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A Multiphysics Model of a Thermal Actuator

A thermal actuator is a MEMS scale electric switch.
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Coupling in the Thermal Actuator

Electrostatic current equation (J = —oVYV)
V-(aV)=0
Steady-state energy transport equation (Joule heating)
V- (k(T)VT) =0c(VV -VV)
Steady-state momentum equations (linear elasticity)
V- (AtF(E) 4 2uE — B(T — Tref)I) =0
E=(Vd+Vd'")/2
In an operator decomposition approach, the problem is decomposed

Into three components, each of which is solved with a code specialized
to the physics.
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Philosophy and Goals

We wish to estimate the error in the solution of a multi-physics problem
of the form

Fi(xz,uy, Duq,. .., Uy, Du,) =0,

Folx,uy, Duy, ..., Uy, Du,) =0,
and use this estimate to drive spatial adaptivity.

® We assume that a discretization of the entire system is infeasible.

®* We want to solve only “single physics ” problems and employ
single physics residuals.

® Can we estimate the error due to the transfer of information?

® Can we estimate the effect of transferring information between
representations on different discretizations?

Penn State, April 22, 2011 — p. 4/64



Model Problem (one way coupling)

—V-a1Vuy + by - Vug + crug = f1, w1 =0 on 0€)
— V - a3Vus + by - Vug + cous = fo(x,ur, Duyp), ug =0 on 0€y

where a;, b;, ¢;, f; are smooth functions on bounded domains €; in RY
where meas(€2; [ 22) # 0.

The particular example we will study Is 2; = 5, = €2, and

—Auy = sin(4nx) sin(my), w1 =0 on J2
—Aus = b - Vuq, us = 0 on OS2

where

_ 2| 25sin(4nx)
b= T [ sin(7x) ] .
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Quick Overview of A Posteriori Error Analysis
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A Posteriori Analysis for a Linear Algebra Problem

Let U be an approximate solution of
Au =0b.
We seek to compute a quantity of interest given by a linear functional

(4, u).

The error
e=u—U

IS not computable, but we can compute the residual R,

R=b—-AU.
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A Posteriori Analysis for a Linear Algebra Problem

The adjoint problem for the generalized Green’s vector is
Al =1
Variational analysis gives the error representation
(W, uw) = (B, U)] = (¥, e)| = [(AT ¢, )| = [(,Ae)| = (¢, R)|.

In the following bound

(9, e)] < |l [|1E]l,

the stability factor ||¢|| is akin to a condition number.

To compute the estimate we solve for ¢ numerically.

Penn State, April 22, 2011 — p. 8/64



A Posteriori Analysis for an Elliptic Problem

Let U be a Galerkin finite element approximation for
—V-aVu+b-Vu+cu=f onfd

The residual in weak form is

(R,v) = (f —b- VU — cU,v) — (aVU, Vv)  forall test functions v.
The adjoint problem for the generalized Green’s function is

(aV,Vv) + (div(be),v) + (cp,v) = (¢,v) for all test functions v.
The error representation is

(¥,€) = (f —b- VU — U, ¢ — mng) — (aVU, V(¢ — mr9)),

where 7, IS a projection into the space of U.
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Operator Decomposition for a Linear Algebra Problem
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Linear Algebraic Exposition

Consider an example from linear algebra which we use to motivate our

later analysis of coupling error in the PDE system.

Ay — A O ur) _ g b1
Az Ay U2 b

with approximate (numerical) solution U, where

U2 U9

Let

We wish to estimate a linear functional of the errore = v — U.
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Basic Problem

The block (lower) triangular structure of A yields
Ajjur = by,

A22U2 — bz — A21U1 .

The corresponding residual for us IS

Ro = (by — Ao Up) — Ao Us.

The residual of the numerical approximation U involves U; rather than
u1, Which is reasonable since U, is computed using Uy, not u;.
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Adjoint-Based Error Analysis

We wish to estimate the error in some quantity of interest based on u,
only given by ( > ,UQ)

(1)

Let ¢(1) = <¢(1>> be the adjoint solution for data (") = <

The global system is
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Error Representation Formula

Solving the adjoint problem, the block (upper) triangular structure of A' yields

A22q5(1) (1) 7
Al (1) + A21q5;1) =0= A/, (1) —A21¢(1) :

The quantity of interest

(™€) = (3", e2) = (Az265", e2)
= (65", Azuz) — (65", AzaUs)
= (65", b2 — Asrur) — (95", A2alUs)
= (65", b2 — A1 U1 — AzalUs) — (95", Aoy (u1 — Un)
(qbgl),R ) + (65", —Asie1) where e; = u; — Us.
The blue term is computable, involving a weighted residual. The red term is the
transfer error which is not immediately computable.

(Note that ¢§1> does not appear in the error representation formula!)
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Secondary Adjoint Problem

We need to estimate the transfer error
1 1
(65, —Agrer) = (—AJ185" ).

Observe that the transfer error is a linear functional of the error e;
corresponding to adjoint data

2 1
@ = Iz _ ~AJ 85" |
0 0

Solving the (block upper triangular) adjoint system with data v(?)

A, 52) =0 = ¢§2) =0,

2 2 2 2 2 1
ALY + ALY =y = Ale =P = —A 8",
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Transfer Error

Hence

The complete error representation is

(WD e) = (657, Ra) + (62, R1)

which is a sum of weighted “single physics” residuals.
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Operator Decomposition in the Mode Elliptic System

Penn State, April 22, 2011 — p. 17/64



PDE revisited

We now repeat this analysis for our PDE system

—V -a1Vui; + by - Vuy +ciu; = f1, w3 =0 on 0
—V - a3Vus 4+ by - Vusg + cous = fo(x,ur, Duy), us =0 on 0€),

(), is a bounded domain in R" and meas(Q; () Q2) # 0.

Weak Form
Ai(ur,v1) = (a1 Vuy, Vo) + (b1 - Vug,v1) + (crug, v1)
(f 'Ul) V’Ul < W2 (Ql),
Az (uz,v2) = (a2Vuz, V) + (ba - Vua, v2) + (cousz, v2)
= (fo(x,u1, Duy),ve) Yoy € V~V21(QQ)

where W3 (€2;) is the subspace of W (Q,) with zero trace on 95;.
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Adjoint Error Analysis

We wish to measure the error in a quantity of interest that only depends
on u,, thus 41 for the adjoint problem can be written as (0 ).

Defining

Ai(p1,v1) = (a1Vp1,Vor) — (V- (b1¢1),v1) + (c1¢1,v1),
A3 (P2, v2) = (a2V a2, Vua) — (V - (bapa), v2) + (cad2,v2),
the adjoint equations are

A5 (8, 01) + (Lfa(ur) @S, v1) = 0 Vo, € Wi ()
A5(B5",va) = (57, va) Yoy € W (2s)

The linearization term Lfg(ul)gbgl) plays the same role as the upper
triangular block A, in the linear algebraic exposition.
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Error Representation Formula

We compute the quantity of interest

(¥ M,e) = (", e2)
— A%( 51)762)
:A2(627 él))
= (fa(z,u1, Duy), ¢4) — Az (ugp, 95V) .

Note that qbgl) does not appear in the error representation formula, but
fa(x, w1, Duy) is uncomputable!

Adding and subtracting (f2(u1,z), él)) and using Galerkin
orthogonality
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Error Representation Formula

(0™, €) = (folwr) — falurn), 6°)
+ (F2(urn), @3 —ndy”) = As(uza, 65 —Tney")
= (fo(ur) — fa(urp), 657) + (Ra, 05" — MpV)

® The blue term is a computable error representation for the
discretization error in the second component and involves a single
physics residual.

® The red term measures the transfer error between the
components and is not computable.

®* We solve a Secondary Adjoint Problem with quantity of interest

(f2(u1) — fa(u1,n), A
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A Secondary Adjoint Problem

Noting that

(f2(u1) = f2(ua,n), gl)) ~ (Lfa(u1,n)er, ¢(1)>
= (Lf2(u1,n)os () e1)
— (¢(2)’6)’

we pose a secondary adjoint problem

Al (¢ 2 v1) + (Lf2(u1,n) )5, v1) = ( §2)7U1) Vo1 € W3 (1)
A (¢S <2> vg) =0 Yoy € W3 (Q).

Since qbf) = 0, this reduces to

A5 (6 0) = (082, 01) Vo, € WE().
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Transfer Error Representation Formula

Using Galerkin orthogonality,

( %2)761) :AT( §2>,61)
:A1<€1, 52))

= (f1, 81" — et — Ax (ur,n, ¢ — i)
_ Ry, 6 — o)

The full computable error representation is

(D, €) = (Ra, @5 — TWpol™) + (Ry, 612 — 00> .

Each term on the RHS involves a computable single physics residual.
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Example Problem {2; = ()9 = ()

—Au; = sin(4wz)sin(ry), w3 =0 on 02

2 | 25sin(4
—Aus = b-Vu;, wus=0o0n0) where b—[ sin W:v)]
7

sin(mx)
The corresponding adjoint problem is

~AdY + Lir(u)e) = o, (D'~ 0 on 00
—ApY) = 6T (V' =00n o0,

reg’

The secondary adjoint problem is

AP =V - (b)), ¢P =00nan.

In the examples, linear elements were used to solve the forward
problem, quadratic elements to solve the dual problem.
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One way coupling example #1: First Computation

We use uniformly fine meshes for both components.

For the error in u(.25,.25),
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One way coupling example #1: Second Computation

Starting with coarse meshes, we adapt the mesh only for the second
component to reduce the primary error while ignoring the transfer
error.

For the average error,
primary error ~ .0001  transfer error ~ .2244

v

VAVA AN \ \l\\\ L

\

04 06 08 1

0 0.2

U; and U, following refinement based on discretization error of Us only
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One way coupling example #1: Third Computation

We adapt the meshes for both components using the primary error
representation for u, ;, and the secondary representation for u; p
respectively.

Transferring the gradient Vu, 5, leads to increased sensitivity to errors.

08,
0.6
04]
02

Final refined solutions for components 1 and 2
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Further considerations

® Due to time limitations | will skip consideration of projection
errors...

® Projection errors should not be trivialized however, since they can
dominate the error.

® The blockwise adaptive method that will be discussed later was
conceived in part as an attempt to minimize projection errors in
time dependent problems.
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Cardiac modeling

In its simplest form, a mathematical model of the whole heart involves
1. electrical activity
2. mechanical activity
3. coupling between soft tissue mechanics and the electrical activity.

These processes occur on widely differing length scales and
timescales, challenging any single discretization technique.
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Electrical activity

An adapted version of the Fitzhugh-Nagumo equations.

88—‘; = V- (DVV)—kgV(V —a)(V—-1) =1V + I,
or M

o o _b—1

5 <7+772+V>( r—kV(V-b—-1)),
0T,

el e(V)(kr,V —-T,),

where

(V) = %0 (11 — 9tanh (a (V — V4))).
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Mechanical activity

Assuming,

1. inertial terms are negligible, so tissue deformation can be solved
at a quasi-steady state

2. T, acts only along tissue fibres
3. gravity can be neglected.
We begin with linear elasticity (nonlinear elasticity coming soon)

V-azf‘Ta,

where F is a vector giving the direction of the cardiac fibres, and

B 8uz 8uj auk oo
O'Z]—,Lb<axj‘|‘8xi>+)\5z]8—$k, Z,]—1,2,

where u is the displacement, A and . are the Lamé constants.
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Construction of the adjoint system

Consider the simplified system

(t) + Ar1ui(t) = by t e (0,7T]
ul(()) = U1.0
Agjuy(t) + Agausa(t) = by t € (0,T]

The residual at a particular time ¢; IS
Ry(t;) = by — A1 Ui(t;) — AxaUs(ty),

and the coupling error at time ¢; Is

(WS, ea(ty)) = (Rat) 987 (1)) + (ex(t): —Ad168 (1) )
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Construction of the adjoint system

The calculation of e (¢;) requires the solution of an adjoint equation
backwards in time

—d1(t) + AT ¢ (£) = 0 t € [t;,0)
61(t;) = —Ag; 05" (t5)

We took some “liberties” with the construction and solution of this
adjoint problem.

Effectively we ignored the accumulation of error over time and
considered the time integration over the current time step only. The
effect of these quite severe approximations are under consideration.
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One-way coupling in the heart

(top row) Transmembrane potential; (middle row) Mesh for electrophysiology; (bottom
row) deformation; for a Qol equal to the average displacement.
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One-way coupling in the heart

(top row) Transmembrane potential; (middle row) Mesh for electrophysiology; bottom
row) deformation; for a Qol equal to the displacement at (19.3,19.3).
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Two-way coupling
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Coupled Systems

Consider an example from linear algebra. (The subsequent analysis of
a fully coupled PDE system is the subject of another talk.)

Ay — A Agp U1 _p— b1
Ay Ao U2 ba
with approximate (numerical) solution U, where
U2 U9

Estimate a linear functional of the error e = v — U assuming that A,
and A, are nonsingular.

Let
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Coupled Systems

Assume the coupled system is solved via an “operator decomposition”

by decomposing A = D + C, where D is invertible, I.e.,

D _ All O 7 C _ O A12 .
0 Ao Ay O

The (Jacobi) solution procedure is to start with
(D+C)u=b=Du=>5b—- Cu,

and then solve

1(0) — 0,
Du® =b— Cul=D, §>1.

The convergence depends on the spectral radius of D—!C.
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Coupled Systems (iteration vs discretization error)

We wish to estimate a linear functional of e(¥) = « — U, Note that

where

* u—u is the theoretical iteration error which we assume
approaches zero, i.e., we assume that the iteration converges,

* () — U js the numerical error in solving the i step of the
iterative procedure.

A similar argument to the previous one, yields

(2 — X@) o) = Z(b —CXU-D _pDxW 40))

J=1
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Fully coupled elliptic system

Consider a two component fully coupled system of the form

(1)

—V - a1Vu1 + bl . Vul +clup = fl(f, U9, DUQ)
—V - aaVus + by - Vus + cous = fg(ﬂj’, Ui, Dul)

for x € Q with u; = us = 0 on 0f).
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Non-iteration error for block Gauss-Seidel iteration

i : i—j ' i—j+1
i), efh) = DRI, gl Ul
j=1

+ Y R e ust ) 2)
j=1

where ¢li] satisfies
A§(¢[23: L x) = (wéi LX), o
A; 67 %) = Wi %),

with 7] is defined recursively by

(¢£j],x) = (Df(U1=3})y, ¢[1j_1]), ”
WY x) = (Dfa(UTi=3+1})y, o]y,

and wg” is a predetermined quantity of interest.
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Fully coupled elliptic system

Consider the two-dimensional linearly-coupled elliptic system

LUl = ug = 0 € 01,

—V - (aVuy) + by - Vuy = 8572 (2sin4mx sin my + us)
_AUQ — bg : Vul

(5)
where

(=10 + 7%(3 cosdmz + 5 cosTy)
b1 = % [% sin4mx %smﬂy]T

L2 = % [% sin 4mx QSinﬂy]

_/\

This system has the exact solution

w1 = sin4mx sin 7wy
Uy = 7~ ?(sin 8wz sin wy /65 + sin 4wz sin 27y /20).

Our quantity of interest is us(zg) where g = (0.15,0.15).
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Fully coupled elliptic system

Upon convergence of the Gauss-Seidel iteration we computed the four
leading terms of the error representation formula. These were

(i) the “primary” error RQ(UQ{"}, <I>[21]; Ul{”}),
(i) the “transfer” error Rl(Ul{"}, <I>[11]; Ugn_l}),
i) the “inherited” error Ro(UL" ", & "), and

(iv) the “inherited transfer” error, R, (U™, @!2, pin—2h),
The adjoint problems used to compute these weighted residuals were

fA;w%,x) = (67°9, ) §
AT(% >X) — (_div(b%bz )aX) h
Vy € S Q),
4362, 3) = (—div(byo®), ) X )
L4562, x) = (—div(b205)), x)

Piecewise linear elements for U, piecewise quadratics for ®!%.
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Fully coupled elliptic system

Primary, transfer, inherited and inherited transfer errors respectively.
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Fully coupled elliptic system

Primary error Transfer error
Ro(US™, e U™ | rowi™, e ufmth
0.5070 x 104 0.0940 x 104

Inherited error Inherited transfer error

RQ(UQ{n_l}, (I)[22]; Ul{n—1}> Rl(Ul{n_l}, (I)[lz]; U2{n—2})
—0.0010 x 10~* 0.0409 x 10~*
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Remarks

® Gauss-Seidel iteration leads to both within iteration (transfer) error
and between iteration error.

® |f the iteration corresponds to a coupled nonlinear PDE system,

the matrices D and C will vary from iterate to iterate. The i error
estimate requires the solution of ; different adjoint problems.

® Each adjoint problem is computable, but their number is
significant, which suggests that higher order iteration methods
requiring fewer iterations (e.g. Newton iteration) are strongly
preferred.
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Coupling across a common interface
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Operator Decomposition via a common interface

Consider the elliptic interface problem

(—V'(VUQ):fla ZCGQl

$ 2 x el
n-Vul :’I’L°V’LL2,

\—V' (VUQ) — f27 Tr & QQ

where 2, = [0,1] x [0,1] and Q5 = [1,2] x |0, 1].

(0,1) (1,1) (2,1)

(0,0) (1,0) (2,0)
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A coupled parabolic problem

Consider a “monolithic” approach to the following coupled elliptic
problem which uses a Lagrange multiplier construction to impose the
continuity conditions along the common interface.

w; + Liu; = [
ui(x,0) = ;o)
U1= U2
8’UJ1 8’&2
A=k;i—= -k
“on > on

where

Eiui = —V- (kZVuz) +c;u;,

(,1)
(1)
(x,t) € 0K\ x (0,T], i =1,2  (6)
(z,1)
(z,1)

ki > ki o > 0 and ¢;, f; sufficiently smooth.
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A coupled parabolic problem

We define the bilinear form
a;(ui, v;) = / (kiVu; Vi + ciuiv;) d€. (7)
2

We partition [0, 7] as
O=to<th1 < ---<tp, <...tny=1T (8)
and let

1, = (tn—latn]a Si,n =), X In, and r,=Ix1,.
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A coupled parabolic problem

For
H(Q) ={v:ve H(Q)v=0o0noQ;\I'}
we define
q o
X, ={w(z,t) : w(z,t) = thvj(ZC),’Uj e Vi, (z,t) € Sint,
fori=1,2, n=1,...,N, where V; ¢ Hj,(£)
and
Y = {w(x,t) thvj v; € W, (z,t) e Iy},

forn=1,...,N, where W c H-Y2(I).
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Discontinuous Galerkin

Given u;(0), i = 1,2 find u; € X

,Mn?

1 =1,2, A € Y7 such that
/ ((wi,vi); + ai(ui, vy)) dt + ([wi],, ,vj)Q_ ZF/ (A, vi)r dt
I, ’ Iy

:/(fzgvz)ﬁzdtVUZEXZn forn:1,2,...,N,z':1,2,
In

/ (Vyug —up)pdt=0Vr e Y? forn=1,2,...,N.
I
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The adjoint problem

The adjoint problem is

—i + Liu; = Py (z,t) € U x [0,T), i = 1,2
¢i(z, T) =0 (2,t) € Q x {T}, i=1,2
¢i =0 (z,t) € O\ x [0,T), i =1,2
$1= 2 (z,t) €T x [0,T)
Mzk’l%: _k2% (x,t) e T' x [0,T)

where for this self-adjoint problem £ = £;, 1 =1, 2.
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Error representation formula

Summing over n and defining

i/jn ((fis de); — (U7, pi)a, — ai(us, d:) — ([u,’;L

+(\", ¢:)r) dt

N
(1, Rx) = Z/ (t, ug — up)r dt
n=1 In

(R’iv qb’b)

we have

/0 ((617¢1)Ql + (e2,¥2)0, — <€>\7¢>F) dt = (R1,¢1) + (R2, ¢2) + (i, Rx).

Studies of effectivity ratio for both coupled elliptic and coupled parabolic
problems with known exact solutions are conclusive.
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Block adaptivity

* |IDEA: Employ a sequence of space/time “blocks” consisting of
fixed, though non-uniform, space meshes as a way of
Implementing adaptive algorithms that are truly efficient in a high
performance environment.

® By efficiency, we refer not only to accuracy, but also computational
costs such as load balancing.

® A block adaptive strategy reduces the number of mesh changes
that must be treated and makes the problem of quantifying the
effects of mesh changes on accuracy computationally feasible.

® However, a major issue with a block-adaptive approach is
determining block discretizations from coarse scale solution
iInformation that achieve the desired accuracy and efficiency.
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Block adaptivity (examples)

® Coefficients, boundary conditions and right hand side were
chosen so that the exact solution was

u = exp(—10(z — 10t)?)

on
Q(x,y) x (0,T] = (0,2) x (0,1) x (0,0.25]

® The coarse forward solution was obtained on an 11 x 6 element
uniform spatial mesh and 10 uniform time steps, using dG(0) in
time

® The coarse adjoint problem was solved on a 44 x 24 element
uniform spatial mesh and 10 uniform time steps, using dG(1) in
time

®* The maximum number of refinements allowed for an original
element was three

Penn State, April 22, 2011 — p. 56/64



Block adaptivity : Example # 1

* Qol = average error in the whole domain (average in time, too0)
* Global tolerance TOL = 1e-2, NMAX = 200

» Estimated error was reduced from ~ 10~ * to ~ 10~°
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Block adaptivity: Example # 2

Time steps 2 Time steps 3 Time steps 4 Time steps 5

0.8
061/

\

2 0 1 2
X X X

0.8
0.6
0.4
0.2

X

X

Time steps 7 Time steps 8  Time steps 9 10
058 ! /
0.6 ‘ /
[l oa | o5
VAN SR S—
1 1 2 0 1 2

X

ock2w mesh on blochaw mesh on bloclléw mesh on blockiBw mesh on blocliéw mesh on blochéw mesh on blockiBw mesh on block 9

s

Time steps 1
l \
0.81 0.8 /\
0.6 0.6 \
0.4 041 |
0.2
0 1 2 1
X X
New mesh on blocgéw mesh on bl
1 1
0.5 0.5
0
0 1 2

0.5

0.5

* Qol = average error in the whole domain (average in time, too)

» Global tolerance TOL = 10~3, NMAX = 200

» Estimated error was reduced from ~ 10~ % to ~ 10~

0.5

Penn State, April 22, 2011 — p. 58/64



Block adaptivity: Example # 3

Timestepsl 2 3 4 5 6 7 8 910

X
New mesh on block 1

® Qol = X over the [0.8,1] segment of the interface
* Global tolerance TOL = 10—, NMAX = 500
® The error was reduced to ~ 10—*
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Block adaptivity: Example # 4

Time steps 1 Time steps 2 Time steps 3 Time steps 4 Time steps 5 Time steps 6 Time steps 7 Time steps 8 9 10
14 14
081 0.8
0.6 067 ‘
° o | 0.5 /
4 . |
‘ [\
0.2 0.2 j/ \ / /
0 1 2 0 1 2 0 1 2
X X X X X X X X
New mesh on block 1New mesh on block 2New mesh on block 3New mesh on block 4New mesh on block 5New mesh on block 6New mesh on block 7New mesh on block 8
1 1 1 1 7 1 — lrry 1 1
// / /I NV
0.5 0.5 0.5 0.5 0.5 0.5 0.5 § 0.5
: o o b /
/ L/
0 0 0 0 0 0 0 0
0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2

® Qol = X over the [0.8,1] segment of the interface

® Global tolerance TOL = 10~2, NMAX = 500
® The error was reduced to ~ 10~—°
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Mixed parabolic and elliptic systems

Again consider a “monolithic” approach to the following coupled
parabolic and elliptic problem.

uy + Liuy = fi (x,t) € Q1 x (0,T]
u1(x,0) = uy () (z,t) € Q x {0}
u; =0 (z,t) € O\ x (0,T]
Loug = [ (2,t) € Qs x (0, 7]
uz =0 (z,1) € ON\T x (0,T]
. (z,t) € T x (0,T]
)\:kl%:—lm% (z,t) € T x (0,T]

where

Liu; ==V - (k;Vu;) + ciu; ki > ki o> 0and ¢, f; sufficiently smooth.
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Error representation formula

Substituting e1, e2 and e, as test functions in the weak form of the adjoint
problem and proceeding as above, after defining

tr—

(Ri,¢1) = i/j ((f1, ¢1)a, — (41, ¢1)a, — ar(ut, é1) — ([Uﬂ

+(A", ¢i)r) dt,

1 7¢1(75n1)>

951

(R2, ¢2) Z/_, ((f2, 2)a, — az(uz, d2) — (A", ¢2)r) dt,

N
{n, Bx) = Z/ (p, us — uf)r dt,
n=1 In

we again have

/0 ((617¢1)91 + (627¢2)Q2 - <e>\a¢>1”) dt = (Rl, le) + (Rl, le) + <,LL, R>\>.
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Fluid structure interaction problems

pU + V - 0auid = fAuid
V-v=0
v(x,0) = vg
D
U = Jfuid
N
Ofluid * T = gAuid
Ofluid * M= —Os0lid * N
V= U
—V * Osolid — fsolid
V-u=0
u(x,0) = uo
D
u = gsolid

N
Osolid * TV = (solid

)

) € Qgauia X (0,T]
x,t) € Qauia X {0}
z,t) € ONuia X (0,T]
z,t) € 0N X (0, T]

ye I x (0,T]

z,t) €' x (0,T]

) € Qsoria X (0,T]

) € Qgo1ia X (0,7
z,t) € Qsonia X {0}
z,t) € 00 ia X (0,T]

)

T, 1) € 8Qé\(rjlid X (O,T]

Penn State, April 22, 2011 — p. 63/64



Conclusions

® A posteriori error analyses can be developed for a range of
coupled physics problems and provides impressive results on
model problems

® For sophisticated models, the construction and solution of the
adjoint systems can be challenging and may require some
additional form of approximation

® Coarse forward and adjoint solutions can be used to develop
effective block adaptive strategies for time-dependent problems

® Even with large teams, software development remains challenging
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