditions. Finally, we show
that sloping the inner cylinder has a dramatic effect on the recirculation such that it can either be
intensified or suppressed. @000 American Institute of PhysidsS1070-663(00)02601-3

I. INTRODUCTION metric flow from another wheR is increased in an appro-
priate control parameter regime. Nevertheless, an under-

. The formation of stagnanon Po”?ts on the core ofa C_on'standing of the formation of the bubble is desirable since the
fined columnar vortex in a cylindrical container of fluid,

o : . stagnation point provides a focus for temporal instabilities
where one end rotates, was first investigated experlmentall‘thich develop with further increase iR as discussed by
and numerically by Vogel. The problem provides an ex- Tsitverblit and Kif and Sorensen and Christenden
ample of a fluid flow where direct quantitative comparison '

can be made between the results of experiments and numeri- The experimental studies by Escudier have instigated

cal calculations of the Navier—Stokes equations with realistic” anyt. sutt?sequehnt thtior;etmal,hexperllmer_}talt; and mtjr:n erical
boundary conditions. Vogel found the base flow to consist offnvestigations where the focus nas primartly been on the pos-

a large toroidal vortex with outward flow along the rotating S'ble_ _Imks W't_h vortex breal_<d_own. In addition, studies of
endwall and a return along a tightly wound core. He Ob_mOdIerd versions of the original problem have also been

served that a delicate recirculation was created on the core §fPOrted, including the effects of a free surface by Spohn,
the vortex above a certain rotation rate of the endwall and/0ry and Hopfingef and co- and counter-rotating the ends
confirmed his observations numerically. Vogel and other®f the cylinder by Valentine and Jahr‘c!’kand LopeZ. One
have likened the formation of the recirculation bubble to adutcome of this research is that flow is steady and axisym-
weak version of the important, but as yet, unresolved probMetric over a wide range of the control parameters, so that
lem of vortex breakdown. A discussion of these ideas idetailed numerical investigations of the bubble formation can
given by LopeZ be performed using the steady Navier—Stokes equations.
The majority of subsequent research on the topic hadhis was the approach taken by Mullin, Tavener, and
been concerned with the same simple geometry of a cylinde€liffe'® who investigated the effects of including a central
of fluid where one end is made to rotate. The flow state ca@xisymmetric cylinder in the flow numerically. They found
be considered to be defined in terms of two control paramthat the parameter range for the appearance of a single recir-
eters, the Reynolds numbéR) and aspect ratioI{=h/r culation bubble was relatively unchanged despite the quali-
whereh is the height of the cylinder of radiug. Perhaps the tative change in the boundary conditions. This result is in
most extensive experimental study was performed bygreement with the earlier work of Tsitverblit and Riand
Escudief who uncovered parameter ranges for the existencés also in accord with results of Jahnke and Valerifimm a
of single and multiple steady recirculations as well as un+elated flow problem.
steady flows. It was subsequently established by Tsitvérblit  In the investigation reported here we have developed our
that the appearance of the single steady recirculation is n@arlier work on the variant of the original Vogel problem,
an example of a hydrodynamic instability or bifurcation. where we introduced an inner axial cylinder which now may
Rather, it is the smooth development of one steady axisymbe either rotating or stationary. The present study is con-
cerned with extending the parameter range of the previous

dAuthor to whom correspondence should be addressed. Electronic maiPumerical resuilts and carrying O.Ut comparisons with compli-
Tom.Mullin@man.ac.uk mentary experiments. We then introduce a novel aspect and
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show that sloping the inner boundary can significantly en-
hance or even suppress the recirculation bubble entirely.
These new numerical findings are then substantiated by ex-
periment.

C z=1/2

Il. EXPERIMENT

Two different sets of experimental apparatus were used
in the investigations. In both cases, the outer cylinder and top
end plates were held stationary while the bottom wall and
inner cylinders were driven round. The first was constructed
from a precision ground outer glass cylinder with an inner
diameter of 63.50.02mm. A 6.35:0.02 mmdiam inner
cylinder was located centrally in bearings giving a radius
ratio of the two cylinders of 0.1. The bottom wall was at-
tached to the rotating inner cylinder and had a diameter of
63.48 mm while the upper plate was held fixed on a pair of
metal rods which could be used to set the aspect ratio of the -
flow domain. Here we define the aspect rakido be d/| ey-rH
whered=r,—r4, wherer, is the inner radius of the outer
cylinder,r is the radius of the inner arids the height of the
cylindrical gap.

The inner cylinder was driven round by stepper motor
via a gearbox and toothed belt drive so that the angular rorolds numbers could be calculated. Observation of the flow
tation rate of the inner cylinder was known accurately andreversal was much easier in this case and the flow structure
this was used to estimate the Reynolds number. Here weould be seen straightforwardly using a sheet of light, suit-
define the Reynolds number to ke ,d/v wherew is the  able flow visualization particles and viewing from the front.
angular rotation rate of the inner cylinder ands the kine-  Examples of Taylor—Couette flows visualised in this way
matic viscosity of the fluid. The working fluids were water may be found in Benjamin and Mullit?
glycerol mixtures whose vicosities were determined using an
Ubbelohde viscometer. The outer cylinder was encased in a
plexiglass box through which temperature controlled fluid|;; GEOMETRY AND NUMERICAL TECHNIQUE
was pumped so that the working section of the experiment
was maintained at 28.9 °C. The flows considered here were all confined between a

Observations of the flow were made using dye whichpair of concentric cylinders. The bottom end wall was ro-
was injected slowly, close to the inner cylinder, through atated in every case and the effects of both stationary and
small hole in the upper stationary wall. The dye was pre+otating inner cylinders were investigated. In addition, we
mixed with the appropriate water—glycerol mixture to mini- considered the effects of a linear slope on the inner cylinder
mize any effects it might have on the delicate secondaryn both directions. Every combination of rotating—stationary
recirculation. At a given aspect ratio, the bubble first ap-and sloped—straight cylinder was investigated and particular
peared above a certain range of Reynolds numbers. It provezhses will be identified in the discussion of the results. We
to be extremely difficult to make definite observations of thecomputed steady, axisymmetric flows of an incompressible
onset of the bubble since it was a very weak feature an®Newtonian fluid in bounded annular domains using the nu-
measurements were made difficult by the presence of thmerical routines in the codenTwiFE. We have considerable
adjacent rotating wall. However, once formed, its presencexperience using these methods in calculations of bifurca-
was definite and its disappearance with increas® jmoved tions in Navier—Stokes flows, and hence, chose to use this
to be easier to estimate. numerical approach despite there being no steady bifurca-

The second apparatus was constructed from a plexiglag®ns in the present problem. The restriction to axisymmetric
outer cylinder of inner diameter 140 mm. The inner cylinderflows enabled the computations to be performed in two-
was conical such that its diameter varied linearly from 21dimensionalradia) domains, as shown schematically in Fig.
mm at the stationary end to 7 mm at the rotating plate. Thd where superscript§’) denote dimensional quantities. We
radius of the inner cylinder was 7 mm at mid-height and weprovide an example of a sloped inner cylinder in Fig. 1 for
used this dimension to define the radius ragito be 0.1 in  convenience. Here the value of used to define the Rey-
accord with the numerical investigations discussed belownolds number, gap width and radius ratio was the value at the
The height of the fluid domain was fixed at 96 mm so thatmid-height of the inner cylinder. Clearly} —e(r5 —r7)
the aspect ratio was 1.524 where the gap width at mid-height-0, hencee< 5/(1— 7).
was used as the length scale. The inner cylinder was driven The primitive variable formulation of the incompressible
round by a powerful dédirect currenk servo controlled mo- steady, axisym metric Navier—Stokes equations was solved
tor and the speed of rotation was calibrated so that the Reyda the finite-element method, using quadrilateral elements

Xx*

Y
B z=-1/2

e

FIG. 1. Schematic of the computational domain.
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with biquadratic interpolation of the velocity field and dis- 2600

continuous piecewise linear interpolation of the pressure ol

field.
The length and velocity scales chosen were the gap ooy

width d*=r3 —r} and Q r}, respectively. The Reynolds 2200 |

number was thenR=Qrjd*/v, the aspect ratio,I
=I*/d*, and the radius ratiop=r3/r5 . In all cases, the

2000 [

1800 -

Reynolds Number

value ofr} at the mid-height of the cylinders was used in the |
definition of scales when the inner cylinder was sloped. We 1600 | .
definedr=(r* —r¥y)/d*, z=z*/T'd*, u,=Tuf/Qr}, u, wol E
=u}/Qry, andu,=u;/Qry .
.y . . . 1200 e 4
The boundary conditions applied for a stationary inner (L
Cylinder were 1000, 2 13 14 e e ] I 18 1o 2
Aspect Ratio
u=0 FIG. 2. Comparison between numerical results and experimental results
1-7 taken from Escudief1984) for the case where there is no inner cylinder.
Up=1+{——|r, on AB,
n
u,=0
u=0 ance requires a pragmatic criterion. This was not a straight-
u,=0, on BC,CD, and DA, forward procedure in the experiments since the bubble can
u,=0 only be observed at some small but finite exde@sove the

creation of the stagnation point. In the numerical calcula-

The boundary conditions applied for a rotating inner Cyl'tions, the parameter range of existence of the bubble can be

inder were more readily defined by the appearance and disappearance of
u=0 the stagnation point on the vortex core. The maximum abso-
1-7 lute value of the streamfunction of the bubble was typically
U,=1+ )r, on AB and DA, three orders of magnitude smaller than that of the primary
vortex and the spatial location at which it appeared depended
u,=0 onI'. The weakness of the bubble is often not discussed in
u=0 the literature where streamlines for the primary and second-

ary vortices are usually plotted using nonuniform scaling to
up=0, on BC and CD. emphasize the bubble. The fragile nature of the bubble tested
u=0 the limits of numerical resolution since incipient recircula-
The numerical calculations were carried out on mesheg§ons were always present in the corners of the domain of
of 25X 28 elements. It was found that doubling the numbercalculation. In addition, the spatial location for the appear-
of elements in each direction changed the Reynolds numbénce and disappearance of the bubble were not the same
at which the bubble appeared by0.5%. Appropriate corner WhenRwas increased. The bubble usually appeared near the
refinement of the finite-element mesh and smoothing of th&enterline and progressed towards the upper inside corner

velocity discontinuities was employed. Details of both mayWwith increase irR where it disappeared. All of these details
be found in Tavener, Mullin, and CIiff&" Arclength con- made the automatic detection of the parameter range for the

tinuation methods were used to follow solution branches irexistence of the bubble troublesome. Hence we adopted the
(RI',7) parameter space. When appropriate, the streamfundollowing pragmatic approach.

tion was computed from the primitive variable solution. The method we used in the numerical work to estimate
the first onset of the bubble was to simply visually inspect
IV. RESULTS the streamline plots calculated for fixddwhen R was in-

creased in steps 6f1%. A bubble was deemed to be present
when a visible area was first enclosed by the zero streamline.
" practice, the bubble grows rapidly witk and sharp esti-

The numerical and experimental results will be pre-
sented and discussed together. First we will describe the ¢

terion used to distinguish between those parameter regions ...« ould be obtained quite readily and repeatably. Simi-

where _a_remrculatlon bubble is det_amed to eX|st_and thos%rly, the disappearance of the bubble was equally rapid with
where it is a_bsent_. Then thE." nu_mencal and e?‘pe”me”Fa' MSurther increase iR and so an estimate of this could also be
sults for a right circular cylindrical domain with a straight found with confidence. In order to test the reliability of our
inner cylinder will be presented .and this will be followed by methods, we show in Fig. 2 our numerical results for the case
an account of the effect of sloping the inner wall when there is no inner cylinder present in comparison with
data points taken from Escudier’s published experimental re-
sults. It can be seen that there is very good agreement be-
The onset of the recirculation bubble is a continuoustween the two and so we are confident in both our numerical
process with increase &t and so an estimate of its appear- techniques and the method for estimating the appearance and

A. Criterion for bubble
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FIG. 3. Comparison between experimental and numerical results for the
parameter range of existence of a single recirculation bubble when a small
inner cylinder is presenfABC is drawn through the calculated results and
the experimental points are given by the symbel.” The bubble appeared
when R was increased abov&B and disappeared when it was increased
aboveBC.

disappearance of the recirculation bubbldl.B. Here R
=Q(r3)?v.]

B. Straight inner cylinder

These experimental results were obtained with the pre-
cision apparatus described above where the radius ratio w&- 4. A comparison betweefa) a numerical streamline plot ari) an
0.1. The comparison between the experimental and numerfXPefimental dye visualization fdf=2.5 andR=208.
cal results is presented in Fig. 3 where we have plotted the
region of existence of a recirculation bubble in tffeI’)
plane. The lineABC connects the numerical data points o
tained using the method described in the previous sectio
Hence the bubble first appears abdB€ and disappears
when R is further increased abovAB. The experimental
points are denoted by the symbokl" There is excellent
agreement between the two for estimates of the disappe
ance of the bubble but the experimental results are consi . . .
tently below the numerical ones for the onset of the bubble. The main conclusion which can be drawn from these

This is because it was troublesome to find a reliable measunrtgsUItS is that the onset of the recirculation bubble is mainly

for the onset in the experiments. As discussed above, thlénaffected by the presence of a small straight rotating inner

recirculation was weak and since it arose adjacent to thgxlrl]ndzr.ﬁOnetloll)lwoutstextensmn tto tr:|hs yvork W()Iylg bev\t/o
rotating inner cylinder this added to observational difficul- efiner dierentially rotate or even stop th€ inner cylinder. we
ties. In fact, distortion of the dye field was often seen beforefognd that making the inner cylinder statlonar_y had no quali-
flow reversal adjacent to the inner cylinder could be detectelplVe effect of the results. The effect of radius ratio of the

and we suspect this is why the experimental estimates al@/llnders was also investigated and it was found thap if

below the numerical curve. Curiously, the disappearance c)fo.l then the presence of an inner cylinder had little effect

the bubble with further increase R was found more reli- ©ON the flow. Both .Of these points were estgblisheq mljomeri-
ably in the experiments. Given the excellent agreement be(Eally and the detailed results are discussed in Migtil.
tween our numerical results and those from Escudier's ex- , .
periments shown in Fig. 2 we conclude that the disagreemer(f%' Sloped inner cylinder
in the case with the cylinder arises from the difficulties with The above results suggest that the flow is unaffected by
the observations described above. the presence of a small inner straight cylinder. This is supris-
An example of a flow with a recirculation is shown in ing since the inner boundary condition for the flow has been
Fig. 4 where we show a comparison between a numericalrastically changed from a free core to no-slip. The aim of
streamline plot and a cross-sectional flow-visualizationthe next part of the investigation was to study the effect of
These results were obtained fbr=2.5 andR=208. The modifying the axial pressure gradient by sloping the inner
distortion of the dye streaks is clearly visible but the maxi-cylinder for both stationary and rotating inner cylinders.
mum absolute value of the streamfunction in the recircula-  The first case we discuss is where the inner cylinder was
tion bubble is~ 103 times that of the main vortex as in the rotated with the moving lower plate. The inner cylinder had
case without a cylinder. Next we show in Fi a series of the form of an inverted cone so that the radial gap was wider

b- streamline plots which illustrate a typical sequence for the
ppearance and disappearance of the recirculation bubble at
=1.6. As noted in the caption, we have used different

scales for the streamlines of the primary and secondary vor-

tices to emphasize the bubble. For this aspect ratio the recir-
a?ylation bubble first appears near the mid-pland&kat104

éa_nd disappears &~ 168 near the top inside corner.
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FIG. 5. A “typical” set of streamline plots showing the appearance and disappearance of the recircula®ar Bxreased al'=1.6. =0 to 0.12
X 0.01, —0.000 03 and-0.000 005.(a) R=100. (b) R=110.(c) R=130.(d) R=150.(e) R=170.(f) R=180.

at the bottom than at the top. A comparison between théubble the maximum value of the streamfunction is now an
calculated streamlines and flow visualization photograptorder of magnitude stronger than in the straight cylinder case
is presented in Fig. 6 for the parameter valud® I() and it is thus very evident. The bubble first appeardRat
=(86.2,1.524). It may be seen immediately that the recircu=57.5 which is approximately half the value for the equiva-
lation is considerably enhanced compared with the straighent aspect ratio with a straight cylinder.

cylinder case discussed in the previous section. In fact, the The effect of sloping the inner cylinder is shown graphi-
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e ——
(b)

FIG. 6. A comparison betweef@ a numerical streamline plot ari}) an
experimental flow visualization for a sloped inner cylinder witk 1.524
andR=286.2.4=0 to 0.12<0.01,—0.000 05,—0.0001,—0.0002,—0.0004,
—0.0006, and-0.0008.

line plots calculated for sloped and straight cylinders at thelf
same parameter values. It is clear that sloping the inner ro
tating cylinder, such that the gap increased towards the ro
tating plate enhanced the bubble considerably, whereas whe
the opposite slope is imposed the recirculation is diminished.
The reason for this is that the azimuthal flow adjacent to the
rotating wall is greater at the top of the flow domain than at
the bottom in the case shown in Figayand this creates an
adverse pressure gradient along the inner boundary. Th
principle circulation driven by the rotating bottom plate is
such that the axial flow is downwards adjacent to the inner}f
boundary. Thus, the pressure gradient induced by the slope}
rotating wall acts to oppose this motion and the reverse flow
of the recirculation is enhanced. When the slope is impose(c
in the opposite direction as shown in Figc)ythe pressure
gradient is favorable and the bubble is suppressed. FIG. 7. Streamline plots for the case of a rotating inner cylinder wjith
We tested this argument further by considering the case 0-1, I'=1.6, andR=120. () Gap width increasing towards the rotating
where the inner cylinder was stationary. Now the oppositezzg:(?ﬁ):s(‘)trat'ghtolcig‘g%'l(’c)_%"fgoggg" Eg%ggsl"”g_é‘}%?gg’s fhoelog’éjt’mg
ought to be true since any pressure gradients induced by they goos, and-0.0008.
inner boundary would be reversed. We show in the stream-
line plots in Fig. 8 that this is indeed the case. The fluid in
the narrower part of the gap adjacent to the stationary inneiftow moving downwards into the narrowing decelerating re-
boundary will be moving more slowly than that below it as gion shown in Fig. &) will experience an adverse pressure
in Fig. 8@ and this will create a favorable pressure gradientgradient which enhances the bubble. Hence rotating and sta-
which suppresses the recirculation. On the other hand, thgonary inner cylinders have the opposite effect as predicted.

(b)
cally in Fig. 7 where we show a comparison between stream-
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with one rotating wall has no qualitative effect on the ap-
pearance of stagnation points on the core of the induced vor-
tex. This is true regardless of whether the central cylinder is
rotating or stationary. On the other hand, sloping the inner
wall has a dramatic effect on the flow. It arises from a subtle
interplay with the pressure gradients at the boundary such
that rotating and stationary inner cones with the same slopes
have opposite effects on the recirculation bubble.
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